
AN INEQUALITY SIMILAR TO OPIAL'S INEQUALITY

K. M. DAS

In a recent paper   [5], Willet gave a generalization of Opial's

inequality [4]: IfyECM[a, b] with yi*>(a) =0for i = 0, 1, • ■ • , «-1,
then

(1) | yyM | dx £j — (b — a)n j    | yM \2dx.

(He employs (1) to prove uniqueness of the initial value problem for

linear differential equations of order n.) Also there are generalizations

of Opial's original inequality in other directions. (See, for instance,

Cal vert [2] and Yang [6].)

The purpose of this note is to obtain a sharper version of (1) and

other generalizations.

Theorem 1. Let y GO"-"[a, b] be such that y(i)(a) =0 for i = 0, 1,

• • • ,   n — i  where  »2il.   Let yCn_1>   be  absolutely  continuous  and

Jl\yin)\2dx< oo. Then,

I y(x)y™(x) | dx é K(b - a)n I    | y™(x) \2dx,
a Ja

where

1     /    n    Vs
(3) K=-(-)    .

2(nl) \2» - 1/

Proof. In view of the assumptions on y, for any x in [a, &]

1

(»-!)!
y(*) = -,—w, f (* - 0n-y>(0^.

(« — 1 !J.

Therefore,

(ra - 1)! Ja

and, by Schwarz inequality,

I ?<»>(*) I    (x~ a)n~U2 / Cx, ,    \1/2

irtfr-wl «'¿^ (2„-„,„(/. I'-'WI'*) •
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Thus, integrating from a to & and applying Schwarz inequality to the

right-hand side again,

/. b                                                 i ( Ch \1/2
\y(x)yM(x)\dx^-(   I   (x - a¥™-ldx\

a                                  {n - \)\{2n - \y<Aja )

•if  |y(n>(*)|2( f   \yM(tydt)dx\   .

The above is, in fact, (2). This completes the proof.

Remark. For n — \, (2) is Opial's original result. For «^2, (2) is

evidently sharper than (1).

Corollary. Equality holds in (2) if and only if n = \ and y(n)(x)

= const.

Proof. The "only if" part needs proof. Now, equality holds in (2)

only if it holds in all intermediate steps. Therefore, it is necessary that

yW(t) = C(x)(x - t)n-\    for each x,    and a g t ^ x.

Thus, unless » = 1, yM(t)=0, and if n — i, yM(t) = const. Hence the

assertion.

Remark. If yE:C[a, b] satisfy that y', ■ ■ ■ , y(n~u are piecewise con-

tinuous, y^-v is absolutely continuous with fl\yM\ 2dx< <x>, y(i)(a)

= y(»(b)=0for i = 0, ■■ ■ , M-l, then

(4) f   \y(x)yW(x)\dx£ k(——J   f  \ y™(x) \2dx,

K as given in (3). Equality holds in (4) iff n = \ and

y(x) = c(x — a)n,       a ^ x ^ (a + b)/2,

= c(b - xY,        (a + b)/2 ^ x ^ b.

This is immediate on using (2) once on [a, (a-\-b)/2] and again on

[(a-\-b)/2, b], where on the latter interval

(_l)n        -»

(n — \)\J x

Following is a generalization of Theorem 1.

Theorem 2. Let p, q be both positive satisfying p-\-q> 1. Let y be as

in Theorem 1 and let /'I yM I p+qdx< <». Then,

(5)
/& /• b

I y(%) H 3>ín)0*0 \qdx ̂  K*(b - a)Cn)p |     | yM(x) \*>+*dx,
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where

(6)       K* = aqqa[n(\ - a)/(n - a)]p(1-a)(«!)-p,        a = (p + q)~\

Proof. By Holder's inequality with indices p+q and its conjugate,

from

| y(x) |   Ú-— f (x - O«"11 yW(<) | <ft
(w - 1)!J0

follows

I y(x) |   g A{x - a)n~a( f   | y(">(0 \p+qdt\ ,

where A is a constant.

Thus,

I    I y(«) \p | y00^) N* = & I    (x — a)p("-a) | yM(x) \"

ax \ pi (p+q)
\yM(t)\p+idt\ dx.

Applying Holder's inequality with indices (p+q)/p and  (p+q)/q

to the integral on the right-hand side, one has

r\        i,        ,
I       | y(*)(x) |p| yW'x) \qdx

" a

| y^{x)\p+"[\     \yM(t)\p+"dt)    dx)

which is indeed (5).

Remark 1. For « = 1, (5) is a sharper result similar to Yang's.

Remark 2. In case p>0, q>0 and p+q = l, one has

| y(x) |   Ú-— (* - a)""1 f   | yW(0 | ¿f,
(» — 1)! Ja

whence

6fiii i
I     | y(x) \p\ yM(x) \"dx

-((«
If6 . .   /  /•*. \p

- I    (x - a)p^-x) | y(n)(x) |3(   I    | yM(t) \ dt\ dx.
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Applying Holder's inequality with indices \/p and l/q and simplify-

ing

nb qq nb

(7) I    I y{x) \p [ yM(x) \"dx g-(b — a)np I    | y<n)(x) | dx,

it is easy to check that K* in (6) tends to qq(n\)~p as p-\-q—>1 from

above. Therefore, (5) can be extended to include this case. In (7),

equality holds if and only if yM(x)=0 in (a, b) or n= 1 and y(B-1)(je)

= const(x — a)g. Indeed, if yM(x)yéQ in {a, b),

/» X p X

1    (* - t)"-11 y(">(0 | ¿/ < I    (x - a)""11 yM(t) \dt,    x > a, n > 1.

Thus case n = i need only be considered. Equality holds in (7)

only if

| y(«-»(x) | = f  | y(n)(0 I dt,
J a

and

pit
const.

ax \PlQ
|y(B)(0|*)     =

The latter leads to

/» X

yM(t) | dt = const (x — a)",
/:

whence, in view of the former, the assertion follows. (The integrals

in (7) are to be interpreted as lime-o+ /o+€-)
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