A RECURSION FORMULA FOR FINITE
PARTITION LATTICES

TERRENCE J. BROWN

A partition on a nonempty set S is a collection of disjoint nonempty
subsets, called blocks, whose union is S. The recursion formula

) B,,='§<"__1>B,- (n=1,By=1)
=0 J

for the number of partitions on a finite set with n elements is well
known (cf. Rota [4]). We obtain equation (2) which generalizes (1)
and which yields a derivation of the Mobius function for partition
lattices different from those in [2], [3] and [5].

Let S be a finite nonempty set. Two partitions o and 7 of S satisfy
o = if every block of ¢ is contained in a block of #. = is a partial
ordering of the collection L(S) of partitions of S and (L(S), =) isa
lattice (cf. Birkhoff [1]). If % is a function from the natural numbers
into the integers Z, it is possible to define a function k: L(S)—Z by
setting k(o) = [[ e, h(]Bl) for cEL(S) (|B| =the cardinality of
the block B). It is then possible to define another function H from
the nonnegative integers into Z by setting H(0)=1 and H(n)
= ZveL.. k(c) for n=1, where L, is the lattice of partitions on a set
with # elements.

THEOREM. If h, k and H are as above then

n—1

—1
@ Hin) = Z(" ] )i+ DG = 1)

=0

ProOOF. Assume now that finite nonempty S has # elements. First
we show that if C is a nonempty subset of S, then Y cerers) k(o)

=h(|CHH(|S—C|). C=S implies D cercrcs k(o) =k{S}
=k(| S|)H(0). If CSS then
X k)= X | Chr@-{ch
CeoeL(S) CerseL(S)
=r(|C)) L;(:j o k(r) = k(| C)H(| S - C).
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Because Sis nonempty we may pick ¢ €S. Definef: L(S)—P(S— {a )
(the power set of S— {a}) by f(¢) =0u— {a}, s EL(S), where o, is the
block of ¢ containing a. For

DE P(S ~ {a})f (D) = {s € L) | DV {a} €0}

As f partitions L(.S),

Hm) = 2 k)= 2 2 ko)
ceL(S) DeP(S—la}) ocf~}(D)
n—1

=2 > 2> k(o)

i=0 DeP(S—lah);ID|=j DUlaleseL ()

n—1

=2 2 K| DY{d).

j=0 DeP(S—lal);|D|=5

lin—1
H(|S~- D~ {d]) = Z( ; )h<j+ DH(n —1—j).
=0
Equation (2) now follows.

Putting k(n) =1, n=1, k maps each partition ¢ onto 1 and H(#n)
becomes B, while equation (2) reduces to (1).

The 0 of L, is the partition having » blocks while the 1 of L, is the
partition having one block. See Rota [3] for the definition of the
Mébius function u.

COROLLARY. If u, =u(0, 1) for the lattice L, of partitions on a set with
n elements, then p,=(—1)""Y(n—1)!

Proor. Set h(n)=p, for n=1. ¢EL, implies that

k@) = IT w(| B|) = TT miz = (0, 0)

Bea Beo

(cf. Rota [3], especially Proposition 5, p. 345, and the lemma on
p. 359). Since H(m)= D erm k(o) = Dgerm (0, ¢)=0 for m=2,
H(0)=1and H(1) =p;1=1, we see from (2) that

n—1
n—2

)h(n —~ DH) + (: - 1

0= H(w) = ( )h(n)Hm),

i.e., thatyu,= —(m—1)u,—1 for n=2. From y; =1 the corollary follows.
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