ON THE RELATION BETWEEN THE ABEL AND
BOREL-TYPE METHODS OF SUMMABILITY

B. L. R. SHAWYER!

1. Introduction. It is known that the Abel method and the Borel
exponential method of summability are not equivalent, but that
under certain conditions, both methods sum the same series to the
same sum [5]. This was recently extended in one direction, to the
conditions under which a series summable by a Borel-type method is
also summable by the Abel method [7]. The object of this paper is
to extend this last result to absolute summability.

2. Definitions and generalities. Suppose throughout that o, a,
(n=0, 1, - - - ) are arbitrary complex numbers, that >0 and that
Bisreal. Let N be any nonnegative integer greater than 1 —8/a. Let
M denote a positive constant, not necessarily the same at each

occurrence.
Define

Sn = E ay; 51 = 0; ON = 0 — SN—1.
r=0
2.1. Definitions of the Borel-type methods of summability.
Define

o guaentsel o saxenthel
W= Zrmts’ O R Twrs

It is known [1] that the convergence of one of these series for all
x =0 implies the convergence of the other for all x>0; henceforth it
is assumed that these series are convergent for all x =0.

Define S(x) = Sa.5(x) =ae*s(x); A(x) =[5 eta(t)dt.

Note. Except in the lemma in §4, the suffixed form S, s(x) will not
be used.

ORDINARY SUMMABILITY [2]. If S(x)—0¢ as x— 0, then s,—0o (B, o, 8).
If A(x)—0oy as x— «, then s,—a(B’, a, B).

ABSOLUTE SUMMABILITY [4]. If s,—¢(B, @, B) and S(x) is of
bounded variation with respect to x on the interval [0, ) then
s,.-»a]B, a, B I . If s,—a(B’, o, B) and A(x) is of bounded variation
with respect to x on the interval [0, ©), then s,.—>cr| B,a B l .
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Note. The summability method (B, 1, 1) is the classical Borel
exponential method (B) and the method (B’, 1, 1), the classical Borel
integral method (B’).

The actual choice of N is immaterial. Thus N will henceforth be
assumed to be sufficiently large so that S(0) =0 and x5S’ (x) is con-
tinuous for x = 0. Further, it may be assumed without loss of general-
ity that gap=a1= - - - =ay_1=0, so that oy =0.

2.2. Definitions of the Abel methods of summability. Define

L(x) = i apx” = (1 — x) i S,

n=0 n=0

ORDINARY SUMMABILITY [6, p. 7]. If L(x) = D_1 o a.x" is convergent
for le <1 and L(x)—0 as x—1—, then s,—a(4).

ABSOLUTE SUMMABILITY [8]. If s,—a(4) and L(x) is of bounded
variation with respect to x on the interval [0, 1), then s,,—w] A I .

3. Theorems for ordinary methods. In 1931, Doetsch [5] proved
the following theorem:

THEOREM A. If s,—0¢(B) and L(x)= D 2o a.x" is convergent for
|x| <1, then s,—a(4).

This was extended in 1961 by Jajte [7] to give
TueoreM B. If s,—a(C, k)(B, o, B) where 0=k<1, and L(x)
= D% o ax™ is convergent for [xI <1, then s,—a(4).

Note. (C, k)(B, a, B) is the (B, «, 8) method applied to the (C, k)
mean of s, (the Cesaro mean of order % [6, p. 96]).

Since (C, 0) is convergence, the relation between the Borel-type
method and the Abel methods is expressed as

COROLLARY B. If s,—0(B, , B) and L(x) = D 2.0 a.x™ is convergent
for | x| <1, then s,—a(4).

Since it is known [3, Theorem 2] that s,—0a (B, , B8) if and only if
sn—0(B’, a, B—1), the following theorem is immediate:

THEOREM 1. If s,—0(B’, a, B) and L(x) = X .o anx™ is convergent
for | x| <1, then s,—a(4).

4. Theorems for absolute methods. In this section, Corollary B
and Theorem 1 are extended to absolute summability.

THEOREM 2. If s,.—w[ B, a, B| and L(x) = D= a.x" is convergent
for |x| <1, then s,—a| 4].
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Proor. Because of Corollary B and since S(x), L(x) are absolutely

continuous on [0, »), [0, 1) respectively, it is sufficient for the proof
of Theorem 2 to prove that

1 o
f | Z'(®) | dt < » whenever f | s’ | dt < oo.
0 0

The following lemma is required:
LeEmMma. If s,.—ml B, a, ﬁ| then s,.—ml B, a, ﬂ+6| whenever 6> 0.

PRrOOF. (Note. In this proof, the suffixed form S, s(x) is used.) Since
it is known that s,—a (B, a, 3+6) whenever s,—0o (B, a, ) and § >0
[3, Result 11}, it suffices to show that

fow‘S;,pH(t)l dt < © whenever fwiS:.,g(t)I dt < o0,
[]
Thus, since [4, Result 1]
T(®)Susss()) = ¢ fo ‘(t — ) 6" St (w) du,
it follows that

I‘(6)fw l S:,,,H.;(t)l dt = f”e"dtf‘(t - u)“le“l S:,,p(u) | du

fowe“l Sep(w) | du f n(t — u)letdt

I‘(B)f”IS,',,p(u)| du < o,
0

This completes the proof of the lemma.
The direct proof of Corollary B consists of taking the Laplace
transform of S(x) and knowing that whenever S(x)—0¢ as x—w,

I(y) = yf evuS(u)du —> o as y — 0+,
0

B(y) = (1 + y)f—= {Sl_—l—%“;l} -1 asy—0+,

and L(x) =B(y)I(y) where x and y are related by x = (1+y)~=.
Note. This relation between x and y is assumed implicitly for the
remainder of this proof.
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First, note that
1(3) = f S (w)du and I'(y) = — f S’ () du,
[1) 0

In order to show that L(x) is of bounded variation with respect to
x on the interval [0, 1), it is sufficient to prove that

N+
o |d

£ Bo)I) ldy < o,
y

Now, note the following properties of B(y):
(i) B(y)—1 as y—0+.

(ii) B(y) is continuous for y>0.

(iii) B(y)~yf~'/aas y—o.

Also, for y>0

B(y) B—a 1 a(l + y)=!

Bo) 1+y y {A+»=-1}
B—a oyl ty)t—(1+y)+1
1+y y{(t + )=~ 1}
Thus, B’(y) has the following properties:
(iv) B'(y)—»(28—a—1)/2 as y—0+.
(v) B’(y) is continuous for y>0.
(vi) B'(y)~(B—1)y*"*/a as y—> 0.
In view of all these properties, since 8>1 and since #8S(¢) is
continuous for £ =0, it now follows that

(a) f wlB’(y)I(y)I dy < f " Myprdy fo we‘"“lS'(u)l du

—u 15w du [ e

Mfol @] uflyfw- y
= Mfwu“ﬂlS’(u)Idu< o,

) f "I BT | dy = [ "My f wev| S'(u) | du

= Mf u| S (w)| duf y*levedy
0 1

= Mf w*| S ()| du < =,
0
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1 1 ©

© [ 180rolas [ iy [ we] s o
0 0 0

= MfquS'(u)| duf e~vedy

= Mfm(l — )| S'(w)| du < =,
and
@ IRESOIPEE

since B’(y) and I(y) are bounded on [0, 1].
Thus, it follows from (a), (b), (c) and (d), that

INF
o |d

£ By)IO) ‘ dy < w,
y

and this completes the proof of Theorem 2.
Since it is known that s,.—>0'| B,a,f8 | if and only if s,,—»o'! B,a,f—1 |
[4, Theorem 17], the following theorem follows immediately:

THEOREM 3. If s,.—>¢r| B, a, B| and L(x) = X 2o aux" is convergent
for |x| <1, then s,—a| A].
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