THE CONNECTION BETWEEN TWO GEOMETRICAL
AXIOMS OF H. N. GUPTA

WOLFRAM SCHWABHAUSER

The answer is given here to a problem raised by H. N. Gupta at
the end of [1], namely, if two axioms (E) and (B) are equivalent when
added to Euclidean geometry of arbitrary dimension over arbitrary
ordered fields. (B) states that, for any points %, ¥, 2 such that y is
between x and g, there is a right triangle having x and 2 as endpoints
of the hypotenuse and y as foot of the perpendicular drawn from the
right angle vertex. (B) holds in the n-dimensional Cartesian space
C.(F) over an ordered field § (7 =2) if and only if

(b) forallay, - - -, an, LET with 120, the system of the two equations

(1) a1x1 + c vt + AnXn = 0,
(2) xi+"'+x:=l-(ai+...+a:)
has a solution with x,, - - + , %, 11 §.

(E) is, essentially, a combination of the axiom of segment construc-
tion and the circle axiom. It is analytically expressed (as above) by

(e) § s Euclidean (i.e., in §, each positive element is a square).

As stated in [1], (E) implies (B) (also for infinite dimension), and
the converse holds in Euclidean geometry over Pythagorean ordered
fields.

It will be shown here that (B) does not imply (E) in general, in
fact, that we get a counterexample, satisfying (b), by taking the field
L of rationals for § together with any n =35, while, clearly, (e) does
not hold for §=L. Thus, the answer to the above problem is nega-
tive.

First, let the ordered field § and n=2 still be arbitrary. It suf-
fices to consider, in (b), the case that not all a, are zero. Putting

c=1-(al+ - - - +a?), we get that (b) is equivalent with
(") for all a1, - - -, an, cEF with ¢=0 and at least one a, %0, the
system of the two equations (1) and
2 2
2" ot -t axn=c¢
has a solution with xy, - - -, X, tn F.
For fixed a4, - - -, a, of this kind, the solutions r of (1) (in usual

vector notation) form an (n»—1)-dimensional subspace of . Let
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m=n—1and b, - - -, b, be a basis of this subspace. (By applying
well-known procedures, we may assume these vectors to be pairwise
orthogonal, but not necessarily of the same length since square roots
in § need not exist.) Thus, (1) and (2’) (which can be written as
12=¢) have a common solution in §* if and only if

m 2
3) ( E tubu> =c
p=1
has a solution {#;, + - -+, tn) in F™ (3) is equivalent with

4) > owhls = ¢ where gy, = Bb,.

Np=1
The left-hand side of (4) (or (3)) is a positive definite quadratic form
intl, oy bme

Hence, (b) certainly holds if

(b*) for each positive definite quadratic form in m=n—1 variables
over §, each positive element ¢ of § is in the range of this form (i.e., a
solution of (4) in {™ exists).

Now, by Hasse [2, Satz 22, p. 147], (b+) holds for § = and m =4,
i.e. n=5. Thus, also (b) holds in this case, as was to be proved.

REMARK. Putting a;=1, ay, - + -, a,=0, we get that (b) implies

(b™) in §, each nonnegative element ¢ is a sum of n—1 squares.

By Hasse [2, Beispiel 1, p. 145], not each positive rational number
can be represented as a sum of three squares of rationals, hence, (b)
does not hold for = and n=4.

Thus, for §=2Q, 5 is the least possible value for # in our counter-
example; in other words, 5 is the least dimension # such that Gupta's
axiom (B) holds in €,(Q).
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