ON THE CONVERGENCE OF BERNSTEIN POLYNOMIALS
FOR SOME UNBOUNDED ANALYTIC FUNCTIONS

P. C. TONNE

If f is a function from [0, 1] to the complex numbers, # is a positive
integer, and 2 is a complex number, then

' = n—;
B.(d) = L f(p/m)Car(1 =) 2
p=0
and B} is the Bernstein polynomial for f of order n. We prove the fol-
lowing:

THEOREM. Suppose that A is a complex sequence, t>0, m is a non-
negative integer, [A jD| St(p+1)™ for each nonnegative integer p, and f
is a function such that, for each complex number z with |z| <1, f(2)
= > o Ayz?, and f(1) is a complex number. Then the Bernstein poly-
nomial sequence B’ has limit f on the unit disc and converges uniformly
on each closed subset of the unit disc (the set of all complex numbers with
modulus less than 1).

Bernstein polynomials were introduced by S. N. Bernstein [1] as
explicit uniform polynomial approximations for functions continuous
on an interval. Bernstein (see [2, p. 88]) demonstrated the conver-
gence of Bernstein polynomials for functions analytic on some open
sets containing [0, 1], and the author has a result [3, Theorem 1]
from which it follows that if a function is the limit of a power-series
about 0 which is absolutely convergent at 1, then the Bernstein poly-
nomials for the function converge uniformly to the function on the
closure of the unit disc.

G. G. Lorentz [2, p. 28] considers the Bernstein polynomials for
unbounded functions g where there is a positive number « and an
irrational number ¢ in [0, 1] such that, for each rational number x
in [0, 1], glx) = Ix——cl““ and shows that, for almost all irrational
numbers ¢ in [0, 1], the corresponding Bernstein polynomials con-
verge, and that for uncountably many irrational numbers ¢, the cor-
responding Bernstein polynomials are unbounded at each number in
[0, 1] except 0, 1, and c. It seems that little else is known about
Bernstein polynomials for unbounded functions.

Proor oF THEOREM. If Fis a function from [0, 1] to the complex
plane, F(1) =0, n is a positive integer, and z is a complex number,
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then (using the binomial theorem and interchanging order of summa-
tion)

BI@) = 3 7 Cup 3 (=17, oF(a/n)

p=0 g=0
n—1 P

M = 3 £ Cas 20 (1) °C, P /)
=0 q=0

n—1

+20 3, (=) Ca P (g/n).
q=0

Using (1) and four lemmas, we demonstrate the convergence of the
Bernstein polynomials for the special functions defined in the next
paragraph. With this convergence we prove our theorem.

For each positive integer m let g be a function such that for each
point 2z in the unit disc ga.(z)=1/(1—2)™ and g.(1)=0. For each
positive integer m and each nonnegative integer p, the pth derivative
of gn is g and g (0)/p!=Cprm_t,m1.

By the mean value formula for divided differences or by Theorems
A and 0 of [3], we have

LeMMA 1. If p is a nonnegative integer and m is a positive integer, then

»
lim G,y Z (= 1)p+qcp,qgm(‘I/") = Cpim—1,m-1.

n— o q=0

LEMMA 2. If m is a positive integer and n is an integer greater than the
nonnegative integer p, then

0 < Cop 20 (=1 Cpigmle/m) < (p + 1)

g=0

ProoF. Let p be a nonnegative integer. For each nonnegative
integer m and each number z greater than p, let G(z) be [[2., 1/(z—7)
and Hn.(z) be 2 2.01/(—7)™ If 2>p, then —G’(2) = G(z) Hi(z) and,
for each nonnegative integer m, H™ (z) = (—1)™m!Hn41(z) and

(_1)m+lG(m+1)(z) = (_l)m(__G')(m)(z) = (_l)m(G.Hl)(m)(z)

= (—1)" 3 Ca kGBI HymH(2)

= Zm: Con k(= 1)*G® (2)(m — k) Hm41(2).
k=0

By partial-fractions methods or by induction, it is shown that if
z>p then
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PIGE) = 3 (—1)HCy g —— .

g=0

Then, by induction (differentiation), we see that, for each nonnega-
tive integer m and each number z greater than p,

(—n B g = 30 (—)phac,
m! (z—

=0 )m+1 )

Let # be an integer greater than p.

Curnln + DG+ 1) = — 1« 2 41C, nG(n)
Cat1,0\P n = = PiCq (N
pCnt1p nt+1— P n—p ? P ’
and, therefore, 0<p!Cp.,nG(1) S p!Cp1,,(p+1)G(p+1)=p+1.

Suppose that 7 is a nonnegative integer such that if 2 is a nonnega-
tive integer not exceeding m then

|
0 < (—1) % Co ™GB (n) < (p + 1)+,

Then,
1)m+1 P! C +2(7 (m+1)
(-1 m n,pM (n)
Cm k 1 k C k+lG(k)
(m+1)',§ )
(m — k) lnm e H e g41(n)
Z z: nm—k+1
é + 1 2k+1 P
(m + 1)' k-om @+ =0 (n — jym—t1
S 3 (¢ + DR Y (p o+ ) = (p 4 D
m+ 1 = =0
From the first step above we see that
p!
0 —)ymtr = Cn m+2(7 (mt1) .
<= G (n)

So, if m is a positive integer,

0 < Cn,p Z (_l)ﬁqCqugm(?/n)
q=0
p!

-(—_W( l)m—lG(m—l)(n) S (P + 1)2m—-1‘

= Cp 0"
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LEMMA 3. If each of m and n is a positive integer then

n—1

E (—1)*C, ogmlg/n) | =

g=0

pmtl,

PROOF. Let m be a positive integer. Let ¢ be a function from [0, 1]
to the numbers such that ¢(0) =0 and if x is a positive number in
[0, 1] then

pofimL
o) = 2 {1+ 2

»=1

(In x)”}
¢ is increasing (and continuous). ¢(1) =1.

=1 é {m+1,

2 (= 1)"Cy ogm(g/1)

q=0

Suppose that # is a positive integer and

3 (1) Ca ggala/m) | = no,
q=0
Then
n+1+q q
qz-%( 1)++Cn+lqgm( +1>‘
= m —1)et1
(n+ 1) g( 1)TH1C, 1,041 T
n—1 1
= m —1)e+C, g~
S(+1) g_‘;( ) C,+1(q+ O
1H)m 3 —1)4Cp g ————
| 4 (D
e 1)«0,.«—‘
q=1
1
+ (n+ 1" E(—l)qc,,.q f xd(x)
q=0 0
+ 1 m}| n—1
= EE DS (—1yCuagala/
q=0

+ (4 D)m f (1 — x)dg(x)
S+ n+ @B+ D™= (n+ 1)
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Without proof we state

LeMMA 4. If each of b, ¢, and d is a complex sequence, E:-o lc,,l
converges, D oo |cpb,,| converges, and M is a complex matrix such that,
for each nonnegative integer p, lim,.o, Mup=d,, and IM,,,I <b, for
each positive integer n, then ) o, |c,,d,| converges and

n—1 ©
lim Z coManp = E Colp.
fn— o D=0 p=0

From Lemma 4, Lemma 1, and Lemma 2 it follows that if 0<r<1
and m is a positive integer and |z| <r then

n—1 P 0
lim Z %Ca,p Z (—=1)P+C,,0gm(g/n) = Z #PCpym-1,m-1 = gn(2),
BO p=0 q=0 =0

and the convergence is uniform for Iz[ <r, so that by (1) and
Le'mma 3 lim,., B%"(z) = gn(z), the convergence being uniform for
Iz =r.

For our last digression, we define a matrix ¥, very closely related
to Sterling numbers of the first kind, such that if each of p and % is
a nonnegative integer, then

P
Ve = 2 (—1)7+C, o

q=0

(we interpret 0° as 1) and note that Yo e1=@p4+1)(Yor+ Yp1.4);
Ypp=0"; Y20; Y,=0 for p>k; and, if n is a positive integer
Yprn ™ =12 Vn*; limg,, Yan*=1; and, therefore, YVun=*=1.

Now, let 4, ¢, m, and f be as in the theorem.

Let C be a closed subset of the unit disc. Let r be a number less
than 1 such that if z is in C then |z| <7.

By (1), the power-series expansion for g1 about 0, and our defini-
tion for Y, we see that if # is a positive integer, then

n—1 hd iy
Bl'l.m+l(r) — Z r”cn’p }: Crimmh kka +r Z (— 1) +qcn,qgm+l(9/”)v
p=0 k=p 9=0
and
n—1 n—1 had
B:mﬂ (r) - Z pr”'pCp-‘-m,mn_p P! + E rpC,,,p Z Ck+m,m’ﬂ kka
) o -

n—1

+ r E (— 1)n+qcn.qg7n+l(9/”)~

a=0



6 P. C. TONNE

Now,

lim By"™(r) = gn1(r) = 25 Copmmt

n— o p=0
and, by Lemma 4, as n— «, the first term on the right side of (2) has
the same limit, namely D > Cpimm??, and the last term has limit 0
by Lemma 3. Hence the limit as #— o« of the second term is 0, from
which it follows that the second term on the right of (3), below, has
limit 0, since, for each nonnegative integer %, !Akl stk+1)m
ét'm! . Ck+m,m~

If » is a positive integer and z is in C, then, by (1),

n—1 ] n
Bi(®) = X 2°Coip 2 A Vot 2" 2 (—=1)"7Caaf(a/m),
=0 k=p g=0
and
n—1 n—1 )
B{.(z) = zpC,._,A,n_pp! + > 5 Cop 2 A,,n_kY,k
(3) p=0 p=0 k=p+1

42" A { Vo — 1"} + 1)
k=0
In (3), as n— =, the first term on the right, by Lemma 4, has limit
> o Apg?=f(2), and the second has limit 0. Also, if % is a nonnega-
tive integer, 0= Y, —n* and | 4x| <t-m!- Ciym.m, and

) n—1
73 Cotmtt (Ve =1} = 17" 2 (= 1) Cr agmia(g/m),
k=0 q=0

which by Lemma 3 has limit 0 as #— « so that the third term in (3)
has limit 0 as #— . The fourth term in (3) has limit 0 as #— . The
convergence is uniform for z in C, and the theorem is proved.
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