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Both theorems have to do with functions satisfying Holder condi-

tions.

Definition. Let T be an operator which takes functions whose do-

main is n-space into functions whose domain is a metric space. T

will be said to be of Holder type (a, /3) norm TV if for g = Tf,

I f(x) ~ f(x - h)\   ^ A | h \a    for all x and h,

implies

I g(u) ~ i(v) I  ^ NA | u — v Y   for all u and v.

(Throughout this paper, when dealing with a metric space we shall

denote the distance between u and i; by [ u— v\.)

Theorem 1. Suppose that 0^a0^aigl, (30^0, ft^O and that T is

a linear operator taking functions whose domain is n-space into func-

tions whose domain is a metric space. If T is simultaneously of Holder

type (a0, (3o) norm TV0 and of Holder type (ai, /3i) norm TVi and if

O^tgl, then T is of Holder type (a, (3) norm TV where

a — at = ao(l — t) + ait,

£ = ft = ft(l - 0 + Pit,

N g RnN^'Ni,

and where P„ depends only on the dimension of n-space.

Proof. Without loss of generality we may assume

\f(x)~f(x-h)\  S  | A|".

We first prove the theorem in case the domain of / is the real line,

that is when n = 1.

For r>0, let

jl/r- |*|/H       if | * |  <r,

I 0 if | 5 |   ^ r.

Then
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f Kris) ds=  \      Kris) ds=\,
J J M<r

f Kr is) ds = 0,

and,

J* | Ki is) | ds = 2/r.

Let

frix) = //(*- s)Kris) ds = j fis)Krix - s) ds.

Let er(x)=/(x)-/r(x), g=Tf, gr=Tfr, and nr=re,. Then g = gr+Vr

by linearity of T.

fi ix) = J fis)K; ix-s)ds = J fix - s)K! is) ds

= j ifix-s)- fix))K; is) ds.

| /„' (x) |  ^   f      | fix -s)- fix) | | Ki is) | ds =£ f(2/r) - 2r-».
^ WO

Case 1. |A| <r.

|/,(«)-/,(*-A) |  ^  |A| sup |/;(y) |  g2|/*|'-1

= 2 I A I"* I A Ii-oir"^1 ^ 2 | h |«ir°-"i.

Case 2. |A| =r.

| /r(x) - /,(* - h) |   = | J* (Jix -s)-fix-h- s))Kris) ds

^  | h |" = | A |°» | A I"-"1 ̂  | A |«if«-a».

In either case,/, satisfies a Holder condition of order ct\, indeed,

|/,(x) -/,(*- A) |  g 2f-^|A|^.

Thus,

I &■(«) ~ frW I   ^ /Vi2r^"i \u-v |*.
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er(x)   = fix)   - f^x)   =  j ifix)  - fix - s))Kris) ds.

|e,(*)|  =g   f      \s\"Kris)ds^r".
J l»l<r

Case 1. | A| ^r.

| er(x) — er(x — A) |   ^ 2r" ^ 2ra-°o \h\a°.

Case 2. \h\ <r.

|e,(x) -erix-h)\   g  |/(x) -/(* - A) |  + |/r(x) -/,(* - A) |

^  | A |a + | A |a ±S 2 | A \aor"-"o.

Thus er satisfies a Holder condition of order ao- Therefore,

| 77r(«) — rjriv) |   ^ N02ra-a« \ u — v I13".

Thus, if we set r = (7Vi| w-»| ^-V7V0)1/(ai-"o>,

I g(«)  - #00 |    ̂     I gr(«)   - griv) I    +    I 17,(«)  - -Oriv) \

g 22Vrif"_a' | u - n |& + 2AV*~a° | « — » |0°

= 4/Vo   TVi | u — z>|0.

This proves the theorem when the domain of / is one dimensional.

For ra> 1, the case ra = 2 is already sufficiently general to illustrate the

proof. In this case we let

(3/7rr2 - 3 I 5 I Ar3        if  I 5 I   < r,
K^S)   =    \ '      'l0 if I * I   £ r.

For a given A = (Ai, A2)?^0, let 6/30 denote directional differentiation

in the direction 0 = h/\h\. Then fid/dff)Kris) ds vanishes and

J\ id/d9)Kris)\ds = Oil/r). Thus,

|   id/d6)frix) \     ̂      f \fix-s)- fix) |  | id/d8)Kris) | ds
J \»\<r

^ r"Oi\/r) = Oir"-1).

Therefore, if 0<|A| <r,6 = h/\h\,

| frix)   - frix -  h) I     g    I  h I    SUp   I   id/dd)friy) |     =    | A | O^1)

= 0(1 A|0,ira-"i).

The rest of the proof goes through as before.
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Definition. An operator T is said to take Lp into Lip a with norm

TV if for g=Tf,

I g(u) ~ g(v) I = ^II/IIp Iu ~ v \a f°r au u an(iv-

If / is a measurable function and y>0, let

m(f> y) = m( I/I > y) = measure of [x: \f(x) |   > y).

It is easily shown that

J   | f(x) | dx = J    *»(/, y) dy.

Furthermore, for p>0,

m(\f\p> y) = meb\s{x:\f(x) \" > y]

= measfx: \f(x) \   > yllv} = m(f, yxlv).

Thus,

(II/IIp)* = J \f(x)\*dx = f   m(\f\",v)dv

/* 00 f* COm(/, wI/p) di> = />   I     »?(/, y)yp~i dy.
o Jo

Given k^O, let

,, .       //(*) if |/00 |  £*,
fk(x) =   < . |

(k sgnf(x)        if | f(x) |   > &,

and let

f(x) = f(x) - fk(x).

Theorem 2. Suppose that 0<po^pi^ °°, a0^0, ai^O, ared <Aai P

is a linear operator taking measurable functions on a measure space into

functions whose domain is a metric space. If T simultaneously takes

Lp<> into Lip a0 with norm TV0 and LPl into Lip ai with norm TVi and if

0 f£ t ^ 1, <Ae« P to£es Pp i«/o Lip a with norm N where

l/p = l/pt = (1 - I)/po + t/pi,

a = at = (1 — 0«o + tai,

TV g TvJ~'tv[/(1 - tj~'t  ^ 2NYlN[.

(It is to be remarked that 1/(1— ty~Hl tends to 1 as t tends to 0 or 1.)
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Proof. Suppose, without loss of generality, that ||/||P= 1. Fix k^O,

then /=/*+/*. Let g=Tf, g0=Tf and gi=Tfk, then g = go+gi by
linearity of T.

/>   CO s%   OOy*>-lm(Jk, y) dy = p0 I    y*»-lm(J, y + k) dy
0 *^ 0

XOO /» OO

(z - ^)p»-1w(/, 2) dz^po j    z"«-lmif, z) dz

f% 00

^ />0Aw'-p j    z^M/, z) dz ^ ipok*°-'>>/p)i\\f\\vy
J k

= pok^-v/p.

Thus ||/*HPog(£o/p)1/p°&1~p,Po; since T takes 7> into Lip a0 with

norm JVo,

| go(«0 - goW |   S Noipo/py^k1-*1** \u- v \"K

/> 00 /» jfc
y^mifk, y) dy = Pi I   y^~lm(J, y) dy

o *^ o

^ ^i/few-" I   y^mif, y) dy ̂  pik^-^/p.
J o

Thus ||/4||Plg(pi/^)1/!,i^1_I',pi, and this last equation is valid even

if pi = oo.

| giiu) - giiv) |   ^ Niipi/pyink1-''1* \u - v \"K

If   we  set  4 = 1/po - I/pi,  then   \/p - 1/pi = Ail-t)   and

l/po-l/p = At.
Thus, if we let

kvA = (//i _ l)iPo/pyi">ipi/p)-ll»-iNo/Ni) \u-v |«o-°\

I g(«) - g(?) I   ̂   I fo(«) - fo(») I  + I gi(«) - gi(») |

= Noipi/py'^k-**' | m - d|°»

+ Niipi/pynk'**-1-')|« - »|«i

= ^-Vi(i//(i - t)1-t)(p,/p)1-tl"(Pi/p)"Pl\«-v\\

Let

s = ipo/pyi-t)imipi/p)tln,

then
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log B = (l/p) \og{X/p) - (I- t)(l/po) log(l/^0) - t(l/Pi) log(l/px).

But x log x is a convex function of x^O, so that

(l/P) \0g(l/p)   ̂    (1  - t)(l/Po) l0g(l//>„) + t(l/Pi) 105(1//,!).

Thus log P^O, P^l and the theorem is established.

Remark. It is possible to strengthen the result of Theorem 2. We

shall say that a measurable function / belongs to weak Lp if there

exists a number A such that for all y>0,

™(f, y) S (A/y)p.

If /GPP then / belongs to weak 7>, since

m(f, u)u^ du^ p I   m(f, u)u*~x du
o Jo

^ pm(f, y) f   m"-1 du = m(f, y)yp.
J 0

Thus,

*(/, y) £ <\\f\\>/y)>-

We shall say that a function /GLip a if for all u and o,

I /(«)   — /(») I    ̂    A | M — D |".

We shall say /GLip a if

|/(«) -/(«0|   = o(\ u - v\")

as |w— v\ tends to zero or infinity.

1°. Under the hypotheses of Theorem 2, P takes weak 7> into

Lip a if po<p<pi-

2°. Under the hypotheses of Theorem 2, P takes L" into Lip a if

po<p<pi-

To prove 1°, we suppose that m(f, y) g l/yp. Then

J* oo
2po-iw(/; 2) rfz g (^ _ pt)kf*-P,

k

Similarly,

II/4L ̂ (/>!//-! - py»»ki->">K
Thus, if we let
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kpA = (TVo/TVi) | u - v \""-"\

I g(u) ~ g(v) |   ^ TVo"'TVi I u - v f{ (/,„//> - Po)'"" + (Pi/Pi - p)llP1} .

To prove 2°, we observe that

/> oo
m(f, 0i/p) *,

o

Since w(/, vllp) is a monotone function of v, the finiteness of the

integral implies

m(f, vllp) = o(l/v) as ^ tends to zero or infinity.

Thus,

m(f> y) = °(l/yp) as y tends to zero or infinity.

Therefore,

I!/*IIpo = o(k1-plp«) as k tends to zero or infinity,

and

lk*l|pi = o(kl~plpi) as k tends to zero or infinity.

Again we may let

kpA = (TVo/TVi) | u — v \"o-"k

Thus,

I g(u) - g(v)\   = o(\ U - t)|«).
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