A GENERALIZATION OF QUASI-FROBENIUS RINGS
HIROYUKI TACHIKAWA

As a generalization of quasi-Frobenius rings, G. Azumaya [2] has
investigated a ring with the property that every faithful left module
is a generator! in the category of left modules, and he has proved that
such a ring is left self-injective and a direct sum of indecomposable
left ideals having minimal left ideals.

In his proof, however, the existence of the faithful injective module
plays an important role, while the injective module is not necessarily
finitely generated,? even if the ring is a left Artinian ring. Therefore,
there naturally arises a problem: Is an Artinian ring quasi-Frobenius
if every finitely generated faithful module is a generator?

The purpose of this paper is to give an affirmative answer to this
problem as a direct consequence from a more general result which is
rather similar to that of Azumaya stated above and related to per-
fect rings introduced by H. Bass [3].

Throughout this paper we shall assume that the ring R has identity
element 1 and all modules over it are unital. For a subset 4 of R we
shall denote

r(4) = {«]| Az =0, E R}, UA) = {z|x4 =0,2E R}.

1. Preliminaries. Let R be a ring. Let M, and M, be left R-mod-
ules and T3, T, submodules of them respectively. Assume that there
exists a left R-isomorphism 0: 71— 71> (onto). Let us denote by L the
factor module of M;@® M, by the submodule consisting of all elements
of form {m, —O(m)} for m&Ty. Then there are the canonical injec-
tions a and B8 of M, and M into L respectively. In [12] we called L
the interlacing module of M, and M, by using @ as the lacing isomor-
phism and denote it by Int, (M;, M.). In this paper, especially 6
will be said to be maximal,?® if there is no isomorphism which is an
extension of 6.

In [3] H. Bass proved that for a right perfect ring R the Jacobson
radical N of R is right T-nilpotent and the residue class ring R=R/N
is semisimple Artinian. Let ¢ be a primitive idempotent of R. The
R-endomorphism ring of Re is inverse-isomorphic to eRe, and eRe is
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1 In his paper, G. Azumaya calls a generator a completely faithful module.

2 Cf. P. M. Cohn [5]and A. Rosenberg and D. Zelinsky [11].

* The definition of “maximality” is different from that of [12].
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completely primary (i.e. nonregular elements form the unique maxi-
mal ideal), because eNe is nilideal. By the socle of a module we mean
the sum of all simple submodules. It is known that every nonzero
left R-module has nonzero socle if R is a right perfect ring.

One of the following properties of modules is retained under the
category-isomorphism: (a) simple, (b) finitely generated, (c) projec-
tive, (d) injective, (e) faithful, (f) generator. As we are concerned
only with the above properties, we shall assume throughout that R
is isomorphic to its basic subring. Then, if {e.}, k=1,2, .-, mn,are
mutually orthogonal primitive idempotents of R such that »."_, e,
=1, Re, is isomorphic to Re, if and only if k=A.

2. Proof of the main theorem. Assume that R is a right perfect
ring. First we shall prove

PRrROPOSITION 2.1. If every finitely generated faithful left R-module is
a generator, then it follows that

(1) exr(N) is a simple right ideal of R.

(2) r(N)ex is a simple left 1deal of R.

PRrOOF. Suppose exr(N) is nonzero right ideal. Consider the case
(@): exr(N)e, %0 and exr(N)e, %0 for k#2u. Take nonzero elements ¢;
and c; such that c;Eexr(N)e, and c;Eeyr(N)e,. Denote by 60 the left
R-isomorphism: Rexc;—Rexcz, defined by 0(xexc:) =xexca for xenc;
€ Rexcy. Let us denote D ,c.om ® Re, ® Into(Re,, Re,) by L. Then L
is a finitely generated, faithful left R-module, and hence by the as-
sumption it follows that L is a generator. Thus the trace ideal of L
must be R, and consequently there exist a family {x‘} of elements
of L and a family {¢;} of left R-homomorphisms ¢;: L—R such that
Z;‘_l¢.-(x,) = 1. Since L is a direct sum of Re,’s, p # k, p # X and
Inte(Re., Re,), ¢: can be expressed as follows: ¢i= D ,mcomu Pp.i
+bwm),iy Where ¢pi Pwaw.s € Home(L, R), ¢,,:(Rey) =0 for
o' #p, K, i, ¢,.:(Intg(Re,, Re,)) =0, and ¢ .u).i(Re,) =0. On the other
hand, to each ¢,,; and ¢ «.u),: there exist an element e,a,,; of R and a
pair of elements e.a,,; and e,a,,; of R such that ¢, ,(x,) =x,¢,a,,; for all
x,ERe, and ¢ py.i(xx+x,0) =x64a,i +x4040,,; for all x,ERe, and
for all x, & Re,. Here we notice that cie,a.,; = c2€,a,,;, for cre.0 —coe, =0
and ¢ ().i(C16x —6,8) =0. Then, putting %= D _poce.psen 7,8+ 7. ile
+74,i8.8, for 7,4 744, 74,i ER, wWe have

Z ¢z’(xi) = Z ( Efp.t'epap.i) + Z Tx,i€x0x,¢ + Z ru.ieuan.t' = 1'

P&, Pl < §

It follows that




1969] A GENERALIZATION OF QUASI-FROBENIUS RINGS 473

D D e eilolnite t D Eenileluie D Oy iuly il = O
i

Pk B € i

and hence Z,— ey it i =e, mod e,N?%,. Since e,Re, is completely
primary, we can assume e,7,,16, and e,a,1¢, are two regular elements of
eRe,.

Now, by a similar argument we can assume that e,r, e, and e,a,, e,
are two regular elements of e,Re,. Therefore cie,=cee,a, 1(e0a, 160) 2
and cie.a,,;(€.,,56.) " =ce, and consequently cie, =cieay,i(€,a,,564) 7!
e,y 1(eee) ™ If we put ea,, jeu (€., 84) " 1eu0, 10 (€car 16) " =n, then
nce, N2, and ce,(1 —n) =0. It follows that cie, =0, because e,Ne, is
a nilideal. This is a contradiction.

Next we consider the case (b), exr(V)e,=exr(IN) and there exist
two nonzero elements ¢; and ¢, of ex?(IN) such that ¢; &R or co & ciR.
Since 7(V)e, is completely reducible, the isomorphism 6: Rexci— Rexc,
can be extended to an automorphism © of the socle »(V)e, of Re,.
Let © be an extension of © and a subideal Se, of Re, the domain of ©.
Further, assume that ® is maximal. Then Se,3 Re,, for otherwise ®
should be obtained by the multiplication of a regular element 7 of
e.Re, on the right hand and ¢ =¢; and csr~! =¢,;, but this contradicts
a&caR or &R,

Let us denote by M the left R-module Y _,..® Re, ® Intg(Re., Re.).
Then, since M is finitely generated, faithful, it follows that M is a
generator and the trace ideal of M is R. There exist similarly as in
case (a) a family {x.} of elements of M and a family {tb;} of left R-
homomorphisms ¢;: M—R such that ) ., ¢:(x;) =1 and ¢; can be
expressed as follows: ¢i= D s bpit D). Where ¢, Gou .
EHomg(M, R), ¢,,:(Re,) =0 for p’ #p, k, ¢,,:(Intg(Re,, Re,)) =0 and
b «.0.i(Re,) =0. To ¢,,; and @ ,«,« there exist an element ¢,a,,; of R
and a pair of elements e,a,,; and ebs,; of R such that ¢,,:(x,) =x,€,a,,
for all x,ERe, and P (c.c).i (X +ViB) =x.8:a1,i+y.be,i for all x,ERe,
and for all y,E Re,. Here it is to be noted that se.a,,; =0 (se,)e.b.,: for
all se, € Se,. Then, putting X = 2 ,ec 75.i€p e, i€t +e 168, 7p,ir Ue. i, Ve
ER, we have Z; ey, iy, i€+ Z; edx,iehe,iec=e mod e, N?, and at
least an element of the set {e.(a,,;e, and eb. e, 1, j=1,2, - - -, n} is
regular in e.Re,. First suppose that eb, e, be regular. Then ©(se,)
=se.a,,j(eds je)l. Let us denote by I' the endomorphism of Re,
which is obtained by the multiplication of e.a.,je((eb.,e.)~* on the
right hand. Then T is clearly an extension of ©. This is a contradic-
tion. Suppose, next, e.a..:. be regular. Then se, =0 (se.)eby, (€., i€x) !
and the endomorphism of Re, which is obtained by the multiplication
of eb,,i(e«a,ie)! is an extension of ®~! and we arrive again at a
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similar contradiction. Thus, from the argument for the cases (a) and
(b) we know that exr(N) is either simple or zero.

Now let us denote by II(k) the set of primitive idempotents e,
such that e,s(NV)e,#0. Then, since r(NV)e,#0 for every x, II(k) is
nonempty. If II(x)MII(u) is not empty for k>~u, then there exists a
primitive idempotent e, such that e,7(N)e,#0, e,7(N)e, 0. This con-
tradicts the conclusion for the case (a). Thus II(k) consists of only
one primitive idempotent which we shall denote by e,(). The set
{ex)}, for all k, forms the set of all primitive idempotent e,’s. Hence
for every primitive idempotent e, of R there exists a primitive idem-
potent e, such that exr(N)=2¢,R, where R=R/N. Therefore exr(N) is
a nonzero ideal and (1) of this proposition holds good.

To prove (2), suppose 7(NV)e, is not simple. Then, since r(N)e, is
completely reducible, there exists a nonzero endomorphism v such
that Ker v5£0. Let us denote by M the left R-module Re,/Ker v and
by 4 the isomorphism of r(N)e,/Ker v onto Im v which is naturally
induced by 7. Clearly, D ,..®Re,®Int;(M, Re,) is finitely gener-
ated, faithful and hence a generator. Thus, similarly as in the
preceding proof, there exist elements e,a,,;, €...; eb.: such that
(1) vx,i€c0x,s =0 for all elements v, e, of Kerwy, (ii) 2,€cv,s =7 (2¢,i€0) €br i
for all elements z:ec of 7(N)e, and it holds D e :i7si€0p5
+ D X i€leit i Yeitdei=1, where 7,: %: Y.:ER. Hence
D i e, il it i eyniednec=e, mod N2 However, by (i) it is
known that e.a, e, is a nonregular element of e,Re,. Hence, for some
1, edbeiex is a regular element of ekRe,, and by (i) v(z..ie)
=2,,i€0x,i€c(€br )7L On the other hand, by (1) of this proposition
r(N)CU(N) and e,a..;e.& N and hence y(2..se,) =0 for all z, ;6. &7 (N)e,.
This contradicts that v is a nonzero endomorphism of 7(N)e,. (2) of this
proposition follows. This completes the proof.

Following F. Kasch we shall say that R is a left S-ring if }(J) 0
for any right ideal J with J#R.

COROLLARY 2.2. Let R be a right perfect ring. If every finitely gener-
ated, faithful left R-module is a generator, then R is a left S-ring.

PRrOOF. Let J be a right ideal of R such that JR. Denote by M
the maximal right ideal containing J. Then for some k, R/ M= R,
where R=R/N. In the proof of (1) of Proposition 2.1, we have shown
that there is an idempotent e\ such that exr (V) =2¢,R, and hence there
is a monomorphism of R/M into R. This implies that there is a non-
zero element r of R which annihilates M. Thus 0s=r& (M) CI(J).

Now we shall introduce a version of Azumaya’s lemma |1,
Lemma 1].
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LEMMA 2.3. Let R be a ring (not necessarily right perfect ring) and X
a left R-module. If X =M, ® M, and X = N,® N, are two direct sum
decompositions of X, and the left R-endomorphism ring of Ny is com-
pletely primary, then either My or M, has a direct summand which is
isomorphic to Ny.

Proor. For suitable idempotents fi, f;, e; and e; in the R-endo-
morphism ring E of X (considered as the right operator domain of
X), we can assume that M;=Xf1, M,=Xf,, Ni=Xe1, No=Xe,, f1-+f2
=1 and ¢, is a primitive idempotent of E. Since the R-endomorphism
ring of N, is completely primary and e, =e; fie1+e1fe1, either e fie; or
e1f2e1 must induce an automorphism of Ny, or what is the same, N is
mapped by fi or f; isomorphically upon N, and by e, N, is carried
isomorphically onto Nj. Since N, is the kernel of ¢;, the latter fact
implies the following direct sum decomposition of X: X =N,® N.,.
However, according as eifie; is regular or not, we can assume N;
=Xe fi CXfi or Ni=Xefo CXfs. Hence the conclusion follows from
the above decomposition of X.

PRrOPOSITION 2.4. Let R be a right perfect ring. If every finitely gen-
erated faithful left R-module is a generator, then R is an injective left
R-module.

Proor. Let Q be the injective hull of any primitive ideal Re,. As-
sume that Re, is contained properly in Q. Then there exists an ele-
ment # of Q such that Ru € Re,. Consider the left R-module
> e ® Re, ® Ru+Re,. It is obvious that this module is finitely gen-
erated, faithful, and hence a generator. It follows that
[>,uc®Re,® Ru+Re,]"= D, .c®Re, ®Re,® U, where U is a left
R-module and [ ,«® Re, ® Ru+Re,]" is a direct sum of n-copies
of D ,u®Re,®Ru+Re,. Then, since Re,%4Re, and endomorphism
ring of Re, is completely primary, it follows by Lemma 2.3 that
Ru+Re2Re,® U’ for a left R-module U’. However, by (2) of Propo-
sition 2.1 the socles of Re, and Ru+ Re, respectively are simple left
R-modules. Therefore U’=0 and Ru+ Re,~Re.. Hence Re, is con-
sidered as a finitely generated, projective submodule of a projective
left R-module Ru+ Re,. On the other hand, by Corollary 2.2 R is a
left S-ring and by Bass's theorem ([3, Theorem 5.4], cf. also [3,
Theorem 1]), Ru-+Re, is a direct sum of Re, and nonzero left R-
module V. But this contradicts that the socles of Ru+ Re, and Re,
are the same. Hence for every primitive idempotent e,, Re, is injective.

Now we have the following main result.

THEOREM 2.5. Let R be a right perfect ring. In order that every
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finitely generated, faithful left R-module be a generator it is necessary
and sufficient that R is left self-injective and a direct sum of primitive
left ideals each of which contains a minimal left ideal.

Proor. The necessity follows from Proposition 2.4 and (2) of Prop-
osition 2.1. On the other hand, it will be seen that the sufficiency is
obtained by Azumaya’s argument of [2, Theorem 6].

It is well known that a left Artinian ring is right perfect and a
left Artinian ring is quasi-Frobenius if and only if it is injective asa
left R-module. Thus we obtain

THEOREM 2.6. Let R be a left Artinian ring. In order that every
finitely generated, faithful left R-module be a generator it is mecessary
and sufficient that R is a quasi-Frobenius ring.
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