THE INTERSECTION OF THE FREE MAXIMAL
IDEALS IN A COMPLETE SPACE

STEWART M. ROBINSON

Introduction. In [1, p. 123] Gillman and Jerison prove that if X
is realcompact, the intersection of the free maximal ideals in C(X)
is Cx(X), the ring of functions with compact support. Other authors
[2], [3] have proved this result for discrete spaces and p-spaces, re-
spectively. This note provides a proof of the fact that the result
holds for any space admitting a complete uniform structure. We
point out also that unlike that of the Gillman-Jerison theorem, our
proof requires no prior construction of X, the Stone-Cech compac-
tification of X. Since a realcompact space is complete in the structure
generated by C(X), our result extends the Gillman-Jerison theorem.
(Whether every complete space is realcompact is an unsettled ques-
tion: its resolution would require a proof of the existence or non-
existence of measurable cardinals.)

We will employ the same terminology as in [1] and assume all
spaces are completely regular and all uniform structures Hausdorff.
Also, we take our uniform structures to be defined by pseudometrics.
For a topological space X, C(X) denotes its ring of real valued con-
tinuous functions, and for fEC(X), Z;= {x:f(x) =0}. Thus, the sup-
port of fis clx[X —Z;] and Cx(X) is the ring of functions with com-
pact support.

An ideal IC C(X) is free provided N {Z,:fEI} = ¢ and a maximal
ideal which is free is called a free maximal ideal. A subset SCX is
C-embedded in X provided each f&C(S) admits a continuous ex-
tension to all of X.

LemmA. If f€C(X) and if X —2Z; contains a closed, noncompact
C-embedded subset, then f fails to belong to some free maximal ideal
of C(X).

Proor. Let A CX —Z; satisfy the hypotheses of the lemma. Then,
there exists an A& C(X) such that A CZ, and k[Z;]=1. Upon noting
that & and f cannot belong to the same ideal (f?+4h? is a unit), we
may complete the proof by showing that % belongs to some free
maximal ideal M. Since 4 is a closed, noncompact subset of Zx, Zx is
not compact; hence, & belongs to some free ideal I. According
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to Zorn’s lemma, I is contained in a maximal ideal M and since

ﬂ{Z,:fEM}Qﬂ{Z,:gEI} =, M is free.

THEOREM. If X admits a complete uniform structure D, then the
intersection of the free maximal ideals in C(X) 1s Cg(X).

ProoOF. Ck(X) is contained within every free ideal, hence in the
intersection of all free maximal ideals.

Conversely, suppose clx[X —Z;] is not compact. As a closed sub-
set of the complete space (X, D), it is complete in the relative struc-
ture generated by D;in fact, it is the completion of X —Z; in the rela-
tive structure. Since X —Z; has a noncompact completion, we infer
that for some dED and p >0, there is an infinite closed set ACX —Z;
such that for distinct points ¢ and @’ in 4 d(a, a’) Zp. For g€ C(4),
the function G defined by:

G(x) = g(a)(1 — 3d(x, a)/p) if for some ¢ € 4, d(x,0a) < p/3
G(x) =0 for other «

is a continuous extension of g to all of X. Thus, 4 is C-embedded in
X and the conclusion follows from the preceding lemma.

This hypothesis that X is complete is not a necessary condition.
The space W of all ordinals less than the first uncountable ordinal is
pseudocompact, but not compact. Hence it admits no complete uni-
form structure. Nevertheless, the one free maximal ideal in C(W) is
the set {f&C(W):f vanishes on some tail of W}, and this set is
precisely Cg(W). (This example is constructed in [1] to show that
realcompactness is not a necessary condition.)
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