A COMPLEMENTARY TRIANGLE INEQUALITY IN
HILBERT AND BANACH SPACES

J. B. DIAZ AND F. T. METCALF!

1. Introduction. In a recent paper [1], Wilf has given an extension
of the arithmetic-geometric mean inequality to the case of complex
numbers. His result may be stated as follows:

TuEOREM (WILF). Suppose the complex numbers 2, - - -, 2,, when-
ever z;7#0, satisfy

1) |argz;| <y <—> i=1,2---,n

T
2
Then
2) (cos¢)|zlzz~--z,.|”"§1/n|zl+zz+~-‘+z,.|,
where equality holds if and only if either:

Y0, n even, and (after rearrangement, if necessary)

BL= = Zan = Bar = ¢ c = B = R-e¥;
or else

v=0 and z= -+ = g,

In the course of his proof of inequality (2), Wilf derives as an inter-
mediate auxiliary inequality the following:

3) (cos¥)(|z| + - -+ |2])S |+ +2].

Since inequality (2) follows readily from (3) by an application of the
arithmetic-geometric mean inequality for real numbers, it is clear
that inequality (3) plays the more fundamental réle. In fact, inequal-
ity (3) may be interpreted as a “complementary” triangle inequality,
i.e., an inequality which “runs the other way” from the usual triangle
inequality. The complementary character of (3), relative to the usual
triangle inequality may be described as follows. The usual triangle
inequality states that, for any complex 2, - - -, 2,, one has

0-(|z| + -+ |al) = |at+ -+l

@ §1(|21|++lzn|)
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On the other hand, (3) states that, for suitably restricted z;, - - -, 2,
(i.e., such that Iarg z.~| s¢y=w/2for i=1, - - -, n), the trivial con-
stant zero on the left of (4) can be replaced by cos ¥ (notice, how-
ever, that even in these restricted circumstances the constant one on
the right of (4) cannot be replaced by a smaller constant).

Inequalities which are “complementary” to the Cauchy inequality
for finite sums, to the Buniakowsky-Schwarz inequality for integrals,
etc., are to be found in the literature, see [2] and [3].

Hypothesis (1) may be interpreted geometrically as requiring that
the complex numbers in question lie within a cone of aperture 2y <,
with vertex at the origin, and which is symmetric about the real axis.
This last assumption is, however, not essential (one could assume that
there is a real number 6 such that larg z.-—-0| =y =7/2, which would
merely mean a rotation of the original cone through an angle 6).

The main purpose of the present note is to extend the comple-
mentary triangle inequality (3), first to a Hilbert space, and then to
a Banach space. Here one can again interpret geometrically the
hypothesis as requiring certain vectors to lie within a “cone.”

2. Complementary triangle inequality in Hilbert space. Let H be a
Hilbert space, with real or complex scalars. Then one has the follow-
ing analogue of (3):

THEOREM 1. Let a be a unit vector in H. Suppose the vectors x;, - - -,
Xn, Whenever x;#0, satisfy

Re(x;, a)
5) 0s<rs——, =1,---,n
(E2
Then
6) r(lad| + -t Sl + - 4wl
where equality holds if and only if
M oA g = (|| + |2l

Proor. In view of the Schwarz inequality, applied to the vector
%1+ -+ +x, and the unit vector a,

"xl+...+x,‘”gI(x1+"‘+xma)|
g[Re(xl-I----‘i—xma)l
| Re(zy, @) + - - - + Re(xa, a0l .

II

Now, by hypothesis (5),
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| Re(x1,a) + - - - + Re(xn, a)| = Re(xy, @) + - - - + Re(a,, a)
r(lzl] + -+ [,

%

which yields (6).

Now for the equality condition in (6). If (7) holds, then it isclear
thatequality holds in (6). Next, suppose the equality sign holds in (6).
Then it holds at every intermediate inequality in the argument just
given. That is to say, one has

@ x4+t x=(+ -+ 2, g,
(b) Im(x1 + - - - + %a, a) =0,
and
(c) Re(zx;, a) = r“x,“, fori=1,.--, n
Hence,
(@14 -+ -+ 25,0) = Re(x1 4+ - - - + x4, @)
= Re(x1,a) + - - - + Re(x,, a)
= (=l + - -+ =D,

which, together with (a), gives (7).

REMARK 1. Hypothesis (5) may be rewritten in a form which re-
sembles hypothesis (1) of Wilf's theorem. One has merely to put
r=cos ¢, with 0=y <7/2, to obtain from (5) the equivalent in-

equality
Re(x;, a) T
Cos™! (— Sy=s—-
£ 2

Notice also that, in order to avoid distinguishing between zero
and nonzero x;, it may be better to rewrite hypothesis (5) as follows:

) 0 = 7|zl < Re(wia), i=1,---,n

In the alternative form (5’), the hypothesis already looks a lot like
the conclusion of the theorem.

CoROLLARY 1. Under the hypotheses of Theorem 1, one has

1
(8) (x| - - - [ < — lan + - - - + ]

and
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(ol

n

”,, Up 1
© ) sl

where p <1 and p=0. Equality holds in (8) (or in (9)) if and only if
ot A = (x| + - |7l
and
laall = -+ = [laal]-

Proor. From Hardy, Littlewood, and Pélya [4, p. 26],

(faall - - - [lally = .
(Hxlllp oo+ lenllf’)"” < — (l=l 4 - - -+ [l
n
with equality if and only if [|xi|| = - - - =||x.||. This, together with

Theorem 1, gives the desired result.

It should be noted that (8) can be thought of as taking » =0 in (9).
Also, the apparently excluded case of p=1 is just Theorem 1 itself,
where the condition Hxlu = ... =||x,,|l is not a part of the equality
condition.

REMARK 2. In order to see that Wilf’s theorem is a special case of
Corollary 1, one need only take H to be the complex numbers with
the usual scalar product, (21, 22) =2Z.; the norm being the usual ab-
solute value, ”z” = |z| Putting e =1 and r=cos ¢, with 0=y =<w/2,
in (5) gives hypothesis (1), since then Re(x;, @) is just Re x;. The
equality condition in Corollary 1 implies that equality holds in Wilf’s
theorem if and only if

(10) ait -t an=r(| x|+ -+ | x])
and
(11) |x1| = ... = Ixnl (= A, say).

Transposing, and taking the real part of (10) gives
(Rex; — r|a1|)+ -+ -+ (Rexn — 7| 2| ) =0
which means that
Rex, = r| m|, fork=1,--.,n.
Thus,
o= |m| (£ i1 — V) = \r + i(1 — )12,



92 J. B. DIAZ AND F. T. METCALF [February
where the choice of sign depends on k. Let j be the number of x;’s for
which the positive square root holds. Then

s = A G = = D)L= ),

Since, from (10), the imaginary part of x;+ - - - 4x, is zero, the
equality condition of Wilf's theorem follows.

COROLLARY 2. Let the “weights” qu, - + -, ¢n be real, positive, and
such that i+ - - - +qn.=1. Under the hypotheses of Theorem 1 one has
(12) Alale - flaalle < llg + - - -+ gavall
and

13 r@llwlle + - -+ gl S lgw + -+ gl
where p <1 and p70. Equality holds in (12) (or in (13)) if and only if
gi@r+ -+ g = r(qil|ml] + - - -+ gallwal)e

and
ol = - - = [loal]-
ProOOF. From Theorem 1, replacing the vectors xy, - - -, x,, respec-
tively, by the vectors qixy, - - -, g.%,, One obtains

riglledl + - -+ gllwl) S g+ -+ gl
Equality holds if and only if
g+ - -+ oz = r(gllad] + -+ gallzalDe

Now, from Hardy, Littlewood, and Pélya [4, p. 26], making use here
of it + - - +¢ga=1,

”xIqu o e Hxn”q" }
= + -4 galizall,
(@llzll? + - - - + gl w22 il gal| 2
with equality if and only if ||x:|| = - - - =||x.]|. This gives the desired

result.
Taking # =2 in Theorem 1, with x; =x and x. =y, gives 7(||#|| +|I7lh
<||x+3y||; which, upon squaring both sides, yields

Pl Il = 3 = A all? + (511 = Re(, ),

where equality holds if and only if x+y=r(|x|| +|l5|)e. This in-
equality may be regarded as an inequality complementary to
Schwarz's inequality. The referee has pointed out that this “is a
weakened form of the inequality cos 2y =272 —1 < Re(x, y) I RIER
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which is intuitively clear.” This last inequality, upon multiplying
through by 2||%||-||3|| and then completing the square, becomes

2l + llyih2 + @ = 2l = lIslh? = ll= + 5

The referee’s inequality may be proved by applying the Schwarz in-
equality, in the form —[x, y]<{[x, x]- [y, ¥]}¥2 to the “new”
(semi-definite) scalar product [x, y]=Re(x, y) —Re(x, a)-Re(y, a).
Upon transposing, and dividing through by ”x“ II y||, one obtains

meoxes .- (- (]
Re(x, y))
IR

which implies that 2r2—1<Re(x, )/||%/ -||5|-

IIA

THEOREM 2. Let a4, - - -, an be orthonormal vectors in H. Suppose
the vectors x1, * - - , Xn, Whenever x;#0, salisfy
Re(xg, ak) .

(14) Oérkéw, i=1,---,n; k=1,---,m

Then

2 1/2

1) Git )l 4wl S st ol

where equality holds if and only if

16) x4+ - - -+ =%, = (Hxln + .-+ ”x,,”)(rlal-l- < Tmlm).
Proor. In view of Bessel's inequality, applied to the vector

x1+ - - - +x, and the orthonormal sequence a;, * - * , @m,

ler 4+ - -+ @22 2 | G+ - - -+ 2, @) |?

k=1

> 3 [Re(ws+ - - - + 2y @)’

k=1
= > [Re(®y, @) + - - - + Re(xn, ai)]2
k=1
Now, by hypothesis (14),

Re(xy, &) + - - - + Re(w, @) = nl|o| + - - - + [[a]),
which yields (15).
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Now for the equality condition in (15). If (16) holds, then it is
clear that equality holds in (15). Suppose the equality sign holds in
(15). Then it holds in every intermediate inequality in the argument
just given. That is to say, one has

@ x+ -t w=2 (ot a)a,
k=1

() Im(@,+ - - -+ x5, a) =0, k=1,---,m,
and
(c) Re(xi,ak)=n.“xi||; i=1---,n k=1 --- m
Hence,
(@14 -+ o, @) = Re(wr + - - - + an, a)
= Re(x;, &) + - - - + Re(xn, ar)
= e[z + -+ [,
which, together with (a), gives (16).
REMARK 3. Theorem 2 continues to hold if m = «, that is, if there
are infinitely many vectors ax.
REMARK 4. The analogues of Corollaries 1 and 2 follow readily

(with 7 replaced by (#2+ - - - +72)1/2), and will not be stated sepa-
rately.

3. Complementary triangle inequality in Banach space. Let B be
a Banach space, with real or complex scalars. Then one has the fol-
lowing analogue of Theorem 1 of §2.

THEOREM 3. Let F be a linear functional of unit norm on B. Suppose

the vectors x1, - - - , X,, whenever x; =0, satisfy

arn PPl S T
||x:

Then

(18) rlall + - llwl) S ot - 4l

where equality holds if and only if both

(19) P+ - +m) = (ol + -+ [laall)

and

(20) Flar4 -+ ) =|lan+ -« + =l
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PROOF. Since the norm of F is unity, one has | Fx| <||%|| for any

x in B. Applied to the vector x;4 - - - +x, this inequality yields
o4+l 2 [P+ -+ 2
= | ReF(ai + - - + x,) |

| Re Foy + - - - + Re Fx,| .

Now, by hypothesis (17),
| Re Fx; + - - - + Re Fx,| = Re Fx; + - - - + Re Fx,
r(lad + -+ ),

(Y

which yields (18).

Now for the equality condition in (18). If (19) and (20) hold, then
it is clear that equality holds in (18). Next, suppose the equality sign
holds in (18). Then it holds in every intermediate inequality in the
argument just given. That is to say, one has

@ lles+ -+ &l = |Fer+ -+ )],

(b) Im F(x1 + - - - + x.) = 0,
and

(c) ReFx; =1|x]|, fori=1,---, n
Hence,

Flx:+ -+ -+ 2,)=ReFlx;+ - - - + x,)

= Re Fx; + - - - + Re Fx,

r(lwll + -+l

which is (19); and this, together with (a), gives (20).
REMARK 5. As in the case of Theorem 2, analogues of Corollaries 1

and 2 follow readily.
The next theorem bears the same relation to Theorem 3 as Theo-
rem 2 bears to Theorem 1.

I

THEOREM 4. Let Fi, - - -, Fn, be linear functionals on B, each of unit
norm. Let
| Fie|t 4+ - - - + | Fuz|?
¢ = sup ;
20 [l
it then follows that 1 <c <m. Suppose the vectors xy, - - + , x,, whenever

x:7%0, satisfy
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Re Fux,
@) 0sns Eﬁx; P mk=1
Xi

Then

b Ay
@ (P Yl 4 el S k4l

where equality holds if and only if both
(23) Fk(xl + st + xn) = fk(llx]” + o .. + ”x””)’ k = 1’ e, m,

and

(24) S Ft -+ m))e = et -+l

k=1

ProoF. From the definition of the number ¢, one has

dlor+ - @22 X R+ -+ 2|2

k=1

3

= > [Re Fe(ts + - - - + xa)]2

k=1

3

= > [ReFuxi+ - - - + Re Fxa)2

k=1
Now, by hypothesis (21),

Re Fivr + - - - +Re Fatn 2 ne(([mf| + - - - + ||2al]),

which yields (22).

Now for the equality condition in (22). If (23) and (24) hold, then
it is clear that equality holds in (22). Next, suppose the equality sign
holds in (22). Then it holds in every intermediate inequality in the
argument just given. That is to say, one has

(a) c||x1+ .. .+x"||z= Z |F'°(x1+ .. .+xn)|2,

k=1
(b) Im Fr(xs + - - - + x,) = 0, E=1,--,m,
and
(c) ReF,,xi=r;,”xi”; i=1,--«,m k=1,---,m.

Hence,
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Fe(@mi+ - - - +xa) = Re Fi(or + - - - + %)
= Re Fix; + - - - + Re Fix,
nlall + - llml),  E=10m
which is (23); and this, together with (a), gives (24).
REMARK 6. As usual, analogues of Corollaries 1 and 2 follow easily.

REMARK 7. Theorem 4 contains Theorem 2 as a special case. One
need only take B to be the Hilbert space H and the linear functional

Fy to be given by

Il

Frx = (x, ax)
for x in H, where the a; are as in Theorem 2. From Bessel’s inequality
| Pl + o+ [ Falt= [ @a) [P+ -+ | @ am) |2 = a2,

and hence ¢<1. Since it is already known that 1 =, it follows that
¢=1. Even if B is a Hilbert space, but the a;’s are not orthogonal, it
may happen that ¢>1 (e.g., take m =2 and a1=a,).
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