REFLEXIVITY OF CYCLIC BANACH SPACES
L. TZAFRIRI!

In a Banach space ¥ with an unconditional basis {e.} the projections
E(g); sCN= {1, 2,3, -, my } defined by E(0)( D nen)
= ) nco Olnln} Z,‘:’.l a6, €% form a o-complete atomic Boolean
algebra of projections & for which there exists a vector x,&¥% (for
instance, o= Y r1€,/2%||ea||) such that ¥ =clm { Ex,| E€&}. Viewed
from this point, the Banach spaces having unconditional basis form
a subclass of the family of ¢yclic spaces % =clm { Px, l PE(B} for some
%0E¥ and a g-complete (not-necessarily atomic) Boolean algebra of
projections ® on X. Cyclic spaces have been introduced by W. G.
Bade [1], [2] in connection with the multiplicity theory for spectral
operators on Banach spaces. A typical example is L,(0, 1), the space
of all integrable functions on [0, 1], which has no unconditional basis
(cf. A. Pelczyfiski [13, Proposition 9]) but is a cyclic space with
respect to the Boolean algebra of projections consisting of “multipli-
cations” by characteristic functions.

W. G. Bade suggested recently in a discussion that it might follow
from the theory of normed lattices that a cyclic space is reflexive pro-
vided its second conjugate is separable. Using a theorem of T. Ogasa-
wara [12] on normed Riesz spaces we shall be able to prove in the
present note that reflexivity of a cyclic space ¥ is insured by the
condition (weaker than separability of the second conjugate) that
neither /; nor ¢, would be isomorphic to a subspace of ¥. This result
generalizes a well-known characterization of reflexivity for spaces
with unconditional bases given by R. C. James [5].

Other properties of Banach spaces in connection with Boolean al-
g[ebi'as of projections have been described recently in [6], [7], [10],

14].

1. Preliminaries. In this section we shall summarize briefly some
notion and results needed in the sequel. A Boolean algebra of projec-
tions ® is called complete (cf. W. G. Bade [1]) if for every family
P,E® the projections VP, and AP, exist in ® and satisfy

(VP)X = cdm{P.X};  (AP)X = N(P.E).

If ® is complete then thereisa uniform bound M for the norms of the
projections PE® (cf. W. G. Bade [1, Theorem 2.2]). Regarding ® as
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a spectral measure P(-) on the Borel sets 2 of its Stone space £, it
follows from N. Dunford [3] that for every bounded Borel function f,
the integral S(f) = fof (w)P(dw) exists in the uniform operator topology
and satisfies:

st = 4m sup | f()] -

If f is not bounded and e, = {w!wEQ, ]f(w)l ém},m=1, 2, -+, the
operator S(f) is unbounded having the domain

DS(f) = {xl £ €% lim | f(w)P(dw)x exists} .
m=— o &n

In presenting definitions and results concerning normed lattices we
will make use of the terminology and references from W. A. J. Luxem-
burg and A. C. Zaanen [8, Notes VI and XIII]. Accordingly, a real
Banach space L is called a complete Riesz normed space if it is par-
tially ordered by = such that:

(1) #=vimplies u+w=v-+w for every u, v, w& L.

(ii) #=0 implies au=0 for every a=0.

(iii) For every pair #, v&L, the least upper bound sup(x#, v) and
the greatest lower bound inf(f, g) exist in L.

(iv) The norm satisfies |lu||<|jo|| if |u|<]|v| (where |u|=
sup(%, —u)).

A Riesz space L is said to be ¢-Dedekind complete if every sequence
in L which is bounded from above has a least upper bound. The nota-
tions #, | 0 for a net {#.} CL means {u,} is a decreasing net whose
greatest lower bound is zero.

The following theorem due to T. Ogasawara [12, Chapter V, §4,
Theorem 1] is stated here in the form found in W. A. J. Luxemburg
and A. C. Zaanen [8, Note XIII, Theorem 40.1].

THEOREM A. 4 complete Riesz normed space L is reflexive if and only
if the following three conditions are satisfied:

(a) u, | 0 implies ||u.||—0 for every net {u,} CL.

(b) ¢, | 0 implies ||¢.|| =0 for every net {¢,} CL* (L* is the con-
jugate of L).

(c) #.=0and sup”u,” < 4 » implies sup,u. S L for every increasing
net {u.} CL.

2. Reflexivity of M (xo). Throughout this section @ will denote a
complete Boolean algebra of projections on the Banach space ¥ for
which there exists x¢& X% such that

X = M(xo) = cdm{Px| P € ®}.
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The uniform bound for the norm of the projections PE® will be
denoted by M. According to W. G. Bade [2, Theorem 4.5],

X = {S(N)xe| x0 € DS}

LEMMA 1. For each xEX, define | x| by | x| =sup||S(@)x|| where the
supremum is taken over all Borel functions ¢ for which [c;b(w) [ <1;0Eq.

Then | -| is a norm on ¥ equivalent to the original norm || -|| and such
that:

@) [l = || 4Ml]]; x€X.

(b) If S(f)x0EX and fi(w) = fo(w)=0; wEQ for some Borel function
fa then S(f2)%0E% and | S(fi)xo| = | S(fa)xo] -

() |P|=1; Pe®.

() [ S(Hxo| =1 S fxo 5 S(NxEE.

The proof follows immediately from the definition of |x| and prop-
erties of operators S(f), and we omit it.

Denote ¥ = {xC%|x=S(f)xo|f real}. Obviously ¥® is a real
Banach space which can be ordered by setting S(f1)xo=.S(fz)xo when-
ever fi(w) Sf:(w) a.e. in Q. Let us remark that X® can be considered
as the “real part” of ¥. In view of Lemma 1, part (b) and the Lebesgue
Dominated Convergence Theorem for vector measures (cf. [4, IV-10-
10]) we have the following lemma.

LemMa 2. {X¥, <} is a complete Riesz normed space. Moreover, it
15 o-Dedekind complete.

Now, denote as usual by ¢y the space of sequences convergent to
zero and by /; the space of sequences whose series are absolutely con-
vergent.

LEMMA 3. If no subspace of X is isomorphic to ¢ then for every in-
creasing sequence 0=S(f)x=<S(f2)xo=X - - - with sup,.| S(f,.)xo| <+ »
we have xoE D (S(supafs)), 1.e. S(supafs)xcEXD.

PrOOF. Assume there exists in X an increasing sequence
0=<S(g)xe=S(g2)xc= - - - with |S(g,,)xo| <K, n=1, 2, .- -such
that g(w) =sup. g.(w) is not integrable with respect to the vector mea-
sure P(-)x,. According to W. G. Bade [2, Theorem 4.3], there exists
a functional x}&X®)* such that u(-)=x;P(-)x, is a positive
measure equivalent to the vector measure P(-)x,. Since

f gn(‘*’)l»‘(dw) = K“x:“’ u=12,-.-,
Q

by Fatou's Lemma (cf. [4, I1I-6-19]), g is integrable with respect to
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u and therefore it is finite a.e. in Q. Consequently Q@ =U,.,6» where
Om = {w]wEQ, m—1=g(w) <m}. By a theorem of Lusin (cf. [4, III-
6-3]) we can assume with no loss of generality that {g,.} converges
w-uniformly to g, i.e., there exists a sequence of disjoint Borel sets
{o-,,} such that Q={,.,0, and { g,.} converges uniformly to g on
every setop, p=1,2, - - - . The subsets 0.,MNap, m, p=1,2, - - - form
a sequence of disjoint subsets of € which will be denoted by {m}.
Obviously, Q@=Ur 9.
If 9% =08mMNap, let us set

j
¢j=2kam‘; j=1)2""’
k=1
where x, denotes the characteristic function corresponding to the set
7. It follows immediately that xe ED(S(@,)), 1=1,2, - - - ; 0=5(¢1)x0
=S(p2)xe=< - - - and

| S| = <

é (i — 1) P(mi) %o
le(g0)e

3 [ g Pl

j
2 meP ()0
k=1

Hence, by Lemma 1 we have

IS(¢j)xol = + Ixol

and since the convergence is uniform on Uj.m:
| S@dxe] < K+ |m|, j=1,2,---.

Furthermore, ¢(w) =sup;¢;(w) =m;=g(w) for wEnx which implies in
view of Lemma 1, part (b) that x,&ED(S(¢)). Thus, the sequence
{s (qu)xo} has no limit. The following arguments are similar to those
used by R. C. James in [5, Lemma 1]. Since the sequence {S(¢j)x0}
is not convergent one can easily construct an increasing sequence of
integers {j,.} such that |S(¢,~”+,)xo—S(¢,~n)xo| =e; n=1, 2, ... for
some €>0. Set ¥, =¢;,,,—¢;, and remark that the functions y, have
disjoint supports and

e < [SWw| 2K+ |ml), n=1,2---

For any sequence (a,)Eco observe that

> (@) S max | an| ;,,,(@),

n=p psnsg
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which implies in view of Lemma 1, part (b) that

q
Z anS(‘l/n)xO < max ‘ an! (K + I xol)
n=p psnsq
Consequently, D= a,SW¥a.)xo converges and
2 anS@a)ro| < (K + | %)) sup| an] .
n=1 n

On the other hand, according to Lemma 1, part (c)

:‘i:ams('l/n)xo z |an|| SWa| Z€|an]|, n=1,2,--,
ie.
i:ams(%)xo = esgpl an .
Thus the subspace clm{5(¢n)xo; n=1,2,--- } is isomorphic to ¢y,
which contradicts our hypothesis. Q.E.D.

The next step will be to study %X*, the conjugate of %. Let S(f)*
= [f(w)P*(dw) be the adjoint of the closed, densely defined operator
S(f) = [f(w)P(dw), D(S(f)*) its domain and xo*E (X")* the func-
tional already introduced in the proof of the previous lemma whose
construction is given by W. G. Bade [2, Theorem 4.3]. According to
W. G. Bade [2, Theorem 8.4]

£ = (S| % € DEKN}

and hence (X©”)*={S(f) *x:lxc’fED(S(ﬂ*), f real}. One can easily
see that (¥®)* with the order S(fi)*x;=<S(f2)*x3 whenever fi(w)
=f:(w) a.e. in Q is also a complete Riesz normed space (see also W. A.
J. Luxemburg and A. C. Zaanen [8, Note VII, Theorem 22.5]).

LeMMA 4. If no subspace of X is isomorphic to by then for every de-
creasing sequence S(fi)*xg>"S*(fo)xg>= + - - whose greatest lower
bound is 0 we have lim,...“,l S*(f,.)xf," | =0.

PRroOF. Suppose there exists a decreasing sequence S(k,)*xy
€ (X")* such that lim.oka.(@) =0 a.e. in @ and | S(h.)*x5| 2 for
some €>0. By arguments already used in the proof of the previous
lemma we can construct a sequence of Borel sets QD0 D9, - - -
DQ,D - - -such that {h,.(w)} converges uniformly for wEQ, =
Q-Q,, p=1,2,- -, and N,., Q,=. Obviously for every p there
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exists an integer 7, (and we can assume that 7, <7< : - <my
- ) for which lS(h,.pr,”") *x3| <e/2. Thus
| S(hixa) 50| Z | SUmpxa) w0 | 2 | SChe) 50| = | SChayxar,”) 50
=e—¢/2 =¢/2, p=12-
Therefore we can find vectors x,=S(g,)%0 X" with ]S(g,)xol =1
and such that
[S0) 5] [S(oxe,)w0] Z /4, p=1,2, -

Consequently [S(h)*x; | [S(I gpl an)xo] 2e/4,p=1,2, - -
Since in general the functions l gpl Xe, have no disjoint supports one
can find an increasing sequence of integers {p,} such that the func-

tions ¢, = |g,.|xgﬂs_gp‘+l; s=1, 2, - - -, have disjoint supports and

[SGi) 50 ][S(@)wo] Z ¢/8;  s=1,2,---

Hence, for any sequence (,) €3 we obtain

l S(hl)*xZI i I a.l g I S(kl)*x: i asS(¢a)x0

8=1 s=1

| S()*xo | S ( > a3¢.> %o

8=1

v

= | S(hy) x| S(i | o] ¢.>xo

8=1

= [S(hy) x7] [S ( 2 | ] “") x°]

= 3 el 500 s )ls00w] 2 £ 5 L]

=1

l

i.e., I; is isomorphic to the subspace clm{S(qS,)xo; s=1,2,---1},
which is a contradiction. Q.E.D.

THEOREM 5. The cyclic space X =M (xo) is reflexive if and only if no
subspace of it is isomorphic to either I, or co.

PRrOOF. Since every subspace of a reflexive space is also reflexive no
subspace of ¥ can be isomorphic to / or ¢o provided ¥ is reflexive. To
prove the converse notice first that it suffices to show that X® is
reflexive. For this purpose we shall use Theorem A. Indeed, condition
() of this theorem holds in view of a theorem of H. Nakano [11, pp.
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321-322] (see also W. A. J. Luxemburg and A. C. Zaanen [8, Note
X, Theorem 33.4]), the Lebesgue Dominated Convergence Theorem
for vector measures and the fact that X¥® is o-Dedekind complete.
Condition (b) follows from W. A. J. Luxemburg and A. C. Zaanen
[8, Note X, Theorem 33.8], (used for (¥)*), again the Lebesgue
Dominated Convergence Theorem, and Lemma 4 provided no sub-
space of X is isomorphic to /.. Finally, if no subspace of ¥ is iso-
morphic to ¢y, Lemma 3 and W. A. J. Luxemburg and A. C. Zaanen
[8, Note XI, Theorem 34.2] imply that condition (c) is also satisfied.
This completes the proof.

COROLLARY 6. If X** is separable then % s reflexive.

Proor. If ¥ has a subspace isomorphic to either ¢y or /; then X**
cannot be separable since (co)**=m and /;* =m (m denotes the space
of all bounded sequences) and m is not separable.

REMARKS. 1. This corollary can be proved directly by using Lemma
2 and another result of T. Ogasawara [12, Chapter V; §4, Theorem 3]
(see also W. A. J. Luxemburg [9, Theorem 45.1]).

2. Corollary 6 is not true for an arbitrary Banach space (cf. R. C.
James [5]).

3. In connection with the proof of Lemma 4, one can observe that
if ¢, denotes the support of ¢, then

& [S00) %0 [S () wo]
B = 2 sty Sge

NCRED

is a bounded projection (with norm < (8/¢) | S(hy) *xy I) onto the
subspace clm{S(¢a,)xo;s= 1,2, .- } which is isomorphic to /;. Similar
arguments show that in Lemma 3 the subspace clm{S(¢>,.)xo; n=1,
2,--- } (which is isomorphic to ¢o) is also the range of a projection
with norm < (K +|x,|)/e.
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