A THEOREM ON THE SEMIGROUP OF BINARY
RELATIONS

JAW-CHING YANG!

The purpose of this note is to generalize a theorem of Zaretskii [2].
Notations and definitions used here are based on those of [1] and [2].

THEOREM. Let X be an arbitrary set. The necessary and sufficient
condition that the binary relation p is a regular element of the semigroup
Sx s that L(p) is a completely distributive complete lattice.

ProoF. Necessity. Let p=pdp, where & Sx. Let ¢ =0p, then o?=0
and p =po. It is known in [1] that L(¢) and L(p) are complete lattices
in which joins are unions and, moreover, L(a) is completely distribu-
tive.

If ACX, then it is easy to show that Y (4) =y (¢(4)) and ¢$(4)
=xW(4)) where $(4)EL(0), ¥(A)EL(p) and x(4)EL(8). Define
the mapping § of L(s) onto L(p) as follows: if ¢(4)EL(c), then
6(p(A4)) =y¢(4). Clearly, 0 preserves set-inclusion order and is one-to-
one. Hence, L(s) is completely isomorphic with L(p). This proves that
L(p) is completely distributive.

Sufficiency. Let L(p) be a completely distributive complete lattice.
Define the binary relation & as follows: (x, v) €38, iff p(x, ¥)pCp. Ob-
viously, pdp Cp.

For each z&EX, define K,= {lﬁ({v}):zElP({v})}. For any yEX,
let K= {K,: zEt//({y})} and S(K) denote the set of mappings s of
¥v({y}) into L(p) such that for every zE¥( y}), s(z)EK,. Then
V{AK.:z€¢({y})} =A{Vs@({y})): sES(K)}. Since lattice joins
are unions, we have Vs(lp({y}))Qtp({y}), for each s&S(K), and
hence A { Vs@({y})): s€S(K) } Dy ({y}). Therefore,

U{AK.:se¥({y])} = V{AK.:ze9({y ) } 20 ({s}).

Let (x, y) Ep. Then xEyY( {y}) and so there exists a 2EY/( {y }) such
that x©€AK,. Therefore xE\ﬁ({w}) for some w satisfying

¥(fw})) CAK. SN K. =N {¥({sh): s € w({oh}.
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But wdz holds iff
v({w}) €N {¥({e]): 2 € w({o])}.

Thus, we have xpw, wdz and zpy; hence (x, y) Epdp. It follows that
pCpdp. Therefore p=pdp. This completes the proof.
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