A NOTE ON CARTAN’S THEOREMS A AND B
YUM-TONG SIU

In this short note we show that Cartan's Theorem A is an easy
consequence of Cartan’s Theorem B (for both reduced and unreduced
complex spaces).

Assume that Theorem B is true. Suppose & is a coherent analytic
sheaf on a Stein space (X, 0) and xEX. Let g be the sheaf of germs of
holomorphic functions vanishing at x. We have an epimorphism
¢: 00—F,. Lete,=(0,---,0,1,0, - -,0)E0% (the 1is in the kth
position, 1 <k =<p). Consider the exact sequence of sheaf-homomor-
phisms

*) O——>.<J€F—>§-‘f>ff/9§—>0.

Since (§/99),=0 for y=x, Y oo) (ex) E(F/9F), define sections
s:E€T(X, §/9F), 1 =k <p. Cartan’s Theorem B implies that H'(X,95)
=0. From the exact cohomology sequence of (*) we conclude that
¥ induces an epimorphism I'(X,5)—I'(X,5/9F). There exist f
EI'(X, §) such that Y (fi) =s1, 1 £k <p. Weclaim that (fi)s, -« +, (fp)2
generate F,. Take uEF,. Then ¢(v) =u for some vE 2. Y(pler) —
(fi)s) =0 implies that ¢(er) — (fr):E€9.F.=9.0(07) =¢(9.07). P(ex)

—(fe): = ¢(g) for some g = (g1, - - ,8) € 9.0, 1 =k = p.
det(8kx:— gri)1skspasisp 1S @ unit in O,, where 6,;=1€0, if =/, and
6:=0€0, if k=l. ex—gy, - - -, e,—g, generate 2. v= Y _2_ Ne(ex—gi)

for some MiE0,, 1Sk<p. u=¢@) = 2 2 Md(er—gi) = 22 Ae(Fi)
Theorem A is proved. Moreover, we have proved that the least num-
ber of global sections required to generate a given stalk is the same as
the least number of elements of the stalk to generate the stalk. This
gives us the following:

COROLLARY. Suppose Z is a subvariety in an open subset (G, 3¢) of a
complex number space. The set of points a(Z) of Z, at which Z is not an
algebraic complete intersection, is a subvariety.

Proor. Without loss of generality we can assume that G is Stein.
Let the ideal-sheaf of Z be @. If Z is of pure codimension p, then

o(Z) =N {{z

zez,(ixf;)z¢a,}'fl,~-~,fpe r, o

=1
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and hence is a subvariety. If Z=U,Z? is the decomposition into pure
dimensional subvarieties, where codim Z¢=g¢, then since at points not
in ¢(Z), Z is pure dimensional, ¢(Z) = (U0(Z9) U U= (ZNZ")).
Q.E.D.
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PURDUE UNIVERSITY

ON THE MAGNITUDE OF x*—1 IN A
NORMED ALGEBRA

LAWRENCE J. WALLEN

In their work on topological near-rings, Beidleman and Cox! had
occasion to prove the following theorem: If 4 is a linear transfor-
mation on C* (with a norm ||-||) and if ||[4»—I|| €« for all % with
0=<a<1, then A =1 Their proof consists in noting that 4 —1I is nil-
potent and then examining the Jordan form.

It is certainly natural to inquire whether this theorem extends to
the case where 4 is a bounded linear transformation on a normed
linear space, or is in a normed algebra. Below we give an extremely
short proof that the theorem does extend.

THEOREM. If X is a normed algebra with 1 and o, =||x»—1|| satisfies
on=o0(n) and lim inf n Y (aatoe+ + -+ +ana) =<1, then x=1. In
particular x=1 if o, T <1.

ProoF. Write

L—

x
(v —1) =

1+x+...+xn-—l]

n

1+(x—1)|:1—

n

2 —1 x—1

SN B /e i T]
n n

Hence ||z —1]| < [an+||x—1]| (a+oa+ - - - +an1)]/n. Letting n tend

to « through a suitable sequence, we get ||x —1|| <8||x —1|| giving the

result.
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