DETERMINANTAL RANK AND FLAT MODULES!
S. H. COX, JR.

1. By ring we mean commutative ring with identity. Module
means unitary module. In this paper we use some results on determi-
nantal rank to prove the following proposition: A finitely generated
R-module M is projective if and only if M is flat and there is an exact
sequence 0—M—N—L of R-modules such that N and L are projec-
tive (Theorem 2.9). A corollary is that a finitely generated R module
Misprojectiveifand onlyif Misflat,reflexiveand M* = Homg(M, R)is
of finite presentation. In §3, we give an example of a cyclic ideal M
in a ring R such that M is flat and reflexive, M* is cyclic, but M is
not projective.

We use f.g. in place of finitely generated and morphism instead of
R-homomorphism. The set of prime ideals of a ring R is denoted
Spec(R). N denotes the set of nonnegative integers. If SCN is un-
bounded, we write sup(S) = «.

2. Let u: M—N be a morphism of R-modules. We define rk(u),
the rank of u, by rk(x) =sup {nEN; A"u ;éO} where A" denotes nth
exterior power. We also define dim(M) =rk(1). When M and N are
f.g. free R-modules, rk(«) is also the determinantal rank of a matrix
corresponding to # and dim(M) is the cardinality of a basis of M.
When M and N are free we denote by D(u, p) the ideal generated by
the p-minors of a matrix corresponding tou. Theideals { D(u, p); pEN}
are the Fitting invariants of Coker(x) [3]. If S is a multiplicative
system in R, then rk(ug) is the rank of x5 as an Rg-morphism.

The following result from [2, p. 98, Exercise 3] will be used several
times.

2.1. LEMMA. Let M and N be f.g. free R-modules of dimensions m
and n respectively. Then a morphism w: M—N is a monomorphism if
and only if m =n and Ann(D(u, m)) =0. (In that case rk(u) =m.)

2.2. LEMMA. Let u: M—N be a morphism of R-modules. Let S and
T be multiplicative systems in R such that SST (i.e. R— Ry factors
through R—Rg). Then

(i) rk(ur) =rk(us),
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(ii) of M s f.g., then IfES- D -rk(uy) =rk(us),
(iii) if LM is an R-morphism, then rk(uv) Smin {rk(u), rk()},
(iv) rk(u) =sup {rk(u,); pESpec(R)}.

The proof of 2.2 is straightforward.

2.3. PrOPOSITION. Let v: M—N and u: N—L be morphisms of f.g.
free R-modules such that Image(v)2Kernel(u). Then either dim(N)
<rk(u)+dim(M) or D(v, dim(M))Z+/0.

Proor. Let m =dim(M), n=dim(N). Suppose that D(v, m) L~/0.
Since we wish to show that #» <rk(u)-+m, we may assume m <n. As
D(v, m)E+/0, 3pESpec(R)-D-D(v, m)Lp. Then it is easy to see that
D(vp, m) =(D(v, m)),=R,. Thus by [2, p. 98, Exercise 5] (v,)*: (N,)*
—(M,)* is an epimorphism. Then by [1, p. 108, Proposition 6] v, is
a monomorphism onto a direct summand of N,. Let v,(M,) ®H=N,
and let ¢c: H—>N, be the canonical inclusion. Evidently H is a free
R,-module of dimension # —m. Since Image(v,) D Kernel(u,), #,c is a
monomorphism. Hence rk(u,c)=n—m. By 2.2(1) and 2.2(iii),
rk(u) Zn—m.

2.4. COROLLARY. If v in 2.3 is a monomorphism, then dim(N)
<rk(u)+dim(M).

Proor. Let D=D(v, dim(M)). By 2.1, Ann(D) =0. Thus, because
D is f.g., DE+/0. Hence, by 2.3, dim(N) <rk(u)+dim(M).

2.5. CoOROLLARY. Let u: N—L be a morphism of f.g. flat R-modules.
Let M be a f.g. flat submodule of N such that M2DKernel(u). Then
dim(N) Srk(u) +dim(M).

Proor. Let pESpec(R). By 2.4 and 2.2(i),
dim(N,) = rk(u,) + dim(M,) = rk(u) + dim(M).

Hence, by 2.2(iv), dim(N) <rk(«)+dim(M).

2.6. ProposITION. Let v: E—F, u: F—G be morphisms of f.g. free
R-modules, n=dim(F). If 0=<p, g<n are integers such that p+q>mn,
and if uw=0, then D(v, ¢)D(u, p) =0.

Proor. We may assume that E=F=G. Let ey, - - -, e, be a basis
of E. Let U=(u;;) and V=(v;;) be the matrices of # and v, respec-
tively, relative to e, - - -, e,. We use the notation of [2]. We must
show that if H, K, S,TC[1,n]-2- |H|=|K|=pand |S|=|T|=g,
then Vs, rUr,g=0. Let H, K, S, TC[1, n] with |H|=|K|=p and
|S|=|T|=g. We will construct an endomorphism w of E- 3 -det(w)
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=tVgrUn,x for some non-zero-divisor ¢ of R. Then we will show
det(w) =0. For LC[1, n], 7: E-E is the projection defined by
wr(e;) =e¢; if €L and wr(e;)=0 if 4EL’. Select one-to-one corre-
spondences ¢: K'—H' and 7: T'—S’. Let a=0"! and 8=7"1. Define
fot E—>E by fo(e:) =ess) if 1€K', and f,(e;) =0 if iE€K. Define f,, fe
and fs similarly. It is easy to check that

(i) mst7ry =1g=mrg+r&,

(“) frfﬁ=7rS’yfafv=7rK"

(iii) wrfs=0=forn =7uf, =7|'an

(iv) fevwr+1g and wguf,+ 1z are monomorphisms.

Now let w= (rgu-+f,) (vrr+f.). Using (i)-(iii), we get that mgu+f,
= (rgpufa+1g)(raurc+f,). By 2.1, i=det(rpuf.+1g) is a non-zero-
divisor of R. By Laplace’s Expansion, det(rpumx=f,) =+ Un,x.
Hence, det(rpu-+tf.,)=14tUn k. Similarly, det(vrr+f,)=+(Vsr
where t;=det(fgvrr+1g) is a non-zero-divisor of R. Hence, det(w)
=tVs.rUu g where ¢ is a non-zero-divisor of R. Now let W be the
matrix of w relative to ey, - - -, e,. We have

det(W) = pr.0Zrpr, o WeoaWeor

by Laplace’s Expansion. Let LC[1,n]-2-|L|=|T|=g. Then
LNH##J since |H| =p and p+¢g>n. Choose j&ELNH. Then
wwrr=0. Hence, the jth row of the ¢X¢ submatrix of W deter-
mined by rows in L and columns in T is zero. Therefore Wi r=0,
and det(W) =0. Finally, Up,xVs,r=0.

2.7. CorOLLARY. If 0—-M-—-F-5G is an exact sequence of f.g. free
R-modules, then dim (M) +rk(u) =dim(F).

Proor. By 2.4, dim(F) =dim(M)+rk(«). By 2.6, D(u, n—m-+41)
-D(v, m) =0 where n =dim(F) and m =dim(M). By 2.1, Ann(D (v, m))
=0.So D(u, n—m+1) =0. Therefore, A»"tu =0, i.e., rk(u) Sn—m.

2.8. ProrosITiON. If M->F-5G is an exact sequence of f.g. free
R-modules such that rk(u)+dim(M) =dim(F) and if Image(v) s flat,
then v 1s @ monomorphism.

Proor. Let p&ESpec(R). Since v(M) is flat, v,(M,) is a free R,-
module. By 2.7, dim(v,(M})) +rk(u,) =dim(F,). By 2.2(i), rk(u,)
=rk(u). Thus,

dim(M,) = dim(v,(M,)) = dim(F,) — rk(u,) = dim(F,) — rk(x)
= dim(F) — rk(») = dim(M) = dim(M,).

So M,—wv,(M,) is an epimorphism of free R,-modules of the same
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dimension. Hence, M,—v,(M,) is an isomorphism. Therefore v, is
a monomorphism, Vp&ESpec(R). Therefore v is a monomorphism.

2.9. THEOREM. 4 finitely generated R-module M 1is projective if and
only if M is flat and there is an exact sequence 0— M- F—-G with F and
G projective R-modules.

Proor. If M is projective, then certainly M is flat and such a
sequence exists. Conversely, it is not hard to see that we may assume
that F and G are free and f.g. Now let pESpec(R). By 2.2.(ii),
If'ER\p- D -tk(uy) =rk(u,). Let m=dim(M,). By 2.7, m~+rk(u,)
=dim(F,). Let E be a free R-module of dimension m. There is an
R-morphism E-5M - D -w,isan epimorphism (in fact an isomorphism).
By [2, p. 136, Proposition 2], 3f"&€R\p-D-wy is an epimorphism.
Let f=f'f". Then rk(us) =rk(u,), wy is an epimorphism, and fER\p.
The sequence E;,— F;~5G; is an exact sequence of f.g. free R;-modules;
Image(wy) = My is a flat R;-module;

rk(u;) + dim(E;) = rk(u,) + dim(M,) = dim(F,) = dim(F;).

Hence, by 2.8, w, is a monomorphism. Therefore, M;=Image(w;) is
a free R;-module. We have shown that VpESpec(R)IFER\p-D - M;
is a free R;-module. Thus M is projective by [1, p. 138, Theorem 1].

2.10. CoroLLARY. 4 finitely generated R-module M is projective if
and only if M 1s flat, reflexive and M* is of finite presentation.

Proor. The necessity is well known. For the converse, let f: M
— M** be the canonical morphism.

Since M™* is of finite presentation, there is an exact sequence
E-5F-5M*—0 with E and F f.g. free R-modules. Hence, 0—M~5F*
S E* is exact and F* and E* are free. By 2.9, M is projective.

3. Let S be a ring which admits a commutative S-algebra 4 0
satisfying

(1) there is a non-zero-divisor ¢ of S such that ¢4 =0,

(2) VaEAIBEA-D -ba=a,

(3) 4 has no multiplicative identity.
Let R=SXA with the usual coordinate addition and multiplication
defined by (s, a)(r, b) = (sr, ra+sb+ab). Fix a non-zero-divisor ¢ of S
such that 4 =0. Let = (¢, 0) and M = Rr. Denote the exact sequence
0—Anng(M)—R—M—0 by (E). M is flat: it is sufficient to show
xEAnngz(M)=3yEAnng(M)-D-yx=x [1, p. 65, Exercise 23]. Let
xEAnng(M). Write x = (s, a). Since x7 =0 and ¢ is a non-zero-divisor,
s=0. By (2), 3b€A4-5-ba=a. Let y=(0, b). Since t4 =0, yr=0 so
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yEAnng(M). Also yx=(0, b)(0, a)=(0, ba)=(0, a) =x. Thus M is
flat. M is not projective: if M is projective, then (E) splits. Hence
Anng(M) is generated by an idempotent e of R. Since 4 0, e=0.
Write e=(0, ). Let ¢€4. Then (0, ¢)r=0 so (0, ¢)EAnng(M).
Therefore, (0, ¢) =¢(0, ¢) = (0, #)(0, ¢) =(0, uc). Thatis uc=c¢, Vc€A4
contradicting (3). Thus M is a cyclic flat nonprojective ideal of R.
Now consider the following choice for S and 4. S is the ring of
integers. I is an infinite set and 4 is the set of functions f: I—S/(2)
such that f(z) =0 for all but finitely many ¢& 1. With pointwise opera-
tions, 4 is an S-algebra satisfying (1)-(3) with ¢=2 in (1). Thus
M=R(2, 0) is flat but not projective. It is easy to see that in this
case we have M =Annz(Anng(d)). It follows that M* is cyclic and
M is reflexive. Hence, M is a cyclic flat reflexive nonprojective ideal
with M* cyclic. This shows that the hypothesis “M* is of finite
presentation” in 2.10 cannot be replaced by “M* is f.g.”
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