GENERATORS OF S,
JONATHAN I. GINSBERG!

In this paper we will discuss the algebras of functionsf(z) = D+ ,anz"
such that Do o(n+1)2|a,] <o with ||[flla= 2 io(n+1)2|a.|, a2 1.
When a=0 we have the algebra /; (which we will henceforth denote
by I) about which it is conjectured that the obvious necessary condi-
tion for f to generate, i.e. that f separate points, is also sufficient, but
thus far it has been proven only that it is sufficient if f separates
points and f'EH*[1].

We show here that if =1 then the obvious necessary conditions
for f to generate, i.e. that f separate points and f' 0 in the closed unit
disc, are also sufficient.

DEFINITION. S, is the Banach space of analytic functions
fz) =2 rwoa.z® for which D o o(nt+1)e|a,] <o and |[f(2) .
= Z;T:o(n—l—l)“l a,,| , a real.

S, is an algebra if and only if «=0.

DEeFINITION. C is the algebra of functions f(z) continuous in lzl =1
and analytic in |z| <1, with |[|f||c=max,;x|f()|. This norm is
denoted by ||f]|

LeEMMA 1 (CARATHEODORY-WALSH). If f(2) € C and separates points
for ]zl =1, then f generates C.

PRroOF. This is an immediate corollary of the theorem in [3, p. 36].

LemMa 2. (1) [[f|la=min (1, 29)]|f]] ez
2) Ifll«=max (1, 29)||f||azs, 4f £(0) =0.

PROOF. f(2) = D_alq @nz®, f'(2) = 2 ono1 nanz™ = D o o(n4+1)ansz",
flle = 2250r + Delan],  and  [[ffles = Zieoln + D2 annl

= n=1M0%An|.
© o [ _|._1 a
= S+l 2 St 07l ] = S o () ]

v

min (n - 1>a 3w 0] 2 min(t, 29 /e
n

n=1
and (1) is proven.
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If f(0) =ao=0 then

Iflla = 2 2+ 1) aa]

n=0

= Z(n-l— | a.| = in“(n-i_l) | 2|

n=1

1 a o
< max (n + ) > ne| an| = max(1, 29)||f||lam
n

n=1
and (2) is proven.
LemMA 3. If a<O0 then ||fg||« <|/flldlgl| a» where fEL and gE S
PROOF. Let f(2) = Z::,o anz". Then

<3 |l e = ( 3 | o) masgle

n=0

-( >l )il = 1Al

LEMMA 4. If f(3) €1 separates points in | z| <1 and f'(z) is continuous
in lz| =1 and has no zeroes there, then f(z) generates I.

Proor. We note first that 1/f'&C and

£l £ (B [EET

n=0
Z (1% 344

n=0

[ 7ell« =

\/6

2
We then have
| P(H) = 2l = [|(P() — 2)'|| (by Lemma 2)
=[P =1

T ™
= Zlreo =l s il

P'(f)

and by Lemma 1 f generates C so || P’(f) —1/f'|| can be made arbi-
trarily small, and f generates l. (The hypothesis on f’ can be weakened
to f'EH". See [1].)
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THEOREM 2.1. fES,, a=1, generates S, if and only if f separates
points in |z| 1, and f'(z) %0, |3| <1.

Proor. If f does not separate points, i.e. there are two points 2; and
2s (2172.) in the closed disc with f(z1) =f(2z), then for any polynomial
P we have

1P() = #lla 2 [|P() ~ 4|«
Z (| P(f)) — 21| + | P(f(32)) — 22 )
=21 P(f(z)) — s+ 20— P(f(2)) | = 3] 22— 2|

so that f does not generate.
If f'(2z1) =0, |21| =1, then for any polynomial P we have

1PN = alla 2 [[(P() = 9']le-s (by Lemma 2)
z [P() == 1P () —1l:
2 lF P =1z | FE)P () —1] =1

so that f does not generate, and the necessity of the conditions is
proven.

Suppose now that f separates points and f’#0 in the closed unit
disc.

We first show that if f generates S, and f&S,,,, then f generates
Sa+l-

We note that if fE€Say1 then f'ES,, and if f'5£0, |z| 1, then
1/f'E€S,. by Wiener’s theorem [2, p. 299].

If f generates S, then for any € >0 there is a polynomial Q such that
lo¢) —1/7lla<e/224f]la Then [fQ()—1lla=|lflla 0P ~1/7a
<e/22+, and || P(f) —2|| a+1 <€, by Lemma 2, where P is that primitive
of Q for which P(f) —z has constant term zero. Since ¢>0 was arbi-
trary, f generates Say1.

Thus it is sufficient to prove the theorem when 1=Za<2.

For 1 £a<2 we have

P-7

1PG) = e £ 2P DS = Uoor S 20| )
< 2o flon e + 2|
B | ()2 1l e

For any polynomial Q(z) this is in turn
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s 2% ffas [llf’(P”(f) — Q@)a2 + lf' (Q@ + (f)) a.z]
s 2l [l - 0o+ [ (e + )] ]
s 2l 1770 - 00l o+ 5] ]

with Lemma 3 being used in the last inequality. (f'&Se-1 and f'#0,
| z] =1, so that 1/f'E€S._1 by Wiener’s theorem, 1/(f")2€.S,_s because
Se-11is an algebra, and, differentiating, f"/(f')*€ Sq.)

Since polynomials are dense in S.—; we can first choose Q(z) so that
”Q(z) +f”/(f')3||a_2 is arbitrarily small and then, since f generates
I, we can choose P”’ so that || P (f) — Q(z)||: is arbitrarily small. Thus
f generates S,, 1 Sa <2, and the proof is complete.
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