TENSOR PRODUCTS OF LOCALLY CONVEX ALGEBRAS
HARVEY A. SMITH

1. Introduction. The terms locally convex algebra, locally m-convex
algebra, and Q-algebra are defined in [5]. Various cross-norms on the
tensor product of Banach spaces are defined in [6]. The inductive and
projective tensor products of locally convex spaces are defined in [4].

Gelbaum [1], [2] and Tomiyama [8] have remarked that the tensor
product of two Banach algebras completed with respect to the great-
est cross-norm is again a Banach algebra. When a Banach algebra is
obtained by completing the tensor product of two commutative
Banach algebras with respect to a cross-norm, these authors have
given sufficient conditions under which its space of nonzero multi-
plicative functionals with relative weak* topology can be character-
ized as the topological direct product of the corresponding spaces
associated with the two factors. Gil de Lamadrid [3] has announced
the extension of this result to the noncommutative case. In [7],
various necessary and sufficient conditions are given for the charac-
terization of Gelbaum and Tomiyama to hold.

Lemmas 1 and 2 of this paper show that if a locally convex algebra
is the completion, in a topology not stronger than the inductive
topology, of the tensor product of two locally convex algebras, then
there is a canonical continuous one-to-one mapping of its space of
nonzero continuous multiplicative linear functionals, with the weak
topology induced by the algebra, into the topological direct product
of the corresponding spaces associated with the two factors. If this
mapping is open, it provides a characterization of the space of non-
zero continuous multiplicative functionals associated with the com-
pleted tensor product algebra. Theorem 1 shows that if the completed
tensor product is a locally m-convex Q-algebra, then the mapping is
open. Since every Banach algebra is a locally m-convex Q-algebra,
this theorem generalizes the discussion of such characterizations given
in [1], [3], [7], [8].

Theorem 2 shows the complete projective tensor product of locally
m-convex algebras to be locally m-convex, while Theorem 3 states
that if the two algebras are also complete commutative Q-algebras
then the complete projective tensor product inherits these properties.
Since the complete projective tensor product of locally convex spaces
corresponds to the completion of the tensor product of Banach spaces
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with the greatest cross-norm, Theorems 2 and 3 are analogous to the
result that such a product of Banach algebras is again one.

Theorem 4 gives a necessary and sufficient condition for semi-
simplicity of the complete projective tensor product of semisimple
complete commutative locally m-convex Q-algebras. It generalizes a
result for Banach algebras given in [7].

Itis of interest to note that the arguments used to obtain Theorems
1 and 3 are quite different from those employed to obtain the cor-
responding results for Banach algebras. In particular the assumption
of commutativity plays an essential role in the proof of Theorem 3,
and the problem of extending the theorem to the noncommutative
case remains open, while the analogous result for Banach algebras
does not depend on commutativity. Theorem 3 provides a method for
constructing new complete commutative locally m-convex Q-algebras
from old ones. An example is given at the end of the paper.

2. Notation and remarks. We follow the notation and terminology
of [5] for spectrum, Z4(x), and spectral radius, o4(x), of an element
x in the algebra 4. If 4 is a locally convex space, 4’ is the dual with
the weak A4 topology. If 4 is also an algebra, M(A4) is the set of non-
zero multiplicative functionals in 4’ with the relative topology.

REMARK 1. A locally convex algebra A is a Q-algebra iff o4(x) is
continuous at zero.

Proor. Elementary from Proposition 13.5 of [5].

REMARK 2. If A4 is a complete locally m-convex algebra, then

oa(¥) Z sup{ | /(@) | : f € M(4)}

Proor. If 4 is commutative the equality holds (Corollary 5.6 of
[5]). Every commutative subalgebra of a complete locally m-convex
algebra A is contained in a maximal commutative subalgebra B,
which is closed and hence complete. If x& B, then obviously Z4(x)
=2p(x) and hence o4(x) =05(x). But M(A4) C M(B) in the sense that
the restriction of an element of M(A4) is in M(B); hence the inequal-
ity.

REMARK 3. A complete commutative locally m-convex algebra, 4
is semisimple iff 4’ is the closed linear hull of M (4).

PRrOOF. 4 is semisimple iff m(a) =0 for all mE M(A4) implies a =0
(Corollary 5.5 of [5]). Suppose A4’ is the closed linear hull of M(4).
For any nonzero a &4 there is f in A’ such that f(a) #0. For all €>0,
there is a linear combination g of elements of M(A4) such that
|g(a)— f(a,)l <€ so not all members of M(4) can vanish at a. Hence
A is semi-simple. Conversely if 4 is semisimple the closed linear hull
of M(A) is the orthogonal complement in 4’ of some closed subspace
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of A. The closed subspace of A4 is zero by the cited corollary, so its
orthogonal complement is 4.

3. Tensor products of locally convex algebras.

LLEMMA 1. Let A3 be a locally convex algebra which is the completion of
the tensor product, A1® As, of two locally convex algebras in a topology
not stronger than the inductive topology. Then each m;& M(As) is a
continuous extension of miQ@me where miE M (A1) and meE M(As,).
Conversely, every such mi@ms which has a continuous extension to A;
is in M(A43).

Proor. The last assertion is immediate, for m; ®m, is multiplica-
tive on 4:®4; and since multiplication is (separately) continuous
in the completion, 4;, a continuous extension must also be multi-
plicative. Suppose m; is a continuous nonzero multiplicative func-
tional on A;. Since ms cannot vanish identically on 4,® 4., there is
a1 ®a, with ms(a1®a,) not zero, and ms(a ®@al) = [ms(a1 ®a,) |30.
Letting m; be defined by

ma(by) = ma(blai ® aZ)/m?,(a:i ® aZ),
ma(bs) = ma(ai ® bzaz)/ma(ai ® ag)

where a;, b;, ¢;EA;, 1=1, 2; we have

mi(bicy) = ma(blclaz ® az)/ms(ai ® aZ)

m3(b1 @ dz)ms(ai ® ax)ms(c: @ az)ma(dsl ® 0;)

ms(a} @ ad)ms(a} @ aj)

ms(blai‘ ® az)ma(clai ® aZ)
ms(a} @ ad)ms(al ® aj)

ml(bl)ml(cl) .

By a similar calculation m, is multiplicative. Suppose m;3(d; ®ds) #0.
Then an easy computation, using similar manipulations, yields

ma(bras @ a3)/ma(ay ® az) = my(brdsr ® do)/ms(dr ® db)

so my is well defined. A corresponding identity shows m. to be well
defined also. Now, by definition, m;®ma(b1®bs) =ma(b1)ma(bs). By
the preceding remark we can choose g, in the definition of m; and m.
to be b; unless m3(b; ®as) =0 for all a;E A4,. But in that case,
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my(b1) = ms(by @ dz)ma(ai ® az)/ma(ai ® a;) =0
SO
ma(b1 ® bs) = 0 = my(br)ma(bs) = m1 @ ma(by @ bs).

Otherwise, choosing a; =b;, we get

ma(bs ® ab) ma(by ® byas)
my(0} @ a3) m3(b} @ ai)

By linearity and continuity of m; we have m; a continuous extension
of m; @m,. By hypothesis, the topology of A4; is not stronger than the
inductive topology on 4;:®A,. By definition of the inductive topol-
ogy, ms(b1®b,) is separately continuous in b; and b, which is to say
that the m, and m, defined above are continuous on 4; and 4,.

my @ ma(by ® b2) = = m3(b; @ bs).

LEMMA 2. Under the assumptions of Lemma 1 the mappings from
M(As) to M(A,) and M(A,) defined in the proof of Lemma 1, are con-
tinuous.

Proor. We prove only that the mapping from M(4;) to M(4,) is
continuous. In the proof of Lemma 1, m,; was defined as a function of
ms; by an equation equivalent to

my(by) = ms(b ® az)mg(ai ® d:)/ﬂtg(d:: ® az).
This can be written dually as

bi(ms) = [b1 ® as(ms)][01 ® as(ms)]/[a: ® as(ms)).

By definition of the weak topology, elementary theorems on con-
tinuity of combinations of complex valued functions and the fact
that for each m; we can choose a1 ®a, so that, on a neighborhood of
ms, m3(a1®as) is bounded from zero, we have the composite function
b1(m1(ms3)) continuous in m; for each by in 4;. The topology of M(A4,)
is precisely the weak topology induced by the family of functions
bi(m,). The inverse images of open sets of complex numbers under
these functions form a subbase for this topology. By continuity of the
composite function, the inverse images of this subbase in M(43) must
be open. Thus the mapping from M(A4;) to M(A4,) is continuous.

THEOREM 1. Let A3 be a locally m-convex Q-algebra which is the com-
pletion, in a topology mot stronger than the inductive topology, of the
tensor product A\Q A, of two locally convex algebras. Then M(A4;) is
canonically homeomorphic to the subset of M(A1) X M(As) consisting of
elements (my, my) such that mi@m. has a continuous extension to As.
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Proor. Lemmas 1 and 2 give the existence of a canonical one-to-one
continuous map of M(A4;) onto the designated subset of M(4,)
X M(A.) with the relative product topology, so we need only show
the continuity of the inverse. This inverse mapping carries (m1, m)
to m;, the continuous extension of m;®m,. Every neighborhood of
ms3 in M(A43) contains an open set of the form

V= {ml: |mi@m) —m@)| <e j=1,2-,&

where x; are members of 4;. Since 43 is a Q-algebra, by Remark 1 we
have o4,(x) continuous at zero, so the set

Ui = {y:oa,(2; — ) < ¢/4}

is a neighborhood of x;. Since 4; ® 4;is dense in 43, thereisy;&E4:® 4,
in U; such that m;(y;) #0. By Remark 2 and the fact that 4; is
complete and locally m-convex, we have

) mi() —mi )| = | mi@ — y)| S oales — y5) < /4
for all m{ in M(A4s).
Let

nj
yi = 2, a;® b
[ g

Then
| md (3;) — ma(3;) |

= [ 35 mi @08 6.9 — mad) + (0 = maCosma(s,) |-

il

Let M=max,~,,~{ |m1(a,~,~) I , |7ﬂ2(b.‘j)l }, n=max,-{n,~}. Then if

€
| mi (ai) — m(a)| < min {W’ M}
and

€
| md (b)) — ma(bis)| < PYE
we have

[ () = ma) | <5

Using the inequality (*) satisfied in choosing y; we conclude that
Im;{ (x,-)——mg(x,-)| <e. Now let (m{, m{) be in the neighborhood of
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(m1, ms) defined in the prescribed subset of M(A4:) X M(4,) by

. €
| m{ (a:5) — mi(as;)| < min {m’ M }

and
€
| mi (bij) — mab)| < il
fori=1,2,---,n;,j=1,2, - - -, k. By assumption, m{ ®mj has a

continuous extension mj and m; ®m, has the continuous extension ms.
The preceding calculation shows that mJ lies in the open set V. The
continuity of the inverse mapping has thus been shown.

4. Tensor products of locally m-convex algebras.

THEOREM 2. The (complete) projective tensor product of two locally
m-convex algebras is again locally m-convex.

PRrOOF. An algebra is locally m-convex iff its topology is defined by
a family of seminorms which are submultiplicative, i.e. which satisfy
the multiplicative inequality for Banach algebra norms. Choosing
such a family in each factor, repetition of the argument of Lemma 2
in [9] shows that the corresponding family of seminorms generating
the topology of the projective tensor product (constructed in Proposi-
tion 2 of [4]) will also be submultiplicative. The completion is clearly
also locally m-convex.

COROLLARY 1. If A; is the complete projective tensor product of two
locally m-convex algebras A, and A, and if As is also a Q-algebra, then
M(As3) is canonically homeomorphic to M(A1) X M(4.).

Proor. Theorems 1 and 2 and §1, no. 2 of [4].

THEOREM 3. If A, and A, are complete commutative locally m-convex
Q-algebras, then their complete projective tensor product is also such an
algebra.

PRroOOF. Let 43 be the complete projective tensor product. In view
of Theorem 2 and Remark 1, it suffices to show that o4, is continuous
at zero. By Lemma 1 and Corollary 5.6 of [5], we have

ca,(%) = sup | m; ® ma(2)|
m) My

= sup sup | (1 @ ma())|

my, ™

= sup o4,(1 @ ma(x))
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where 1 is the identity map on 4; and we have written the tensor prod-
ucts of operators to denote its extension, which always exists by §1,
no. 2 of [4]. Since A4, is a Q-algebra, g4, is continuous at zero. There
is a seminorm ,, in the family defining the topology of 4, such that
04, <p1. Thus

o4,(%) = sup pa(l ® ma(x)).
My
Consider x in A1 ®A4,, then
x = i x1; @ %24
and -

k
sup p1(1 ® ma(x)) < sup E Ml(xli) I mz(xu) |

my =1

=1 m

r
é Z ,ul(x“) sup | M2(x2i) |
2

< 20 m(@1)oay(x).

=1
Again A4, is a Q-algebra and so there is u, such that o4, <u, and
k
sup u1(1 @ me(x)) < E p1(®1:)me(22:).
m, =1

Varying the representation of x and taking the infimum of the right
side of this inequality, we obtain by Proposition 2 of [4] a seminorm,
v of the family defining the projective topology on 4,®A,. For x in
the dense subset 4;® 4, we have

p(l @ my(x)) = v().

Since y, is continuous on 4, while 1 ®m. and v are continuous on 43,
this inequality holds for all x. Thus we have

o4,(%) = (%)

for v a seminorm in the family defining the topology of 4;, and o4,
is continuous at zero.

CoROLLARY 2. If A and A, are complete commutative locally m-
convex Q-algebras and Aj is their complete projective tensor product, then
M(Ay) is canonically homeomorphic to M(A1) X M(Asz).

THEOREM 4. Let A, and A, be semisimple complete commutative
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locally m-convex Q-algebras, and Aj; their complete projective temsor
product. A, is semistmple 1ff the extension to As of A{ @ A s dense
in Af.

Proor. By Remark 3, 4; is semisimple iff the closed linear hull
of M(A4;)is A4. Let f be an element of 4§ . If A3 is semisimple there
is, for every €>0 and every finite set {x,} of elements of A3, a finite
combination of elements of M (A4;) approximating f within e on the set
{x,-}. By Corollary 2, each element of M(A4;) is in the extension to
Az of A{ ® A{ and this set is a linear space. Thus each neighborhood
of fin A3 contains a member of 4{ ® 47.

Conversely, suppose A3 is the closure of 4/ @ AJ. For any x#0
in A3, thereis fin A4 such that f(x) 0. By hypothesis then, there are
f1 in All al’ldfz in Az’ such thatf1 ®fz(x) =f1(1 ®f2(x)) =f2(f1® l(x));éO
Since A4; is semisimple, there is m; in M(A41) such that m;(1 ®f.(x))
=my @f2(x) =fa(m1 ®1(x))%0. Since A, is semisimple, there is then
my in M(Ay) such that my(mi®@1(x)) =mi @ma(x) #0. Thus A4; is
semisimple.

As an application of these theorems, one might consider L) (G) the
completion of the algebra of functions from a locally compact Abelian
group, G, to the indefinitely differentiable functions of compact sup-
port, D, with the usual topology, which are absolutely summable.
(See [4, p. 58] and [5, p. 13].) Grothendieck (in [4, §2, no. 2]) has
shown that as a space LL(G) is topologically isomorphic with the
complete projective tensor product of D and L'(G), the usual group
algebra. (The extension to algebra isomorphism is easily carried out,
asin [1].) From Theorem 3, we can conclude that L}(G) is a locally
m-convex (-algebra. Further the multiplicative functionals are
homeomorphic to the direct product of the dual group of G with the
real line by Corollary 2.
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SQUARE ROOTS IN BANACH ALGEBRAS
L. TERRELL GARDNER

A complex number which is not a nonpositive real number has a
unique square root in the right half-plane. In this paper, we obtain
an extension of this observation to general (complex) Banach alge-
bras.

Since the elements we study are regular, and have logarithms, the
existence of square roots is not at stake. Even the existence of roots
having the desired spectral properties is evident. The uniqueness
result we suppose to be new. It subsumes a somewhat weakened ver-
sion of the classical result for positive, hermitian, bounded operators
on a Hilbert space (that such an operator has a unique positive
hermitian and bounded square root): our theorem would apply only
to the positive definite (regular) case.

Whether the results of this paper can be extended to the case of
not necessarily regular elements of a Banach algebra, we do not at
present know.

DEFINITION. A subset 4 of the complex field will be called positive
if €A implies x>0; A is weakly positive if xEA implies R(x)>0.
Let 2 denote the complement, in the complex plane, of the nonposi-
tive real numbers.

THEOREM. Let B be a Banach algebra, and b an element of B with
spectrum Sp(b) contained in Z. Then there exists in B a unique square
root of b with weakly positive spectrum. If Sp(b) is real (hence positive),
so 1is Sp(b1/?).

Proor. ExisTENCE: We assume first that 8 has an identity ele-
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