WEAK COMPACTNESS IN LOCALLY CONVEX SPACES
J. D. PRYCE

1. Introduction. A recently published paper of R. C. James [1]
proves the following Theorem: A weakly closed set C in a Banach
space B is weakly compact if and only if every bounded linear func-
tional on B attains its supremum on C at some point of C. The proof
given by James is rather long and involved: the following, while not
employing any basically different ideas, is a simpler version and ex-
tends the theorem with no extra effort to deal with a locally convex
linear topological space rather than a Banach space, using the Eber-
lein criterion for weak compactness (see e.g. [2, p. 159]).

2. The result.

THEOREM. Let C be a weakly closed bounded subset of the real and
complete locally convex linear topological space E. Then C is weakly
compact if and only if given any element f of the dual E* of E, there 1s
x € C such that f(x) =sup {f(u) : uEC}.

CoOROLLARY. The hypothesis that E be complete may be replaced by
the hypothesis that the closed convex hull of C be complete (in the original
topology of E).

ProoF. The implication one way is elementary: namely, suppose C
is weakly compact and f any element of E*. Then by the definition of
the weak topology f is continuous on C in the weak topology and so
attains its bounds.

We prove the implication the other way by assuming that C is not
weakly compact, and constructing a continuous linear functional
which does not attain its supremum on C at any point of C. The proof
of this fact is divided up into a series of lemmas.

LEMMA 1. There is a sequence (2,) of points in C and a sequence (f.)
of elements of E* such that {f.} is an equicontinuous set and the limits
lim; lim; fi(z;) and lim; lim; fi(2,) exist and are unequal.

For the proof of this result, which is Eberlein’s celebrated com-
pactness theorem, see [2], where the result is stated on p. 159.

We now introduce some notation. Since we shall not be dealing
only with functionals on E that are linear, we denote by F the set of
all real-valued continuous functions on E which are positive-homo-
geneous,
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flax) = of (x) (@ 2 0).
Since for each fEF, there is a neighbourhood U of 0 in E such that
| f(x)| = I flx) — f(0)| =1 (x&U), elements of F are bounded on
bounded sets. Note that E* is a subspace of F. We give F the weak*
topology w(F, E) a pointwise convergence on E; this makes E* a

weak*-closed subspace.
We define

p(f) = sup{f(x): x € C} (fE F).

The functional  is finite-valued and has the following properties:
(i) p is sublinear, i.e. p(\f) =Ap(f) for A\=0 and

p(f + 8) = p() + (o).

(i) Since
() 2 p(0) +2(f — 2
and
p(@) = p(f) + (e = f)
we have

=0 —f) =2() —p() = p( - 2.

(iii) If AC F and 4 is equicontinuous then p is bounded on 4, for
there is a neighbourhood U of 0 in E such that | f(x)l =1 for all
x& U, fEA, and C is absorbed by U.

We also define P(f) =sup{|f(x)|: xE€C} for fEF. The functional
P is a seminorm inducing on F the topology of uniform convergence
on C.

Let (f;) be a sequence in F which is equicontinuous at each point
of E, and define functions G_=lim inf f;, G- =lim sup f; by

G_(x) = lim inf f;(x), G~ (x) = lim sup fi(x) (x € E).
Given x, and € there is a neighbourhood U of x, such that
sup{ | fu(®) = fiwo) [ : i =1,2,-- - ;2 E U} S e

Applying this and the relation |[lim inf fi(x) — lim inf f;(xo) |
<sups |fi(x) —fi(xo)| first to 0 and then to an arbitrary x, we see that
G_, and similarly G, is everywhere finite and continuous. It is clearly
positive-homogeneous and so belongs to F.

LeEMMA 2. Let (f;) be a sequence in F equicontinuous at each point.
Let the topology on F be that of the seminorm P, and let X be any subset
of F which is separable in the relative topology. Then there is a subse-
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quence (G;) of the f; such that if G_=lim inf G;, G- =lim sup G;, we
have p(f—G_)=p(f—G™) for all fEX.

PRroOF. Let (wx) be a dense sequence in X. By replacing it by the
sequence wy, W, W, Wy, Wa, Ws, W1, Wz, W3, W4, * * +, We can assume thateach
point of X is a cluster point of the sequence. We now apply a diagonal
process, inductively defining points x, and sequences (f7:1=1,2, - - -)
as follows:

For n=1 choose x;&C so that

wl(xl) — lim inffg(xl) > P(wl — lim il’lff,) - %,
while for #>1 choose x,E& C so that
(%) — Hminf fi (x2) > p (w,, — liminff; ) = 27",
i §

and (fP:i=1, 2, - - -) as a subsequence of (ff ':1=2, 3, ), so

that
n . . n—1 .
fi(xa) converges to iminff; (x.) asi— .
i

(Note that f77* thus does not occur as a member of (f7).) Now define
Gi=ft. Since (Gn, Guy1, - - -) is for each n a subsequence of
(1, f2, - - - ) we have, if G_, G~ denote lim inf Gi, lim sup Gy, for
every n,

@) lim Gi(x.) exists and equals lim f?(x,.);
k i

(i) wn(®n) — G_(42) = wa(n) — lim £} (%) = wa(®a) — lim inf 7~ (xn)
> [J<w,. — lim inf f?“) -2
i
= p|wn — liminf Gk) — 27" = p(wa — G-) — 27,
k

Now let f be an element of X. Because of the cluster point property of
the wy, given any €>0 there is # such that (i) 27" <e and (ii) for all
x in C, |f(x) —w,,(x)l <e. Then we have

p(f— G-) S e+ plwn — G2)
< 2e + wa(x) — G_(x,)
= 2¢ + wa(x,) — G (xn)
< 3e + f(2) — G(x)
<3¢+ p(f — G).
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Since € is arbitrary we have p(f—G_) £p(f—G™); the opposite in-
equality is trivial and hence p(f—G_) =p(f—G~). This proves the
lemma.

Let (f;) now be the sequence of Lemma 1 and X be the linear span
of the f;. In the P topology X is separable (e.g. take linear combina-
tions of the f; with rational coefficients), so the conditions of Lemma, 2
are satisfied, and we can by taking a subsequence assume that

p(f—G) =p(f - G) fex),

where G_=lim inf f;, G- =lim sup f;. The double limit relation of
Lemma 1 is not disturbed by this process. Further we can without
loss of generality assume that f(2;) —lim; f;(2;) is for each k eventually
=r>0, as j tends to infinity, (by another application of the diagonal
process).

Let K, denote the convex hull of {f,.,f,.-u, S } forn=1,2,---.
To keep the record straight, we have FOE*DX DK DK,D - -

LEMMA 3. For all fEK,, p(f—G-) 2.

Proor. Let f be any element of K,; then f= Z{_l Nifny where
Ai=0,and D iN;=1. Then

2 — G) 2 f(&) — G(z) = Z:)M{fn.-(zf) — G_(z)}
- S {fn..<z,~> ~ lim f,<z,~)}

gZ)\ir=r
1

if we choose j large enough.

LEMMA 4. Let Y be a linear space, and p, 8, B’ be strictly positive
numbers. Let A be a convex subset of Y, u a point of Y, and p a sublinear
functional on Y. Suppose that

ilelﬂ p(u + Ba) > Bp + p(w).
Then there is a point ao in A such that
;Ieli p(u + Bao + B'0) > B'p + p(u + Bao).
Proor. Choose any «x, vy in 4 and set c=(Bx+B"y)/(B8+8’). Then

c€A4 and u+Bx+pf'y=u+@+6)c=(1+8/8)(u+Bc)— (B /B)u.
From the hypothesis of the lemma,

—p(w) = Bp — inf pu + Ba) + (>0
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and by sublinearity,
p(u+Bx+ B'y) = p((1 + B'/8)(u + Bc)) — p((B'/B)n).

Hence for fixed a, in 4,

inf p(u + Bao + £'0)
bEA

Bao+ B’

B'). {
=z 1+ —)inf e = ’
< P inf<p(u + Bc): ¢ PR

B,
b& A} —_—
"0
> (1 + 5) inf p(u + Ba) — - p(w)
B/ a4 B8

= (1 -+ E) inf p(u + Ba) + f—(ﬂp — inf p(u 4+ 6a)) + B— )
B/ aca B acd B8

= f'p + inf p(u + Ba) + s 5.
a€A B

Thus if we choose a, so that p(u+Ba,) <infsea p(u+Ba)+(B'/8)6 we
obtain the required result.

LEMMA 5. Let (8.) be an arbitrary sequence of strictly positive real
numbers. Then there is a sequence (g,) in F such that for all n, g.EKn
and

p| Sate— 60> or+s| Tot- 6.

ProoOF. We use induction and Lemma 4.

For the first step, let ¥ =0, 3=0;, 8’ =8, and 4 be the set K;—G_
= {f—G_:fEKl}; and p as already defined. Then inf;es p(u—+p5f)
=infseg, p[Bi(f—G-) ] 2Bir >1Bir+p(u) by Lemma 3, so the condi-
tions of Lemma 4 are satisfied. Hence there is g1 EK; such that

inf p[Bi(gr — G-) + Ba(g — G-)] > 3Bor + p[B1(g1 — G)].

vekKi

For the nth step, let u= »_ 2! B:(g;—G_), 8=, B =Bar1 and 4 be
the set K,—G_.. By the inductive hypothesis, and since K,._12Ka,,

in p(u + Bf) = inf{p(u + Bf): f € Knox — G-} > 3Bur + p(w)

and Lemma 4 gives g, €K, such that if v= Y 2 B:(g:—G_),
ini p( + B1) > 3687+ p(v)
fe
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which is the inductive hypothesis for n. The sequence (g,) then has
the required property.

LEMMA 6. There is Go itn E* such that

(1) lim inf g,(x) £Go(x) (xE€E),

(i) p(h—Go)=p(h—G_) (hEX).

Proor. The set K; is the convex hull of the equicontinuous se-
quence (f,), and thus the weak*-closure of K; in E* is weak*-com-
pact. The sequence (g,) lies in K; and therefore has a weak* cluster-
point G, in E*. Then for each «x in E, Go(x) is a cluster-point of the
real number sequence (g.(x)), and so

lim inf g.(x) £ Go(x) = lim sup g.(x),

which establishes (i).

Next, since g, €K, g.(x) is a convex combination Y \;fm (%), with
the m, not less than #. It follows that there is at least one of the m;
for which fm,(x) <g.(x). In other words, given any #» there is m=n
such that

fn(®) = ga(),

and so G_(x) =lim inf f,(x) £lim sup g.(x).

A similar argumenton the other side establishes G=(x) = lim sup g, (x).
Combining our inequalities we have G_(x) £Go(x) £G-(x), (xEE)
and so

p(h— G-) 2 p(k — Go) = p(h — G) (h € X).
The outer terms are equal and the lemma is proved.
CoROLLARY. The conclusion of Lemma 5 holds with G_ replaced by G,.
PRrooF. Fix # and let a=8;+ - - - 4+8,. Then

P[ iﬂi(gs’ - Go)] = ap l:% Z:: Bigi — Go] = ap [—i— i Bigi — G_:I
= P[ liﬂs(gi - G—)],

and the result is now clear.

LeEMMA 7. If the sequence (B,) decreases to zero fast emough (more
precisely if (D mi1 B:)/Ba—0 as n— ), the series

i Bi(g: — Go)

1=1
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defines an element g of E* which does not attain a maximum on C.

PROOF. Assume to start with only that D_@; converges. Now K,
hence also K;—G,, is equicontinuous; hence there is a neighbour-
hood U of 0 in E such that

xEU=|fx)| £1 forallfE K, — Go.
Hence
2 € U= 2 Bigi(x) — Go(®)] = 22 8.
=1 =1

This shows that g is defined and continuous on E, i.e. gEE*. Now
by the note (iii) after the definition of p, there is M =0 such that

xEC, [fEKi —G=|f®)| =M.

Suppose that g attains its supremum on C at some point u of C.
Then for each #, we have

3 Bies — Gow) = gw) — 3 Bules — Go)w) = gw) — M 3 6,

n+l1 n+1

—p) - M X8z p[ﬁaxgi - 6]

n+1

—P[Zj?ﬁi(gi—Go)—g]—MiBs

n41

v

p| Sote—60|-2m S s

n+1

\%

1 n—1 )
—Bar + P[ 2 Bigi — Go)] —2M Y 8
2 1 n+1

by Lemma 6 (Corollary)

n—1

3 bug — Gow) — 2M 3 8

n+41

Y

113 +
— B
2
Hence

(6~ GO > - — 20 ( T 8.) / 5.

n+1

If we choose (8,) to decrease fast enough, for instance 8,=1/n!, we
find that lim inf (g,—G,)(u) =%r, which contradicts the fact that
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lim inf g,(#) £Go(u). Hence g cannot attain its supremum on C at
any point of C, and the theorem is proved.

The author’s thanks are due to Professor James for providing a
copy of his proof and some related papers on weak compactness that
have recently been, or are due to be published.
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