EXTENSION OF FUNCTIONALS AND INEQUALITIES
ON AN ABELIAN SEMI-GROUP!

ROBERT KAUFMAN

Let (G, +) be an abelian semi-group and N a real function on G
satisfying

(1) N2o0,

(2) N(x+y) =N(x)N(y), for all x, yEGC.

The function N*(x)=lim,., N'/*(nx) also satisfies (1) and (2).
In addition, N*(nx) = (N*(x))".

We are interested in functions M on G such that

(i) 0OSM=N,

(i) M(x+y)=M(x)M(y).

For such functions there is an analogue of the Hahn-Banach
Theorem. Let HC G be a subsemi-group of G and M a non-negative
function on H satisfying (ii) for all x, y&EH and

(iii) M(x+h) S M(k)N(x) whenever x&EG, h&EH, and h+x&H.
Such a function admits an extension M to all of G fulfilling (i) and (ii).

This extension criterion is suggested by the theorem of K. A. Ross
[1], which is concerned with complex-valued functions (“semi-
characters”). In a supplement to this note the present result will be
combined with the Gelfand theory of commutative Banach algebras
to give an extension of Ross’ theorem.

ProOF. The extension M will first be constructed under this addi-
tional hypothesis:

(A) For each xEQG, there exists y&G such that x+y&H and
M(x+y)>0.

It follows from (A) that M >0 everywhere on H, for if hEH,
y+hEH, M(y+h) £ N(y) M(h). Similarly, if »;EH and x+hy =x+h,,
M(hy) = M(hs).

The problem can now be reduced to the case of a semi-group with
cancellation. Specifically, let R be the equivalence relation in GXG
of pairs (x, y) such that x+2z=y+z for some zEG. Using associativ-
ity and commutativity it is easily verified that R is indeed an equiv-
alence on G. More is true: if we set m(x) =R[x], 7(G) has a unique
semi-group structure such that 7 is a homomorphism of G onto 7(G).
Also, (G) is a cancellation semi-group. Its elements are denoted by
a, B, v and xEa means w(x) =a.
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Define L(a)=inf { N(x); an}. From the usual argument for
normed linear spaces it is clear that L fulfills (1) and (2) in place of
N. U w(h) =m(hs), h:€H, M(hy) = M(hs). There is thus a multiplica-
tive functional E on w(H), defined by E o =M. (A) is still true.

To complete the reduction of the problem, it is necessary to prove
the analogue of (iii),

(i)’ E(a+B) =E(a)L(B), whenever a&w(H), BET(G), a+p
en(H).

Let mEHNa, xEB. m(h+x)E7(H) means the existence of y&G
and hy& H such that hy+x+y=h.+7y. Using (A), we can replace y
by h&€H: +x+hs=hy+hs. M(h) M(hs) < M(hs) M(l) N(x) by (i)
and (iii). Since M >0 on H, M(hy) =< M(h)N(x). Thus E(a+pB)
= M(hy) £ M(h)N(x) =E(a) N(x). Since xEB was arbitrary, (iii)’
holds.

If an extension, say E, is possible in this reduced case, M=Eor
is a fortiori an admissible extension for the given semi-group G. It is
more convenient to return to that G and introduce the cancellation
law as hypothesis for the remainder of the proof.

For X E€G define u=p(x) =Sup{ M(y+nx-+h)/N*(y) M(h) }1im, the
supremum being taken over all y, n=1, h€H such that y+nx+h
€ H. It is easy to replace N by N* in requirement (iii). Therefore

M(y + nx + h) £ N*(y + n2x) M (k) < N*(y)N*(x)*M (k).

Thus u < N*(x).

If M were an extension to all of G satisfying (i) and (ii), necessarily
M (x) =p. We shall now show that M(x) =u defines an extension of
M to the subsemi-group H' determined by H and {x} which satisfies
(i)-(ii). This done, the existence of an extension to G follows from
Zorn’s Lemma.

Let y+mx+hi=nx+hs, n;20. Claim:

(iv) N*(y)pM (ki) ZpmM (k).

Because G has cancellation, we can take #;=0 or n,=0. If both are
zero, (iv) follows from (iii). If #, =1, #,=0,

pm = M(y + mx + hi)/N*(y) M (k).
This is precisely (iv). The case n,>0 follows:

Let yi+m=nyx+hs and ys4+-nx+h€H. In (iv) we replace u by
{ M(ys+n3x+h3)/N*(y3) M(hs) } 1ny .

N*() M (k) Z { M (93 + nax + hs)/N*(ys) M (hs) } 2/ M (ha)
< N*(n3y1) N*(n2ys) M (nshi+nahs)
= M(noys + nansx + nohs + nshs).
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But

nahs + neys + nensx + nghe = nahz + n2y3 + ﬂs(yx + hl)
= (nohs + nshy) + (mayr + n2ys).

Hence
M (nshs + n2ys + nansx + nohs) < M(nohs + nshi) N*(nsy,) N *("2}'3)-

Since v3, 13, h; were arbitrary, we can pass to the supremum to obtain
win (iv).
Now suppose 71X +hy =nyx+hs, n; 2 0. For every positive integer m,

m(ny + 1)x + mhy = m(na + 1)x + mh,.
x+ (mny+m — Vx4 mhy = m(na + 1)x + mh,.

If we apply (iv) to this, taking x=y, and let m— o, we obtain
M(B)pm = M(h;)u™. From this it follows that if we set M(x) =u on
the subsemi-group H'={H+nx; n20}\U{nx; n=1} M is well-
defined and multiplicative. The claim that M and H’ satisfy (iii) is
essentially contained in (iv).

To remove the restriction imposed by assuming (A), let
B={x; y+xEH, M(y+x) >0, for some y in G}. Almost by defini-
tion, (A) holds in the subsemi-group B. Let Mz be an extension of M,
on HNB.

The complement CB is an ideal in G, that is, G4+CBCCB. We
define M =0 on CB. Since M =0 on HNCB, M as defined now on all
of G is the desired extension.
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