
ON PRIMES OF THE FORM u2A-Sv2

B. W. BREWER

1. Introduction. A prime p of the form 20£ + l or 20& + 9 admits of

the two integral representations u2-\-5v2 and o2+62 (a odd), each

representation being essentially unique. Moreover, the only primes

other than 5 admitting of the first representation are those of the

indicated form. If p is a prime of the form 20& + 1 or 20kA-9 and

a^O (mod 5), the author [l] has expressed u in terms of the sum

A6= Yl=lx(x(xi — 5x2A-5)), where xW is the quadratic character

of m modulo p and x(x4 —5x2 + 5) is the fifth term of the sequence

Fi(x)=x, V2(x)=x2 — 2, F„+2(x)=xFn+i(x) —F„(x) (re = l, 2, • • • )

(see also A. L. Whiteman, [3], [4]). However, if o=0 (mod 5), A6 = 0.

In this paper, we consider the sequence Fi(x, Q)=x, V2(x, Q)=x2

-2(3, Vn+2(x, Q)=xVn+i(x, Q)-QVn(x, Q) (n = l, 2, ■ ■ ■ ), Q an

integer, and study the sum A6(<2) = YVx-l x(F6(x, Q)). If p is a prime

having one of the above forms, we show in general that A6(<2) = ± 4re

when x(Q) = 1 and a^O (mod 5) or when x(Q) = —1 and a =0 (mod 5).

Specifically, Theorem 2 is concerned with the first case and Theorem 3

with the second case. Theorem 2 reduces to Theorem 4 of [l] when

(2 = 1, and refinements of Theorem 3 for certain classes of primes and

specific values of Q appear as Corollary 1 and Corollary 2.

Thanks are due the referee for suggesting certain improvements in

Theorem 3.

2. Four lemmas. Let GF(pm) denote the finite field of pm elements

(p a prime). We state Lemma 1 of [l] for completeness.

Lemma 1. If p is an odd prime, X a nonzero element of GF(pm), and

X is of multiplicative period e, then for s a positive integer

y1      _   (e    if s = 0 (mod e),

i=o lO   if s ^ 0 (mod e).

The following lemma is a generalization of Lemma 2 of [l].

Lemma 2. Let p be an odd prime and X a generating element of the

multiplicative group of GF(p2). Let Vi(x, Q)=x, V2(x, Q)=x2 — 2Q,

Vn+i(x, Q)=xVn+i(x, Q)-QVn(x, Q) (re = l, 2, • • • ), where Q is an

integer, X(Q) = -1, and <2=Xr<*+1) (0<r^p-l). Let
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An(0   =   JZ xiVnix, Q)), VniQ)   =   E x(X~<*-» + Q«\-™(p+»)
1=0 «=0

and

®niQ)   =   Z X(\»«Cp-D+r)   +  QnA—CKp-U+r)).
«—0

PAera 2A„(0=fi„((2)+e„(<2) (ra = l, 2, • • ■ )•

We note that the conclusion of Lemma 2 also follows if xiQ) = L

but we do not have need for this case.

Proof of Lemma 2. Consider the quadratics y2—Py + Q obtained

by letting P run over the set 0, 1, ■ • • , p-1, and let A=P2-4£>.

Since x(<2) = -l and zZV-o x(A) = -1, we obtain ip-l)/2 quad-
ratics with x(A) = 1 and ip + l)/2 quadratics with x(A) = — 1. If x(A)

= 1, the roots of y2-Py + <2 = 0 in GFip2) are of the form X«<H-n

X(r-8)(p+i) for some 5, 0gsg£-2. If x(A) = — 1, the roots of y2 — Py

+ <2 = 0 in GFip2) are of the form X'^-1'+r, X<«"-'H»-i>+r for SOme t,

O^t^p. Conversely, X,(p+1),X(r-')(3,+1) are roots of y2-Py + Q = 0 for

some integer P such that x(A) = l, and X'(3,_1)+r, X(r-{)(J,_1)+* are

roots of y2 — Py + Q = 0 ior some integer P such that x(A) = —1.

Let H denote the set of pairs a3=\^p+1), a/ =X(r-*)(p+1) (5 = 0, 1,

• • • , p — 2) and A denote the set of pairs fit=^,lp~1)+r, and fil

=\(.r-t)(V-i)+, (t = 0, 1, ■ ■ ■ , p). Now a, = aj if and only if i=j, and

at = aj ii and only if i+j = r (mod £ — 1). Likewise, fii = fij if and only

if i=j, and since r is odd, fii = fij if and only if i+j=r (mod £ + 1).

Hence there are ip —1)/2 distinct pairs in the set H, each pair occur-

ring twice, and ip + l)/2 distinct pairs in the set K, each pair oc-

curring twice. Since QniQ) = zZ'-o x(«? + «/") and 0n(C?)

= IXo xiP7+Pln), the lemma follows.
Applying Euler's criterion to £!„(© and 0„(<2) in Lemma 2, we

obtain

Lemma 3. Let X, fl„(<2) arad 6„(Q) &e defined as in Lemma 2. Then

(p-D/2   p-2  /(a _   i)/2\
toniQ)   =       X)        Z)( j^nAXn.(p+l)(P-4A-l)/2

a=o    «=o \       A       /

and

(p-l)/2    p    /(a _ i)/2\
®niQ)   =       Z)        Z)( J0nfcXnaCp-l)+r>(P-4ft-l)/2

A=0        (=0 \ A /

in GFip2).
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Whiteman has given a proof of the following lemma. Part (1)

is proved in [3] and part (2) in [4].

Lemma 4. (1) If p is prime and p = 20£ + l = w2+5u2 = a2+62 (a

odd), then

/10/5:\ /10£\

and

nok\       nok\        nok\    nok\
(»)—(») - (»)-(«)(mod»

according as a=0 (mod 5) or a^O (mod 5).

(2) 7/p w prime and p = 20£+9 = re2+5i;2 = a2+62 (a odd), then

/10A + 4\ /lOife + 4\
(  ,   )(« + ,)•""'" (mod»

ared

according as a = 0 (mod 5) or a^O (mod 5).

3. A6((3). We first prove

Theorem 1. Let p be an odd prime, An(Q) be defined as in Lemma 2,

and x(Q) = ±l- U x(Q')=x(Q) and Q'=m2Q (mod p), then An(Q')
= X(m)nK(Q) (re = 1,2, • • •)■

Proof. Clearly, Theorem 1 will follow if we show that

(1) Vn(mx, Q') m m»Vn(x, Q) (mod p)

for w = l, 2, • • • . We use induction. Now (1) is certainly true for

re = 1 and re = 2. Assume (1) to be true for all k <n. Then

Vn(mx, Q') m mxVn-i(mx, Q') - Q'Vn-2(mx, Q')

= mxm"-Wn-i(x, Q) - m2Qmn~2V_„_2(x, Q)

m m"[xVn-i(x, Q) - QVn-2(x, Q)] = w"F„(x, Q) (modp),

and Theorem 1 is proved.

Noting that A6(0 = &Sx(x(x4-5C2x2+5<32)), Theorem 1 and

Theorem 4 of [l] imply
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Theorem 2. Let p be an odd prime ip^S), x((?) = l> and Q=m2

(mod£). If p?*u2+5v2, then p = 20k+r (r = 3, 7, 11, 13, 17, or 19) and

zZ x(*(*4 - 5Q2 + 5Q2)) = 0.
1-0

If p = u2 + 5v2, then either p = 20k + l = a2+b2 (a=T (mod 4)), and

JZ x(*(*4 - 5Qx2 + 5Q2))
x=0

(0   if a = 0 (mod 5),

I—Auxim) iu = a (mod 5))    if a ^ 0 (mod 5),

or p = 20k+ 9= a2+ b2 (a=.l(mod 4)), and

IZ xixix* - 5Qx2 + 5Q2))

(0   if a = 0 (mod 5),

(4#x(«) iu = a (mod 5))    if a f£ 0 (mod 5).

To obtain a representation of u in terms of a character sum under

the hypothesis thata = 0 (mod 5), we consider A6(<2) wherex(£>) = —1.

We prove

Theorem 3. Let p be an odd prime ipy^S) and x(Q) = —1- If p^u2

+ Sv2, thenp = 20k+r ir = 3, 7, 11, 13, 17, or 19), and

IZ xixix* - SQx2 + 5Q2)) = 0.
1=0

Ifp = u2 + Sv2, then either p = 20/fe + 1 = a2 + b2 (a = 1 (mod 4),

b =aQ(-p-1)li (mod p)), and

*zi (Oifa^O (mod 5),
zZxi*ix*-5Qx2 + 5Q2))= \      ' .,      .-* n,     ,0
»=o {.—iu iu es b (mod 5))   ifa = 0 (mod 5),

or£ = 20£ + 9 = a2+&2 (a = l (mod 4), b^aQ^-v^ imod p)), and

^ (Oifa^O (mod 5),
Zx«s4-W + 5Q2)) = \ r       ,J.f      n,   jex
I=o 14m (ra = o (mod 5))    i/«=0 (mod 5).

Proof. That £ = ra2 + 5z>2 if and only if £ = 20£ + l or £ = 20&+9 is

well known. We are concerned, therefore, with the evaluation of the

sumA6(<2).If£ = 20fc+r(r = 3, 7, 11, or 19), A6((?) =0since F6(-x, (?)

= -F6(x, Q) andx(-D = -l. U p = 20k+r (r = 13or 17), we apply
Lemma 3 and then Lemma 1 to QsiQ) and @biQ). We obtain
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((P -  l)/2\

and

/(p - l)/2\
65(6) = (/>+!) "   ) 06(^1,/4 (mod p).

\(p - l)/4/

Hence from Lemma 2, we have A^(Q) =0 (mod p). Since A6(()) is even

and numerically less than p, this in turn implies that A6(<2) =0.

To obtain the value of A6(<2) when p=re24-5z;2, we again apply

Lemma 1 and Lemma 3 to 126(0 and 05(<2). If p = 20& + l, we obtain

r/10*\ /10£\        I<we>-^-'>L(i)e" + U)e'»J
(2)

/10ft\
+ iP~1)\5k)Qiik (m°dp)

and

(3) 08((2) - (p + 1) (^ Q™ (mod p).

If p = 20&+9, we obtain

/10A + 4\
(4) as(G) - (# - i) (5k    2 ) 26(6*+2) (mod p)

and

/10A + 4\ r
©6(e) = (/> +1) (^   A   J [e54+2 + Q9(6i+2>]

/10£ + 4\ . .

(5) +(P+1)\3kA-l) ^^^ + Q7iik+2^

/10A + 4\
+ (p+ V\5k + 2)Q6(6k+2) (mod^)-

Since x(Q) = -1. Q(j>_1)/4=* (modp), where i2 = -l (mod p). More-

over,

/(/> -   )/ \ s 2a (mod   ^

V(p - D/iJ
where a = l (mod 4) (Gauss). Hence if p = 20k-\-l, (2) and (3) give



1966] ON PRIMES OF THE FORM «"+5t>2 507

(6) 0,(Q) = - 2 U      j - (      JJ i - 2<zi (mod p)

and

(7) 04(Q) ■ 2ai (mod*);

and if * = 20&+9, (4) and (5) give

(8) Q6iQ) = - 2ai (mod p)

and

K10£ + 4\      /10£ + 4\1
*  )-K3k + i)\i + 2ai(modp)-

With a suitable choice of the sign of u when a =0 (mod 5), Lemma

4 implies that

/10A\      /10k\ _    (0 (mod p) if a ^ 0 (mod 5),

\k)      \3k)~ ' \-4ui (mod/-)    ifa = 0(mod5),

when p = 20k + l, and

/10£ + 4\       /10k + 4\ _   jO (mod />) if a ^ 0 (mod 5),

\     k     )      \3k+1/~   \-4ui imodp)    if a = 0 (mod 5),

when p = 20k + 9. Thus if p = 20k + l,

( — 2ai (mod p) if a ^ 0 (mod 5),
Oe((5) — <

(.— 8« — 2ai (mod />)    if a = 0 (mod 5),

and ®,,iQ)=2ai (mod £); and if p = 20k+9, ®6iQ) = -2ai (mod £)
and

(2ai (mod *) if a ^ 0 (mod 5),
06(0 = <

\8u + 2ai (mod p)    if a = 0 (mod 5).

Hence from Lemma 2, we have

r0 (mod *) if a ^ 0 (mod 5),
(9) AtiQ) = {

i—4ra (mod*)    if a = 0 (mod 5)

when * = 20& + l, and

r0 (mod p)      if a ^ 0 (mod 5),
(10) AtiQ) ̂  \

(4u (mod p)    if a = 0 (mod 5),

when p = 20k + 9.
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Since p^ 29 and \u\ <pin, it follows that |4re| < p. Then as before,

Ab(Q) being even and numerically less than p, (9) and (10) imply that

a /,*       i° Ua^0(modS),
Ai(Q) =  <

1-4m   if a = 0 (mod 5),

when p = 20k-\-l, and

. ,~        (0     ifa^0(mod5),
A&(Q) =  <

U«   ifasO (mod 5),

when p = 20k-\-9.
Now suppose that a = 0 (mod 5). Since p=a2 + 62 (a = l (mod 4)),

the sign of 6 can be chosen such that b=ai (mod p). Since Q6(<2)

= YVi x(x6A-Q5x-*)= £>:J xW + <25)), %(Q) is even. From
Lemma 2, we have 2AH(Q) =fi6(<2) +©5(<2), and hence ©s(Q) is even.

Moreover, since p ^ 29 and \b\ <p1/2, it follows that |26| <p — 1, and

then (7) and (8) imply that 96(<2)=26 when p = 20kA-l and Q6(Q)
= —26 when p = 20&+9. Then from Lemma 2, we have —&u = 2b

+fi6(<2) if p = 20& + l, and 8w = -2b + ®i(Q) if p = 20fc + 9. Now it is
easily seen that Q6(<2)=0(mod 5) if p = 20£ + l, and ®b(Q) =0(mod 5)

if p = 20fc+9. Hencere=6(mod5) when p = 20£ + l or p = 20Jfe + 9 and

Theorem 3 is proved.

If p is prime and p = 8fc + 5 =<z2 + 62 (a = l(mod 4), 6/2 si (mod 4)),

E. Lehmer [2] has shown that 2(p_1)/4=6/a (mod p). If p is prime

and p = 12ife + 5=o2+62 (asi (mod 4), b=a (mod 3)), the author

[l] has shown that the Jacobsthal sum $2( —3)=26, and hence

(-3)(p-1)/4=*2(-3)/<i>2(l) m -b/a (mod p). Using these results and

Theorem 1, we obtain the following two corollaries to Theorem 3.

Corollary 1. Let p be a prime of the form 40&+21 or 40fe + 29,

x((?) = -l, and Q = 2m2 (mod p). If p = 40£ + 21, then p = u2A-Sv2

= a2+62 (6 even, 6/2 = 1 (mod 4)), and

Y x(x(x* - SQx2 + 5Q2))
x—0

CO   if a f± 0 (mod 5),

I—iux(m) (u = b (mod 5))    if a = 0 (mod 5).

J/p = 40Jfe + 29, thenp = u2A-5v2 = a2A-b2 (b even, 6/2=1 (mod 4)), and
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IZ xixi*4 ~ 5Qx2 + 5Q2))

rO   if a ?£ 0 (mod 5),

\iuxim) (« — b (mod 5))    if a = 0 (mod 5).

Corollary 2. Let p be a prime of the form 60&+41, or 60&+29,

xiQ) = -l, and Q=-3m2 (mod p). If p = 60k+il, then p = u2 + 5v2
= a2+b2 (a = l (mod 4), b=a (mod 3)), and

p-i
zZ xixix* - 5Qx2 + 5Q2))

j0   if a ^ 0 (mod 5),

\iuxim) iu = b (mod 5))    if a = 0 (mod 5).

Ifp = 60k + 29,thenp = u2 + 5v2 = a2+b2ia = l (mod 4), b=a (mod 3)),

arad

E x(x(*4 - SQx2 + 5Q2))
1-0

JO   if a^O (mod 5),

I—4«x(w) (w = i (mod 5))    if a = 0 (mod 5).
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