ON THE ASYMPTOTIC GROWTH OF SOLUTIONS
TO A NONLINEAR EQUATION

S. P. HASTINGS

We shall consider the nonlinear integral equation
t
M w0 =0+ [ see) ds =0, 0St< e,
0

where a(¢) and h(t) are continuous for ¢=0 and g(x) is continuous
for all x. If h(¢) is absolutely continuous on bounded sets, then (1) is
equivalent to the differential equation

@ 2(1) + a(g(=(1) = k),

so our results will hold for solutions of (2). We shall be primarily
interested in the nonlinear oscillator, i.e. a(f) >0, xg(x) >0 for x#0,
but in Theorem III below, sign restrictions are removed.

If we consider k() to be a sample function of a Brownian motion
process h(f, w) on a probability space 2, we see the motivation for
considering (1). Equation (2) then represents a nonlinear oscillation
driven by “white noise,” an illegitimate process in the sense that for
almost all wEQ, h(t, w) is not differentiable.

For an account of the probabilistic aspects of (1) for the case in
which a(t) is constant, see [2]. We shall be concerned with bounds on
the asymptotic growth of solutions to (1). Various results for the
homogeneous case are found in [4], and [5]. Results for the non-
homogeneous case when a(f) is constant are obtained for (1) in [2]
and for (2) in [3].

Note that the usual local existence theorems which hold for (2)
may be obtained for (1) by considering the equivalent system of
equations

i(1) = u(t) + k),
—a(t) = a()g(=(®)

as in [2]. Here, of course, «(t) is defined to be %(¢) —h(¢).

The proofs and results of Theorems I and II are essentially the
same as those of Waltman in [4] for the homogeneous case, and de-
pend on the well-known lemma due to Gronwall [1, p. 37].

THEOREM 1. Suppose g(x) is a monotone nondecreasing odd function

Received by the editors March 18, 196S.
40



SOLUTIONS TO A NONLINEAR EQUATION 41

which is positive for x>0 and continuous for all x. Suppose also that a(t)
s positive and absolutely continuous on bounded sets, and that

@®) ST lewl s as < .

Let x(t) be a solution to (1) defined at t=0. Then x(t) can be extended

to [0, ), and
a(t) = 0(:+ fo‘ Ih(s)]ds)

as t goes to infinity.

Proor.. Condition (3) implies that a(¢) is bounded below by some
positive number. In fact, the following is obvious:

LEMMA 1. With a(f) as above, Supogis.<o [a(t)/a(r)] is finite. Fur-
ther, let {T:} be a nondecreasing sequence of positive numbers and let

a;= sup  [a(t)/a(r)].

Tist<rsTin
Then [ o< .

Let 8=sup:oa(t)~L. The theorem will follow easily from the next
lemma.

Lemma I1. Let [4, B] be an interval on which x(t) is defined and such
that %(t) —h(t) does not change sign on this interval. Let

asz = sup [a(®)/a(r)],
AStSTsB
: B
Kip = aasn exp{f | @' (s) | /a(s) ds} ,
4
B
Mas =f | h(s)| ds.
A
Pick u=0 so that

fo "g(s) ds = Qaa,s)1B(H(A) — h(4))"

Then
| 2(B)| = Kan(|2(4)| + ) + 2+ Ka.5)Ma,.

" ProOF OF LEMMA II. Assume for definiteness that #(f) —h(f) is
nonnegative on [4, B]. Let
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H(t) = fth(s) ds and y(t) = x2(t) — H().

Then
¥ = — a@®gy(®) + H®) = — a()g(y(t) — Ma.5).
Therefore, since y(f) 20 on [4, B],

@ 50072 = (A2 - f a()gy(s) — Ma.5)3(s) ds

for A<St<B.
Set G(x) = [ig(s)ds and note that G(x)>0 for x>0. Integrating
by parts in (4), we have

a()G(y(t) — Ma,p) = 3(4)*/2 + a(4A)G(y(4) — Ma.5)

+ L I‘Zg;' a(s)G(y(s) — Ma.s) ds

for 4 =t< B. By Gronwall’s inequality,
a(B)G(¥(B) — Ma,p) < [§(4)*/2 4 a(4)G(y(4) — M4.5]

exp { ) "1 | /ats) as}.

Recalling that g(x) is an odd, nondecreasing function, we see that

ly(A)—M4.Bl

ly(B)—M4.BI -1
) ¢(s) ds < Kao [ﬁ(y‘(A)z/zm.B +f
0 0

(5) ly(A)|+M 4,18
KA'Bf g(s) ds
0

where we use the fact that y(4) =%(4) —h(4).
Now suppose p and ¢ are positive numbers and X is a number >1.

Suppose also that
pJ 1 q
f g(s)ds = ——f g(s) ds.
0 AJo

Since g(x) is nondecreasing and positive for x>0, it follows that
p=q/\. From (5), then, we have

| y(B)| < Kan(|9(4)| + 1) + (1 + Ka.s)Ma.5.

€0 s
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Since Ix(t)| = Iy(t)+H(t)| =< | y(t)l + M 4,5 and x(4) =y(A4), the con-
clusion of Lemma II is immediate.

Now suppose there is a 720 such that x(¢) can be extended past
T and such that in the largest interval [T, N), N < », to which x(¢)
can be extended, x%(¢) —k(t) does not change sign. If N< «, then
Lemma 11 applied to the closed sub-intervals of [T, N) shows that
x(t) is bounded for ¢t <N. Then (1) implies that %(¢) is also bounded
for ¢ <N. But this implies that x(¢) can be extended to [0, N], contra-
dicting the definition of N. Thus N= «. Theorem I follows in this
case by applying Lemma II to finite intervals [T, ¢] and letting ¢ go
to infinity.

If such a T does not exist, then there must be an unbounded set
of zeros of %(t) —h(t). In this case we define two disjoint sets S! and
S?, with [0, ) =S1US? as follows:

St = {4 = 0| There is a neighborhood (a, b) of ¢ in which #(-) — A(-)
has only a finite number of zeros}.
S*= {1z 0]|tg S}.

If tE.S?, then there is a sequence ¢; approaching ¢ with %(¢;) —h(Z;)
=0. It follows that d(%(¢) —k(¢))/dt =0 and by (1), x(¢) =0.

For each tE S, define I, to be the intersection of [0, ®) with the
union of all neighborhoods of ¢ in which %(-) —A(-) has only a finite
set of zeros. Supose first that for some #, I, is semi-infinite. Then
there must exist an increasing and unbounded sequence {7} with
(—=1)i(x@) —h@®)Z0o0n [Ty Tin], i=1,2, - -.

Let v;=Kr, r,,, and note that %(T;) =h(T.). Lemma II implies
that for:=1,2, - - -

I x(Ti+1)| = ’Yil x(Ti)l + 2+ 'Yi)MT.'-T.'ﬂ'

Lemma I and condition 3 show that L= ][, v: is finite. It is
easy to show by induction that for =2, 3, - - -,

(ﬁw)lx(rl)l +3<'ﬁy,~>f:|h(s)|ds

=1 =1

| 2(T) |

IIA

IIA

L| (T +3LfT"|h(s)|ds,

and Theorem I follows easily in the same way as when %(f) —k(¢) does
not change sign for ¢ > T.

Suppose, on the other hand, that I, is bounded for each t& St If,
for some t€S!, I,=[0, b), b< =, then [0, t] contains only a finite
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number of zeros of %(-) —k(-). The argument above shows that
t
201 = 12 2O | + [oal) +3L: [ 14| ds
0
where

[ 86185 = Causystaca) - iy

n=[ s _aw/a) |espd [ 710 /) asf

0St1S1<>

and a4, and B are as on p. 41, for any B=4 =0.

Finally, suppose that for some ¢, I,=(a, b), a=0, b< ». Then
a€S? and x(a) =0. For any ¢ in (g, £), [c, t] contains only a finite
number of zeros of %(-) —Ak(-). Therefore, as before,

t
20| = Ll 5@ | + Lweal) + 32 [ [0 as.
Letting ¢ approach a, we see that

|2t | ésLlf'lh@)us.

a

We have shown that there is an M such that for any
12
120, |z = M+3L1f | k(s) | ds,
0

and this completes the proof of Theorem I.

THEOREM II. Suppose a(t) is positive, absolutely continuous on
bounded sets, and nondecreasing, and g(x) satisfies the same conditions
as in Theorem 1. If x(t) is a solution to (1) defined at t =0, then x(t) can
be extended to [0, ) and there is a constant ¢ such that

t
|2(2) | §c+3f | k(s)| ds, alltzo.
0
Proor. Let [4, B], H(t), M 4,5 and y(¢) be as in Lemma I1. Suppose
%(f) —h() =0 on [4, B]. Just as in Lemma 11, if 4 <t<B,

a()G(y(t) — Ma,p) < a(4)G(y(4) — M4.5)

+9(4)*/2 + f —Qa(s)G@(s) My p) ds.
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In this case, Gronwall’s inequality implies that
o(B)G(y(B) — M4.p) = [a(4)G((4) — Ma5) + y(4)*/2]a(B)/a(4).
From this,

|yB)| = [y )| + 4+ 2Mus

where
f., “gs) ds = GAY/Da(4), 2 0.

(The same result holds if %(f) —k(t) <0 on [4, B].)
Since |%(B)| =|y(B)| +Mu.5 and x(4) =y(4),

| #(B)| < |x(4)| + u+ 3M45

The rest of the proof of Theorem II proceeds much as that of Theo-
rem I and will be omitted.

We note that in both of these theorems, if k(f) is constant, then
all solutions are bounded. (See [4].) We conjecture that the bounded-
ness of all solutions to £+a(t)g(x) =0 is sufficient to insure that any
solution to (1) is O(1+ f¢| k(s)|ds) as ¢ goes to infinity.

If a(¢) is not bounded below by a positive number, then the con-
clusion of Theorem I does not hold. In fact, if [“sa(s)ds< «, then
there is a solution to #+a(f)x =0 which is asymptotic to a straight
line of positive slope [1, p. 103]. In this case, the following theorem
provides a bound in the (very restrictive) case Ig(x)l éklx|° for
some constant 2 and < [0, 1]. We can remove the restrictions on
the signs of a(f) and g(x) in this case.

We might comment here on a result in [5] to the effect that if
S7t=|a(t)|dt< o and |g(x)| <k|x|= for some k and a=0, then all
solutions to £+4a(t)g(x) =0 have bounded derivatives. In fact, this is
false unless we restrict « to [0, 1]. For example, with a(f) = —2/#¢,
g(x) =x2, the function x(¢) =¢#2 is such a solution.

TueoreM I11. Suppose | g(x)| <k|x|=for some k and some a0, 1].
Suppose further that a(t) is continuous for t20and (*) [ot|a(t)|dt < .
Let x(t) be any solution to (1) defined at t=0. Then x(t) can be extended
to [0, ®), and x(t) =O0(t+t| Jih(s)ds|) as t goes to infinity.

Proor. We can write, as far as x(¢) is defined,

2(t) = x(0) + t£(0) + fth(s) ds — f t(t — s)a(s)g(x(s)) ds,
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and if we let H(t) = [gh(s)ds, then there are numbers ¢; and ¢, such
that

|2()] +1 S a+et+ [HO]
© + [ e=9rle | (56| +v s

LemMa I11. Suppose that ¢(t) is an integrable function on [0, T],
and for t in this interval,

805 40+ [ = 9BEOG) ds,
0

where B(t) is continuous and nonnegative and A(t) is continuous. Let
z(t) be any solution to 2— B(t)z=0 which is positive for all t=0. Then
for

1€ [0, T], ¢@) < A@) + 3() ftf.A(u)B(u)z(u)/z(s)z du ds.

0 0
Proor orF LEmMA II1. Let
R(t) = f (t — s)B(s)¢(s) ds.
Then R(f) = B(t)¢(t) < B(t)A(t) + B()R(¢). Let
o) = ftB(s)z(s) ds + £(0).

Then we have d[z(t) R(t) —Q(t)R(t) | /dt < B(t) A(t)z(t). Integrate, di-
vide by z(¢) and multiply by exp{ —féQ(s)/z(s)ds}, and we obtain

2 (rayexp{— [ "00)/55) ds
a(roeel- [ 1y

=< exp{—f Q(s)/3(s) ds}-f B(s) A(s)2(s)/2(t)ds.
The result follows by integrating again and noting that
= B d :(0) = 3(s) d 2(0) = 2(2).
00 = [ B0 a5+ 30 = [0 s +20) = 500

Now we note that condition (*) insures the existence of a solution
z1(t) to 2(¢) ——k| a(t) l 2(¢) =0, with 9 £2,(f) =1 for some >0, all £¢=0.
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(See [1, p. 103].) Using Lemma I1I with (6) gives
|x(t) | +1<crteat+ |HE) |

+2:(0) f c f ‘k|a(u)|z1(u)[cl+cm+!H(u)|]duds

21(8)2

<atet+ | HQ) |

+(k/n?) f (t=5)| a(s) | [axteas+ | Hs)| ] ds.

Clearly x(t) can be extended to [0, ©). For t>1,
l2()] +1
t+t| HQ) |

gfti+c2+1+(k/n?)[fotczla(s)|sds+fot|a(s)|(6:+1)dS]

and the result follows from (*).
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