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A partition on a nonempty set 5 is a collection of disjoint nonempty

subsets, called blocks, whose union is S. The recursion formula

2Z.1 (n - 1\
(1) B» = T,(     .     )Bi       (n^l,B0=l)

for the number of partitions on a finite set with n elements is well

known (cf. Rota [4]). We obtain equation (2) which generalizes (1)

and which yields a derivation of the Möbius function for partition

lattices different from those in [2], [3] and [5].

Let S be a finite nonempty set. Two partitions a and it of 5 satisfy

a^ir if every block of <r is contained in a block of w. ^ is a partial

ordering of the collection L(S) of partitions of S and (L(S), i£) is a

lattice (cf. Birkhoff [l]). If A is a function from the natural numbers

into the integers Z, it is possible to define a function k: L(S)—*Z by

setting k(ff) = J[Be,h(\B\) for aEL(S) (\b\ =the cardinality of

the block B). It is then possible to define another function H from

the nonnegative integers into Z by setting H(0) = 1 and H(n)

= zlu^Ln k(a) for w^l, where L„ is the lattice of partitions on a set

with n elements.

Theorem. If h, k and- H are as above then

(2) H(n) = £ (n ~ 1N) h(j + l)H(n -1-j).

Proof. Assume now that finite nonempty 5 has n elements. First

we show that if C is a nonempty subset of S, then ^cec^ns) k(a)

= h( C\)H(\S-C\). C = S implies J^ce^HS) k(a)=k{S}
= Â( S|)iï(0). If C^S then

E     K«)=     E     h(\c\)k(a-{c})
Cs»ei(S) Ce<reL(S)

= h(\c\)      E     *« = *(| C |)ff(| S-C|).
ir£ HS-C)
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Because 5 is nonempty we may pick a £ S. Define/ : L (S) —*P(S — {a} )

(the power set of S— {a}) by/(<r) =<ra— {a}, cr(EL(S), where <ra is the

block of cr containing a. For

DE P(S- \a))tKD) = \aEL(S)\D\j{a} £«r}.

As/ partitions L(S),

H(n)=    D   k(a)=        £ E     *W
<rei(S) BeP(S-l«l)  «e/ '(ß)

= E      E E     *w
;=0   X>ei>OS-(al);|Z)|=j'   DU la)e.r6L(S)

= 2       E       Ä(|z)w{fl}|).
j=0   Z>eP(S-ial);|D|-j

n-1   /w _  ]\

ff(|S-.D- {a} |) = E        .       Ki+l)H(W-l-j).
>-o\   J    /

Equation (2) now follows.

Putting /z(w) = l, w^l, & maps each partition <r onto 1 and H(n)

becomes Bn while equation (2) reduces to (1).

The 0 of Ln is the partition having n blocks while the 1 of Ln is the

partition having one block. See Rota [3] for the definition of the

Möbius function ¡i.

Corollary. If ixn =m(0. I)/«"" the lattice Ln of partitions on a set with

n elements, then pn = (— l)n_1(w — 1)!

Proof.  Set  h(n)=pn  for  »èil.  aÇiLn  implies   that

k(a) =Hh(\B\)=  Ilmi =M(0,<r)
Be» Be»

(cf. Rota [3], especially Proposition 5, p. 345, and the lemma on

p. 359). Since H(m) = E*e£»> k(a) = Ese£mM(0, <t)=0 for mà2,

H(0) = 1 and iï(l) = /¿i = 1, we see from (2) that

/« - 1\ /» - 1\
0 = H(») = (-) h(n - l)H(l) + ) h(n)H(0),

\n — 2/ \» — 1/

i.e., that/¿„= — (» — l)/i„_i for w^2. From/xi = l the corollary follows.
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