ON A THEOREM OF REPRESENTATION OF LATTICES
S. P. WANG!

Let G be a connected Lie group, I' a discrete subgroup of G and u
a fixed right Haar measure of G. u induces a measure g over G/T', the
homogeneous space of left cosets of I'. T is called a lattice of G if
Z(G/T) is finite. We denote the set of all representations of T in G,
i.e., all homomorphisms from I' into G by ®(T', G). We shall give
& (T, G) the compact-open topology, Let H be any closed subgroup
of G. We use U¥ to mean the induced unitary representation of G by
the trivial one dimensional unitary representation of H. In this note,
we are going to prove the following

PROPOSITION. Let G be a connected semistmple Lie group without
compact factor, I' a lattice of G and {r,,} a sequence of representations of
I' in G. If Twa=r.I") are discrete for all n and lim, r,=1r, then the
trivial representation of T' is weakly contained in {@® U "»I r}.:

As a consequence of the preceding proposition and results in [3]
and [6], one can establish the following

THEOREM. Let G be a connected semisimple Lie group with each
factor of R-rank =2, T a lattice of G and {r,.} a sequence of representa-
tions of I' in G. If ro(T') are all discrete and lim, r, =1y, then r,(T') are
lattices of G for sufficiently large values of n.

In general the theorem is not true without the restriction on the
R-rank of each factor of G. This can be illustrated by the classical
counterexample in the case of the upper half-plane: the Hecke groups

for ¢ 2 2. They are all isomorphic to I'y, but only I'; is a lattice.
Before we give the proofs of the proposition and the theorem, let
us verify some lemmas needed later.

LEMMA 1. Let G be a semisimple Lie group without compact factor, T'
a lattice of G and { r,.} a sequence of representations of T in G such that
Tw=r.") are all discrete. If lim,, r,=1r, then we have
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(i) {T.} is uniformly discrete, i.c., there exists a neighborhood V of
identity e in G with T.N\V = {e} for all n.

(ii) TMNZ(G) s of finite index in Z(G) and r,.l rnze) =1rnzee for
sufficiently large value of n, where Z(G) is the center of G.

PRrOOF. Since T is a lattice, by the density theorem of lattices [1],
Z(G)T is also a lattice. Hence it follows easily that I'M\Z(G) is of
finite index in Z(G). Let G be the Lie algebra of G and Ad: G—GL(G)
the adjoint representation of G. By the density theorem [1], /(Ad(T")),
the linear span of Ad(T') in End(G), equals /(Ad(G)). Since lim, 7,
=1y, dim I(Ad(T',)) =dim /(Ad(T")) =dim I(Ad(G)) for sufficiently
large n. Therefore /(Ad(T'»)) =I(Ad(G)) holds for large n. It follows
in particular that the r,('MZ(G)) are central for large n. As Z(G) is
discrete and I'MZ(G) finitely generated, r,,[ rnzcey=1rnze for
sufficiently large n.

LeEMMA 2. Let G be a Lie group, u a Haar measure, and U, V, W
three u-measurable subsets of G. If u(V—W)4+u(W—1V) <e, then

[w(U = V) — (U = W)| <e

Proor. U—-V=(U—-(VUW)U(W-V)NU) and U-—-w
=(U—(VUW)HVU{(V-W)YNT).
Hence

| WU = V) = w(U = W)| S u(V — W) +u(W = V) <e

CoROLLARY 3. Let U and V be two finite u-measurable open subsets of

G and (Y, -, YEG suck that lim,(y™, - -, ¥i")=
(717 st an)EG"-
Then

lim w(U — Vo = -+ = Vo) = w(U = Vyr — -+ - — V).

PRroOOF. Let W be any finite u-measurable open subset of G. Then
the function fw(x) =u(W — Wx), xEG is continuous. Hence

m u(Vy— Vy™) = 0 and lim p(Vyi" — Vo) =0,

{or 1£7<n. Then by Lemma 2, the corollary follows immediately.

COROLLARY 4. Let U and V be two finite u-measurable open subsets,
T a discrete subgroup of G and {r"} a sequence of representations of T'
in G such that lim, r,=1¢. Then lim, sup p(U—TVT,) Su(U—-VT)
where ', =7,(T) for all n.
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Proor. As I' is a discrete subgroup of G, T' is countable. Let
C={v, - ,7%, - }and Uy=U—~Vy1— - - - — Vv,. Then { U}
is a decreasing sequence of finite u-measurable subsets of G. Since
N U,=U-VT, lim, u(U,)=pu(U—TVT). Let ¢ be any positive
number. There exists a positive integer N such that 0=Zu(U,)

—u(U=VD)<eforall uZ N. Let v =rn(v:), i=1, 2, - - - . Clearly
limm (¥, -+, Y)=(y1, - - +, ¥a). Thus by Corollary 3,
lim w(U — V" = - = Vya) = w(y) < w(U — VD) + e

Since p(U—VTn) Su(—Vy"— -+« — V) for all m, lim, sup
w(U=VT,) Su(U—VT)+e. However € is an arbitrary positive
number. This implies

limsupu(U — VT,) £ w(U — VT).

Now we are ready to prove the proposition and the theorem.

PRrROOF OF THE PROPOSITION. By Lemma 1, there exists an open
neighborhood W of e in G such that W='WNT, = {e} for all #. By
constructing it properly, we can find a fundamental domain F of T
such that WC F and the boundary of F has 0 u-measure. Let V be the
interior of F. It is clear that u(V)=a(G/T')< « and u(xV—-VT)=0
for all x&€G. Therefore by Corollary 4, lim, u(xV—VT,)=0. Let g,
be the invariant measure of G/I', induced from u. Then we have

Gn(xVIT, — VI, = @((aV — VT,)T,)
Su(@@V —Vr,),  forallx,

and all x&€G. Hence lim,, @,(xVT,— VI,)=0. Since W-'WNTI, = {e}
and WCV, g.(VT,) 2u(W). Now let {'yl, - ,'y,,,} be any finite sub-
set of I'. We have lim,, g,(y;VI'.—VTI,)/a.(VI,)=0, 1 <¢<m. Now
denote the characteristic function of VT', in G/T', by xa, i.€., x»(gT') =1
or 0 according as g& VT, or not, and f, =f,.(VT,)"2x,. By the defini-
tion of induced representation, f, is in the Hilbert space of the unitary
representation UT™. Due to our construction, lim,{(y.f., f.)=1,
1 =i =m. Therefore the trivial representation of I' is weakly con-
tained in {@® U™|T}.

PRrOOF OF THE THEOREM. We shall prove it first for the case when
G has no nontrivial center. Suppose the theorem to be false in this
case. Then there is a subsequence (n’) of (n) such that ', are not
lattices of G for all n’. By the proposition, the trivial representation
I of T is weakly contained in {® U™ |T'}. However I' has property
(T) of [3] and [6]. It follows that I is a subrepresentation of
@ U™ |T. Therefore I £ U™|T for certain #’, say n{ . Then by Lemma
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3.4 in [6], UT contains the trivial representation of G. By Lemma
8.2 in [4], T/, has to be a lattice of G, which contradicts our choice of
(n’). Next we shall reduce the general case to the previous one. Let
Z(G) be the center of G. By Lemma 1 (ii), Z(G)MTI is a subgroup of
finite index in Z(G) and 7. z(¢nr = 1z(e)~r for sufficiently large =.
Denote G/Z(G), TZ(G)/Z(G), T'+Z(G)/Z(G) by G, T and T, respec-
tively. Clearly for large #, 7, induce 7,: T—G such that 7,(T') =T,.
Since 7,z(¢)~r = 1z(¢)~r for large n and Z(G) T is of finite index in
Z(G), the T', are discrete for large n. Therefore G, {F,, }, and T', satisfy
the conditions of the theorem and G has no nontrivial center. By
what we have just proved, the T, are lattices of G for large #. Since
T', contains Z(G)NT', which is of finite index in Z(G), for large n, one
concludes readily that the I',, are lattices of G for sufficiently large #.

As suggested by the referee, the proposition and theorem can be
generalized slightly in the following case. I' is a finitely generated
group, ro: I'>G a homomorphism whose image is a lattice, and 7,:
T',—G homomorphisms whose images are discrete, and which tend
to ro. It is easy to see that the slightly more general form can be ob-
tained from the following lemma and our results.

LeEMMA 5. Let G be a connected Lie group, I a finitely generated group,
ro: I'—>G a homomorphism whose 1mage is discrete, and r,: I'—>G
homemorphisms whose images are uniformly discrete and which tend
to ro. Then there exist r,&ER(ro(T'), G) such that r,=r,-ro for large n
and lim, r,=1,0).

Proor. Let {'y;, cee, 72,,.} be a set of generators of I' such that
Y7 ' =%itm, 1Si<m. Denote 7,(y;) by v{®, 1<j<2m, i=1,2, - - -.
By the same argument as used in Theorem 4 [7], we know that there

are finitely many relations Ry, - - -, Ry satisfied by (v{”, - - -, v
such that for any (x1, - - -, %em)EG?™ satisfying Ry, - - -, R, and
close enough to (v, - - -, &), the map v —x; (1<j<2m) ex-

tends to a homomorphism of 7¢(T") into G. Since the r,(I") are uni-
formly discrete and lim; v{? =", 1<j<2m, one sees easily that
¥ —v{?, 1 <j<2m extend to homomorphisms 7;: 7¢(T') =G for large

1. Now the lemma follows immediately.
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