A NONIDENTITY FOR RIGHT ALTERNATIVE RINGS
ERWIN KLEINFELD AND MARGARET HUMM KLEINFELD!

Previously we established that the free alternative ring on four or
more generators had a specific element whose cube is zero [1]. A ring
is defined to be right alternative in case its elements satisfy the
identity

(1) (x’ Y, y) =0 and (x’ Y, Z) = - (x7 3, y),

and strongly right alternative if in addition its elements also satisfy
the identity

(2) (xy-2)y = 2(yz-).

In rings of characteristic not two, (1) implies (2) [2], while in rings
of characteristic two this is not the case [3].

In the following note we establish that in the free strongly right
alternative ring R generated by ¢ and & we have ((q, b), a, b) #0. We
also know from previous work [2, Lemma 5(i)] that ((a, b), a, b)2=0
in R. While it was already known from theoretical considerations that
the free right alternative ring of characteristic not two on two or more
generators would have to have at least one element x>0 such that
x2=0, since otherwise the Main Theorem of [2]implies it would have
to be alternative, which we know is not the case, this enables one to
locate such an element specifically for the first time.

In order to prove that ((a, b), a, b)#0 in R, it suffices to give an
example of a strongly right alternative algebra in which this is not an
identity. Our example has basis elements ¢j, * - -, go. The only non-
zero products of basis elements are the following twelve: ¢ =g, q1q2
=05, ©Qi=0s, =G BI=0sy $B=—G1, QG1=—Gs, Q1Gs=—q, GO
=qr, ¢sq2=4s, qsqs=go, and ¢sq1 =¢s.

From this information one may construct the multiplication table
for the basis elements of the algebra. To see that the algebra 4 thus
defined is right alternative, it is sufficient to verify (1) whenever x, y,
and z are basis elements. The identity must then hold for all elements
because of the linearity of the associator.

It can easily be verified that ¢z, gs, and ge are in the nucleus and so
(1) is automatically satisfied if any of these appear. It can also be
verified that ¢;R-R=0=¢;R? for =3, 5. Hence (1) holds if x=g¢; or
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gs. Now ger-s=0 unless r=g¢, and s=¢; while g¢-4v=0 unless u =g,
and v =¢,. Using the table we see that (gs, g1, ¢2) = —¢e and (gs, g2, ¢1)
=go. Thus (1) holds for x =gs. Similarly, gs-5=0 unless r =s =g, and
also g4+ v =0 unless u =v = g, but since guq1* 1 = — o =g4" g3, (1) holds
if x = q4. If x =¢qs, the nonzero associators are (g, q1, g2) =gs, (2, @2, ¢1)
= —gs, (g2 @1, 95) = s, (g2, G5, @1) = — o, (2, 2, @) = — s, (g2 q1, T2) = s,
(g2, G2) g3) = — g9, and (gz, g3, @2) =¢o. Thus (1) is verified for x =g,. If
x = q1, the nonzero associators are (g1, ¢1, ¢2) = —¢7 and (q1, g2, ¢1) = ¢z
and all the rest vanish. Thus we have shown that (1) holds in all
cases. To see that 4 also satisfies (2) it is sufficient to check that

©) (zy-2)w + (sw-2)y = x(yz-w) + x(wz-y)

whenever x, ¥, 2, and w are all basis elements. From the table one
finds that the only nonzero words of the form (xy-z)w are (g2¢1-¢2)q1
and (¢sgz- ¢1)q1, while the only nonzero words of the form x(yz-w) are
¢(@1q1-¢;) and  ¢a(qig2-q1). Since  (g2q1°¢2)q1 =99 =q2(q1g2q1) and
(g2q2* 1) 1 = — @o = ¢2(q1g1 - ¢2) we see that (3) must hold in 4.

Having shown that 4 is strongly right alternative, one may choose
a=q, b=¢. It is clear that ¢ and b generate 4 and we see that
((a, b), @, b)=(gs—ge, q1, g2) = (g5, 91, @2) — (s, Q1, @2) = — (s, Q1 Qo)
= ¢ogs = go #O0.
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