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1. Introduction. The holomorphic functional calculus for functions

of several complex variables has been through a number of stages

both with regard to the detailed content of the main theorem and also

its method of proof. (See in particular [5], [2], [7], [l].) A good re-

cent exposition, using a method due essentially to Waelbroeck, is

contained in [3]. A different approach, which we feel to be the most

illuminating and which also originates with Waelbroeck (in [7]), is

expounded, for example, in Chapter III of Hörmander's book [5]

(and also in [4]). An apparent disadvantage of this treatment, in

comparison with that of [3], is that the functional calculus map is

not shown to be a homomorphism. This deficiency can be made good,

as was done in [7], by using deep results of Cartan concerning the

ideal theory of holomorphic functions, but this destroys the essential

elementarity of the treatment in [5 ], which uses very little machinery.

The point of the present note is to give an elementary proof of a

crucial lemma (Lemma 2), in the spirit of the methods of Chapters II

and III of [5] which then leads to a very simple deduction of the full

result as stated in [3, Chapitre I §4, Théorème l]. Lemma 2 is the

only result for which we give a detailed proof, but it seemed desirable

to give a brief indication of the relevance of this lemma in setting up

the functional calculus and we accordingly outline the main steps.

2. A lemma on certain ideals of holomorphic functions. We state

first, without proof, the fundamental result on the extension of holo-

morphic functions defined on submanifolds, in the special case needed.

We prefer to use the 'open set form' rather than that of Theorem

2.7.6 of [5]. An elementary proof may easily be given based on, say,

Theorem 2.7.8 of [S]. If Wis an open polydisc in Cn and if Qi, • • • Qi

are polynomials, a set such as

U= {zQW: \Qj(z)\  <l(j=l,---,l)}

will be called a polynomial polyhedron. (The case U=W will be in-

cluded, corresponding to / = 0.)

Lemma 1 (Extension Theorem). Let U be a polynomial poly-

hedron in O, let Pi, • ■ • , Pk be polynomials on C" and let Up be the

polynomial polyhedron

Received by the editors August 19, 1968.

77



78 G. R. ALLAN [July

UP = {z£ U: \Pi(z)\   <1 (/= 1, • • -,*)}.

Let D be the open unit disc in C, let V=UXDk and let ß denote the

'Oka map' from C" into Cn+h defined by

ß(z) = (z, Pi(z), ■■■ , Pk(z))       (z E O).

Then for any holomorphic function f on Up there is a holomorphic

function F on V such that

F(ß(z)) = f(s)       (z E Up).

Thus Lemma 1 states that the mapping F—>P o ¿u is a homomor-

phism of 77(7) onto H(Up) (where, for any open subset G of (7, 77(G)

is the algebra of holomorphic functions on G). The aim of Lemma 2

is to specify the kernel of this homomorphism. As stated in the intro-

duction, the elementary proof of Lemma 2 is the point of the paper.

Lemma 2. Let U, Pi, • • • , Pk, Up and ß be as in Lemma 1. Let F be

a holomorphic function on V=UXDk such that F(ß(z))=Q for

z£ Up. Then there exist holomorphic functions Hi, ■ ■ ■ , Hk on V such

that (writing w = (wi, • • ■ , wk) £ Ck),

F (z, w) = E Bi(z, w)(wj - Pj(z))       ((z, w)EV).
i-i

Proof. The proof will be by induction on k.

Case k = l. This is essentially trivial. For each point (zo, Wo) £ F we

choose an open polydisc D contained in V with centre (zo, Wo) and a

holomorphic function 77 on D such that F(z, w)=H(z, w)(w—P(z))

on D. (Recall that wEC since k = \.) Indeed if (z0, w0) £ M = range ß

we may then choose D such that DC\M=0 and the corresponding

77 is necessarily just F(z, w)/(w — P(z)) on D. If, on the other hand,

(zo, Wo)EM, so that wQ = P(zo), the existence of a suitable 77 follows

by considering a power series expansion in the variables z—Zo,

w-P(z).

If D, D' are two such polydiscs and 77, 77' are the corresponding

functions then 77 and 77' certainly agree on (DC\D')\M and hence

on Dr\D'.
Thus we have defined a holomorphic function 77 on the whole of

V such that F(z, w)=H(z, w)(w — P(z)) on V. This completes the

proof for the case k — 1.

Case k>l. We make the inductive assumption that the theorem

is true for less than k polynomials P,-.
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Define Z7i = {zQU: \Pk(z)\ <l}, so that ¡7i is also a polynomial
polyhedron in C".

Define pi: C—>Cn+k-1 by

Pi(z) = (z, Pi(z), • • • , Pk-i(z)),

and p2: Cn+*-1->C',+* by

M2(Z, Wi,  ■  ■  ■ , W>jt_i)   =   (Z, Wi,  •  •  • , Wi-i, Pk(z)).

Clearly p=Pi o pi.

Then p^UiXD''-1)^ V and we can thus define the holomorphic

function G = Fopi on UiXDk~\ Then, for 26^,

G(mi(«)) = (F o Pi)(p!(z)) = P(m(z)) = 0,

and so, by the inductive hypothesis, there exist holomorphic func-

tions Gi, • • • , Gk-i on t/iX-D*-1 such that

F(z, wi, ■ ■ ■ , Wk-i, Pk(z)) = G(z, wu • • • , Wk-i)

¡t-1

= 2 Gj(z, wi, ■ ■ ■ , Wk-i)(wj - Pj(z))
i-l

for (z, Wi, ■ ■ ■ , wk_i)QUiXDk-\

But now, since we may write

Ui X Dk~l = {(z, wi, ■ ■ ■ , wk-i) QUX D*-1: | Pk(z) |  < l},

an application of Lemma 1 yields the existence of holomorphic func-

tions Hi, ■ ■ ■ , Hk-i on UXDk such that

Hj(z, wu ■ ■ ■ , wt-u Pk(z)) = Hj(p2(z, w 1, • • • , wt-i))

= Gj(z, wi, ■ • ■ , wk_i)

for (z, wi, ■ ■ ■ , w^QUiXD"-1.

Now define H on V= UXDk by

*-i
ZT(z, w) = P(z, w) - £ ffy(z, »)(«* - Pi(s)),

where w=(wi, • • • , w*,). Then iT is holomorphic on V and, for

(z, wi, • • • , wk-i)QUiXDk-1, H(pi(z, wi, ■ ■ • , w*_i)) =0. Hence, by

the case k = l, already proved, there exists a holomorphic function

Hk on V such that

H(z, w) = #*(z, w)(wk - Pk(z))      ((a, te) G F).

Thus
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k

F(z, w) = E Hj(z, w)(wj - Pi(z))        ((z, w) E V)
i-l

and the lemma is proved.

3. Application to holomorphic functional calculus. Let 4 be a

commutative complex Banach algebra with identity e and let Xi,

■ ■ • , xnEA. The holomorphic functional calculus theorem yields a

continuous homomorphism 6(*„...,in) from the algebra of germs of

holomorphic functions on the joint spectrum <ta(xi, • • • , xn) into 4

itself. This homomorphism takes the/th coordinate projection to the

element x¡ of 4. The set of all these homomorphisms ©(»!,...,*„) for all

«-tuples of elements of 4 is unique subject to a natural consistency

requirement. We refer the reader to [3, Chapitre I, §4, Théorème l]

for a complete statement.

The well-known method of Arens-Calderón [2] enables reduction

of the problem to the case of Silov [ó] in which {xi, • • • , x„} are a

set of generators for 4. In order to indicate briefly the role of Lemma

2 we give an indication of the proof of the following proposition. The

deduction of the full result, as given in [3], is then quite a simple

matter involving no essentially new point.

Proposition. Let [xi, • • ■ , x„} generate A, let Wbe an open neigh-

bourhood of <Ja(xi, • • • , x„) in C" and let H(W) denote the algebra of

complex-valued holomorphic functions on W topologized by uniform

convergence on compact subsets. Then there is a continuous homomor-

phism ß from H(W) into A such that 0(1) =e, 6(z¡) =x¿ (j= 1, • • • , n).

(Here 1 denotes the unit function in H(W) and z¡ denotes thejth coordi-

nate map.)

Outline of Proof. It is a simple matter to choose polynomials

Pi, • • • , P* on C" and an open polydisc U such that

o-a(xi, ■ ■ ■ ,xn)ŒUP^ {zEU:\ Pi(z) |   < 1    (/ = 1, • • • , n)} Q W

and we thus may suppose without loss of generality that W= Up.

(See any of the several accounts of the functional calculus already

referred to.)
Let D be the open unit disc in C and let V= UXDk. Then Lemma

1 gives a continuous homomorphism F—>Fo u of 77(F) onto H(Up).

Call this homomorphism ß*. If we define y¡ = Pj(xi, • • • , xn)

(j' = l, • • • , k) then (Ta(xi, • • • , xn, yu ■ ■ ■ , yk) =ß(aA(xu • • • , xn))

E V. Since F is a polydisc it is a purely elementary matter to define

a   (unique)   continuous   homomorphism   60:77(F) —*4   such   that
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0o(l)=e, 6o(z¡)=Xj 0' = 1, • • • , n), ö0(zn+3) =yy (j'=l, • • • , k). In

order to deduce the existence of a (unique) homomorphism 0: H(Up)

—»4 such that 6oß* = 90 it is now merely necessary to show that

ker jit*Çker Bo- An element of 77(F) such as zn+i—P,(zi, • ■ • ,zn)

(j= 1, • • • , k) is certainly in ker 0O since

0o(z»+/ - Pj(zi, • • • , z»)) = y¡ - Pj(xi, • • • , Xn) = 0.

But, by Lemma 2, ker ju* is generated by the elements zn+i

—Pj(zi, ■ • • ,zn) (j= 1, • • • , k) and thus ker u*Çker öo- This proves

the existence of 6. To prove the continuity of 6 we observe that both

77(7) and H(Up) are Fréchet spaces and that ß* is a continuous

homomorphism of 77(F) onto H(Up). Thus any null sequence in

H(Up) lifts to a null sequence in 77(F) and the continuity of 9 may

be deduced from that of 60.
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