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A complex number which is not a nonpositive real number has a
unique square root in the right half-plane. In this paper, we obtain
an extension of this observation to general (complex) Banach alge-
bras.

Since the elements we study are regular, and have logarithms, the
existence of square roots is not at stake. Even the existence of roots
having the desired spectral properties is evident. The uniqueness
result we suppose to be new. It subsumes a somewhat weakened ver-
sion of the classical result for positive, hermitian, bounded operators
on a Hilbert space (that such an operator has a unique positive
hermitian and bounded square root): our theorem would apply only
to the positive definite (regular) case.

Whether the results of this paper can be extended to the case of
not necessarily regular elements of a Banach algebra, we do not at
present know.

DEFINITION. A subset 4 of the complex field will be called positive
if €A implies x>0; A is weakly positive if xEA implies R(x)>0.
Let 2 denote the complement, in the complex plane, of the nonposi-
tive real numbers.

THEOREM. Let B be a Banach algebra, and b an element of B with
spectrum Sp(b) contained in Z. Then there exists in B a unique square
root of b with weakly positive spectrum. If Sp(b) is real (hence positive),
so 1is Sp(b1/?).

Proor. ExisTENCE: We assume first that 8 has an identity ele-
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ment e. Let 3—2!/2 denote the principal branch of the square root
function in Z, and C an oriented envelope of Sp(b) in Z. Set

b2 = (2mi)~t f 5'/%(ze — b)~' da.

Then 5'/2 so defined is a square root of b with the desired spectral
properties [2].

UNIQUENESS: Let r &% with 2=5, and Sp(r) weakly positive. Then
r commutes with b, and so with any element of the closed subalgebra
B’ generated by b and e. To prove b'/2&%B’, we let (p,) be a sequence
of polynomials in z converging uniformly on a neighborhood of
Sp(d) to z'2. (Runge’s Theorem.) Then ||p.(b) —b/4|—0, as de-
sired [2].

Now let D be a maximal abelian subalgebra of 8 containing 7, b'/2,
and e. Since the natural injection of D into B is a spectrum-preserv-
ing, isometric isomorphism, we can conduct the remainder of the
argument with 8 replaced by D.

If & is a homomorphism of D onto the complex numbers, k(r?)
=h(b) =h(r)? and Rh(r) >0, so k(r) is the unique weakly positive
square root of k(b), as is also k(b!/?). Thus h(r) =hk(b'/2) for every such
h, and we have

6)) bY2 =7r —n, with Sp(xn) = {0}.

Squaring both sides of (1), we obtain #?=2rn, whence, by induc-
tion,

2) nt = (27)2k“n.
From (2),
L L e S
E+1

= Q1-1/2 ”b2kr—1n|| 1/2"'“_

Since the spectral radius of # is 0, lim; ., ||b%7r1n|| /" =0.
On the other hand, the Banach algebra inequality ||xy|| <||«|| ||¥]]
implies ||r—n|| <||5-#|| ||6%r—1%]| and ||6=Y|?=||(~)?||, whence

===l = (| @=9% (1= [lr—al] = (o],

so that Hb‘lH—WHr-ln”1/2"“§Hb2"r—1n||1/2"ﬂ. Since the right side of
the last inequality tends to zero, we must have »~ =0, so #=0,
and bY2=r, which was to be shown.
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Finally, if 8 is without identity element, we adjoin one. A trivial
computation then shows that for bE®, b/2€8, also.

The theorem can be applied to simplify the proofs in [1].

Added in proof. The reader’s attention is directed to the elegant
study by Hille, On roots and logarithms of elements of a complex
Banach algebra, Math. Ann. 136 (1958), 46-57, which came to the
author’s attention after this work was completed. Our theorem can
be obtained easily from Hille’s Theorem 1.
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