BOUNDED SOLUTIONS OF SOME ABSTRACT
DIFFERENTIAL EQUATIONS

S. ZAIDMAN!

Introduction. We give here two theorems abstract versions and
generalization of some results in our previous papers [2], [3].2 For
semigroup theory applied here look at [1].

THEOREM 1. Let T(¢) be a strongly continuous semigroup in the
Banach space X such that T(0) =1 and lim,,, T(H)x=0 Vx&X.

Let A be its infinitesimal generator and suppose INe& C such that
MNo—A)~is a compact operator in X.

Let u()) ECY(— o, o; X), ut)ED(A) Vt&(— =, ), be a solu-
tion of the abstract differential equation

1w (f) = Au(t)

which is defined for all tE(— o, x).
Suppose 3c>0 such that [*H||u(t)||3dt<c, VtE(— o, ©). Then
u(t)=60, Vi€ (— o, o).

PROOF OF THE THEOREM. We remark first that from our hypothesis
t+1 2
sup f ()] xdt < =
—0o<t<w t

there follows the existence of a sequence (£,) | — ®, such that
SUPneN Hlt(l,,)”_\' < . We remark also that, for each ¢ =, the function
u(¢) admits the representation u(t) = T (¢t —to)u(to)-

Also, a well-known fact is that Wo—A4)"'T(¢)=T(¢)No—A)". Let
us put now: w(t) =ANo—A4)'u(t); obviously sequence {w(t,.) }f’ con-
tains a convergent subsequence w(t,,) 2w, X, and w(t) = T'(t —to)w(to),
Vi=ty. Let tE(— », ) be fixed and &, big enough to get ¢,,<¢ for
k=k,. Then we obtain, as t>¢,,,

w(t) = T — t)w(ty) = T — ty) [w(ty) — 0ol + T — tu)we
and, consequently,
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1 Supported by the N.R.C. of Canada.

2 \WWe thank the referee whose report helped us to improve the presentation of
Theorem 1 and the original Theorem 2.
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ol T = e xlloltn) — wullx + [T — ta)wul|x
< L|o(tn) = wal|x + | T = tw)wd|x,  VEZ ko

(Because of the strong continuity of 7'(t) and asymptotic decay to
0, it follows that “T(t)“z <L.) This obviously implies w(t) =4,
hence u(t) =6.

In the second result, conditions on the compactness of (\o—4)™!
and on strong asymptotic decay of T'(¢) are replaced by the condition
of strong asymptotic decay of the adjoint semigroup 7"*(¢). Precisely,
we have

THEOREM 2. Let T(t) be a strongly continuous semigroup in the
Bamnach space X, and let us suppose that

lim T*()x* = 0, Vi* & X*
11—

T*(t) being, YtE (0, ), the adjoint operator of T(t) acting in the dual
space X*. Let A be the infinitesimal generator of T(t) and u(t); — o <t
< 0o=D(A) be a strong solution of the differential equation u’(t) = Au(t).
Suppose 3c >0 such that

t+1 2
f lu@l2at < e, —o <1< .
t

Then u(t)=0, — o <t< .

PROOF OF THEOREM 2. As in Theorem 1 we find a sequence ({,);
of real numbers, such that lima., t.=—o and |lx(t.)||x<M,
n=1,2, - - - . For arbitrary real ¢o, we will have ¢, <ty if n=n0. Then
we may represent #(¢y) as: u(bo) =T (to—t.)u(t,). Take now an arbi-
trary x*& X *; then, if (, ) means duality between X and X* we will
have (x*, u(to))=(x*, T(bo—ta)u(ts))={(T*({te—t)x*, u(t,)) and

%, wlt)) | = ([ T*t — t)a] [|uct)l] = M T*(to — )27,

As n— oo, T*(ty—t,)x*—0; hence (x*, u(ty))=0Vx*ESX* and conse-
quently u(to) =86.

REMARK. An example of the situation arising in Theorem 2 is the
following: (see our paper [3]).

Take X =L2(R"); T)f =€+ +DF(s) 0, s=(51 - - - sn), f(5)
EL2(R). It is immediate that T*({) =T(¢), V=0, and that

2 2 12
lim ( f e—2<u+“'+'">‘fz(s)ds) =0, Vf(s) €L
Rn
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Also, Af = — (s34 - - - +s2)f(s) with D(4)={fEL?, —|s|}f&Le}.

Hence our Theorem 2 applies in this case.
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