ANOTHER THEOREM ON BOUNDED
ANALYTIC FUNCTIONS

JEAN-PIERRE KAHANE

This note is an attempt to solve the conjecture stated at the end of
the preceding paper [1]. We are able to prove the following.

THEOREM 1. Let {¢.} be a sequence of summable functions on the
circle such that

I(f) = lim | f¢u
exists for all fEH> (space of bounded functions on the circle with a posi-
tive spectrum; the integral is taken over the circle). Then there is a ¢ & L1
such that

1) = [ g8

for all fEA (space of continuous functions on the circle with a positive
spectrum).

PROOF. As in [1] we see first that there exists a measure du on the
circle such that I(f) = [fdu whenever f&A. Let us prove that du is
absolutely continuous.

Suppose that du is not absolutely continuous. Let E be a closed set
on the circle, with Lebesgue measure zero, such that [z du=pu(E) 0.
Let k be a function in A such that k=1 on E and || <1 outside (the
existence of such a function is well known; it is used also in [1]). We
have the following equalities (m=1,2, - - - ;n=1,2, - - - ):

1) limp.wf hmdp=pu(E),

(2) limp.of hm¢, =0 for all n’s,

(3) limn.of b™pn= [ kmdu for all m’s.

If the sequence m; is rapidly increasing (meaning that m;y, is suffi-
ciently large when m, is given), we have

f= 2 (—1)imi & H>,
j=1

For, given m;, we define E; as the set where |h'"i—1| <2-4, and we
have I h"':‘-hll <277 on CE; when mj,1 is large enough. We shall write L,
for this condition on the m;.
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We shall define by induction two sequences m; (satisfying L,) and
n;. We shall use the formula

[t =S 00 [+ <00 [ g, + 5 (1 [,

k=1 k=j+1

=A,+B,+C,

We write L, for the condition

f Ii"epn

by (2), it is satisfied when m;41, m;4e, - - -+ are chosen large enough,
n; being given. We write L; for the condition

]

b

k=j+1

<= uB|;
"1—2#()7

lf]md l>11| (F)]
! 1Tiau 12 B ’

by (1), it is satisfied when m; is large. Now suppose that m,, - - -,
M1, M, * -+, B are given in such a manner that the conditions
Ly, Ly, L; are satisfied at this stage. They will be satisfied at the fol-
lowing stage if m; is sufficiently large, m;=m}, say. We define ] so
that n=#} implies

| 4;— 47| < |w(® ] /12,
where

A; = Z(—l)"fh’""d#;

k=1

that is possible because of (3). Now we consider two cases, namely

@ | A+ Bia— 45| <5| w(B)| /12,

) | Ajma+Bi— A5 | >5| w(E)| /12.
In the case (), we choose m;=m], and n; large enough (=) so that
IB;[ >11 | w(E) l /12; that is possible because of (3) and L;. In the case
(B), we choose n;=n), and m; large enough (=mJ) so that IB,-I
< ‘p(E) | /12; that is possible because of (2). In each case, we have

| 41+ By — 4; — B;| > 3|wB]/12.

Taking L. into account, we have |C;u| and |C;| majorized by
Iu(E)] /12, and therefore

] [ son~ [ 100,

L | um|
>1—2/.t).
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Therefore the sequence | f¢, is not convergent, against our assump-
tion. The contradiction proves that du is absolutely continuous, that
is I(f) =f f du= f¢ whenever fE A, for some ¢ L.

REMARK. If ¢, (t) = D12 _ wtnke— !, the assumption of the theorem
is the existence of limy., Y ¢ @a i for all _ob e** & H=. The conclu-
sion is lima .c@n v = [ ¢ (0)e™? for some ¢EL! (k=0,1, 2, - - - ). Theo-
rem 1 of [1] follows as a particular case.

We are not able to prove that I(f) = [ f¢ for all f& H>. Neverthe-
less, this holds for many functions in H*®. Precisely, we have

THEOREM 2. Keeping the same notations as in Theorem 1, let D, be the
set of all fEH™ such that I(f) = [ f¢, and let D be the intersection of the
D, for all I. Then (o)) D, is a closed subspace of H* and, given any
fEH>, almost all translates of f belong to D;. (8) D is a closed subalgebra
of H*, invariant under translation; it contains all f & H* such that fg& D
for some outer function gED; in particular, it contains all fE H*which
are continuous on the circle except on a closed set of measure zero.

Proor. We may suppose that the ¢, are trigonometric polynomials.
By the Banach-Steinhaus theorem, the linear functionals f— [ f¢. are
uniformly bounded on A. There exist measures du,, with bounded
norms, such that [ f¢.=[f du. for all fEA. By the F. and M. Riesz
theorem (or another device) the du, are absolutely continuous. There-
fore we may suppose that the ¢, have bounded L!-norms.

In order to prove (@) we may suppose ¢ =0. The fact that D, is a
closed subspace of H* is obvious. Given fE H*, we write f,(t) =f(t —s).
Given Yy €L!, we have f#f €4, and by Theorem 1

lim ff . (Of(t — s)Y(s)dsdt = 0.
By assumption

lim | ¢a(8)f(t — s)dt = I(f.)

n— o

and since the ¢, have bounded L!-norms, the integrals [ ¢ ()f(t —s)dt
are uniformly bounded with respect to # and s. By the Lebesgue
theorem

[ 1wawwas =0

and since Y is an arbitrary function in L, I(f,) =0 for almost every s.
That proves (o).
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In order to prove (8) we write

lim | fgon = U(g) = L,(f) =Ufe) (fE€ H> g€ H),

n—

L(g) = f ges  wheng& D.

We have A CD as a reformulation of Theorem 1.
Suppose fEA. Taking g& A4, we have fg& 4. Since fg&ED and gED,
we have

@ [ 56 =170 =440 = [ 0,

5) [es-ar=0

and since g is arbitrary in A4, f¢=¢; (mod H;) (meaning that the
Fourier coefficients or order <0 are the same).
Now suppose gED. Taking fEA we have

© 19 = 1 = [ a0 = [ feo

since fop=¢; (mod Hj). Therefore fg&D; and, ! being arbitrary,
feED. Since fg&D and g& D, we have

ff(g¢— é) =0

and since f is arbitrary in 4, gp =¢, (mod Hy).

If fED and g&D, we still have (6) because f¢ =¢; (mod Hy), and
fgE D as a consequence. Therefore D is a subalgebra of H=. It is closed
because each D; is closed, and it is obviously invariant under transla-
tion.

Finally, suppose that fEH>, g&D, g is an outer function and
fgED. We still have (4) and (5). Moreover, since D is an algebra, we
have

[ 618~ 91 =0

for all h&D. Therefore g(f¢ —¢s) =0 (mod Hg). Since g is an outer
function, it follows that f¢ =¢; (mod Hy). As a conclusion
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1 =40 = [ o= [ 10,

that is, fED,, and since [ is arbitrary, fED.

Given a closed set K of measure zero on the circle, there exists a
continuous outer function g vanishing on K (that follows immediately
from a proof of Fatou’s theorem). If f is continuous except on K,
fe& A, therefore fED. That ends the proof of Theorem 2.
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