ASYMPTOTIC VALUES OF NORMAL LIGHT INTERIOR
FUNCTIONS DEFINED IN THE UNIT DISK!

J. H. MATHEWS

ABsTRACT. Lehto and Virtanen have extended Lindelsf’s
theorem for the class of normal meromorphic functions. It is shown
that Lindelsf’s theorem cannot be extended for the class of bounded
normal light interior functions. A generalization of Lindelsf’s
theorem is given.

1. Preliminaries. Let D be the unit disk, C the unit circle. Let f be
a light interior function from D into the Riemann sphere W, i.e. f is
a continuous open map which does not take any continuum into a
single point. It is known that f has a factorization f=g o & where &
is a homeomorphism of the unit disk onto either the unit disk or the
finite complex plane and g is a nonconstant meromorphic function.
We will be concerned with the case when the range of % is the unit
disk. It is shown that Lindeléf’s theorem cannot be extended for the
class of bounded normal light interior functions. A generalization of
Lindelsf’s theorem is given.

A simple continuous curve I': z(¢) (0=¢<1) contained in D is called
a boundary path if ]z(t) | —1 as ¢—1. The end of a boundary path I is
the set TMC. A boundary path I is an asymptotic path of f for the
value ¢ provided f(2(t))—c as t—1. The value ¢ is called a point asymp-
totic value of f if there exists an asymptotic path of f for the value ¢
whose end consists of a single point.

The cluster set, C(f, 6), of f at e¥ is the set of all points w& W for
which there exists a sequence {z,} of points in D with z,—e® and
f(zs)>w. By a Stolz domain A at e® we mean a set of the form

{2ED: —7/2 < ¢y < arg(l —z/e?) < ¢ < 7/2},
and by a terminal Stolz domain at e¢® we mean a set of the form
ANz [z—e?| <el  (0<e<).

The function f is said to have the Fatou value ¢ at e® if f(z)—c as
z—e® from within each Stolz domain A at e®.
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The function f is normal if it is uniformly continuous with respect
to the non-Euclidean hyperbolic metric p in D and the chordal metric
in W [1]. Let & be a homeomorphism of D onto D. If % is uniformly
continuous with respect to the non-Euclidean hyperbolic metric in
both its domain and range then we say that # is HUC. Since the com-
position of two uniformly continuous functions is uniformly continu-
ous the following theorem is immediate [4].

THEOREM A. Let h be a homeomorphism of D onto D which is HUC.
If g is a nonconstant normal meromorphic function, then the light
interior function f=g o h is normal.

2. The main results. Lindelof’s theorem states that if a bounded
holomorphic function possesses the point asymptotic value ¢ at e¥,
then it possesses the Fatou value ¢ at e®. The following result shows
that a bounded normal light interior function can possess point
asymptotic values at almost every point of C and possess no Fatou
values.

THEOREM 1. There exists a bounded normal light interior function
which possesses point asymptotic values at almost every point of C, but
which possesses no Fatou values.

The following lemma is used in the proof of the theorem.

LeMMA 1. There exists a homeomorphism h of D onto D with the
following properties:

(a) the radius 1o at 3=1 1is mapped onto an arc I'y, where 'y is a
Jordan arc lying in D\J { 1 } internally tangent to C at z=1, and having
the origin as the other end point,

(b) if T'¢ denotes the image of I'y under a rotation through an angle 0
about the origin, then the radius 74 at e® is mapped onto T'y,

(c) the restriction of k to C is the identity function, and

(d) ks HUC in D.

Proor. Let {R,.} be a strictly increasing sequence of nonnegative
real numbers with Ro=0 and p(R,, Rn.t1) =1/(1—R2). Let ®(r) be a
mapping of the interval [0, 1) onto itself defined by ®(r) = (rRy)/Rs
for 0<7<R; and satisfying the equation p(R,—1, ®(r))/p(Ruz1, R.)
=p(R., 7)/p(Rn, Rppy) for R, Sr<R,p (n=3, 4, - - - ). A straight-
forward calculation shows that if

r <7 then p(®(r),d()) = p(r,7").

Let C*={z:Im >0, |z—%| =3} and C.={z: |z =R.}. Let
C*N\C,=w, and let a, =arg(w,) (n=1,2, - - - ), and let &p=0. Then



1970] ASYMPTOTIC VALUES 693

{a.} is a sequence of positive real numbers with a,—0. Define a
function ¥(r) on [0, 1) by ¥(») =7/2+ [ca—7/2]p(0, 7)/p(0, Rs) for
0 =7 < R; and satisfying the equation

V(r) = atns + [an1 — an_2]p(Rn, 7)/p(Ra, Ruy1)
for R,€7r<R,;1 (n=3,4, - -).
Let the mapping %4 in D be defined by
h(z) = h(re®) = ®(r) exp (46 + 1¥(r))

for 0=7<1 and set k(e®) =¢¥. It is easy to verify that % is a homeo-
morphism of D onto D and that the radius 7, is mapped onto a
Jordan arc I'y which is internally tangent to C at the point z=1.

Set A,={z: R,<|2| <Rn1}. Let n=2 be fixed but arbitrary and
let z, 2’EA4, with p(z, 2') <1. It suffices to show that we can find a
constant K, independent of %, for which p(k(z), k(z")) = Kp(z, z’). The
case when 2E 4, and z'& 4, can then easily be disposed of by intro-
ducing an appropriate number of intermediate points on the geo-
desic between z and 2z’ and lying on the circles Cj, and adding the
inequalities thus obtained. We may assume that z=rei® and 2’
=7'e*# with » <#’. Then we have the following inequality

p(h(2), h(z')) = p(®(r) exp (ia + 0¥ (r)), B(r) exp (iB + i¥(r)))
+ p(2(r) exp (iB + 1¥(7)), B(r) exp (i8 + ¥ (r")))
+ p(®(r) exp (iB + 0¥ (7)), B(r') exp (iB + 1¥(r'))).
From the fact that ®(r) <7 we obtain
p(®(r) exp (ia + i¥(r)), ®(r)exp (8 + 7¥(7)))
= p(B(r)e™, B(r)e®) = p(re'e, re®) < p(3, 7).
From the facts that ®(»)=R,, p(R., R.n1)=1/(1—R,) and
| @tn1—atas| <7/2 we obtain
p(®(r) exp (iB + ©¥(r)), (r) exp (iB + ¥ (r')))
fq'(r') &(r)do
vy 1— [‘1’(")]2
< 7[p(Ra, ) = p(Ray)]/2[(1 = R)(Ra, Rug)]
< wp(r,7')/2 £ wp(z,2)/2.
From the fact that p(®(r), ®(+')) <p(r, 7') we obtain
p(2(r) exp (iB + ¥ (r")), ®(r') exp (iB + 7¥(r')))
= p(2(r), (r')) £ o(r,7') £ p(3,7).

A
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Combining the above estimates we choose K=2-+w/2 and the
proof of the lemma is complete.

Proor oF THEOREM 1. Let % be the homeomorphism and I’y be
the Jordan arc of Lemma 1. By a theorem of Lohwater and Piranian
[3, Theorem 9, p. 15], there exists a bounded holomorphic func-
tion g which does not approach a limit as z approaches ¢? along I’y
(0=6<2m). Hence the bounded light interior function f=g o k& pos-
sesses no radial limits. By Theorem A, f is normal.

Since g is bounded, g possesses radial limits at almost every point
of C. Let 7 be the radius terminating at e®. It follows easily that f
has point asymptotic values at almost every point of C along the
paths 2~1(74); and the theorem is proved.

Let & be a homeomorphism of D onto D. If for every e?& C and
every Stolz domain A at e¢? the image of some terminal Stolz domain
of A is contained in a Stolz domain, then we say that % weakly pre-
serves Stolz domains.

THEOREM 2. Let f be a light interior function with factorization
f=g o h where both h and k= weakly preserve Stolz domains and g is a
nonconstant normal meromorphic function. If f has the point asymptotic
value ¢ at e, then f has the Fatou value ¢ at e®.

Before we prove the theorem we establish the following lemma.

LEMMA 2. If b is a homeomorphism of D onto D for which both h and
h—! weakly preserve Stolz domains, then h can be extended to a homeo-
morphism of D onto D.

PRrOOF. Suppose & cannot be extended to be continuous in D. Then
there exists a point e# for which C(%, 8) = [¢1, ¢ ], with 0 <¢p, —¢; < 2.
There exist two radii 7; and 7, terminating at e*> and e®, respectively,
with ¢ <a<B<¢, for which A= 1(rei*)—e® and A~ 1(re?)—e®. Since k
weakly preserves Stolz domains, £ has exactly one nontangential
asymptotic value at ¢?, and hence one of A~1(r1) and £~!(r;) must be
a tangential asymptotic path. But then A~! does not weakly preserve
Stolz domains which contradicts our hypothesis. Therefore % can be
extended to be continuous in D and similarly £~! can be extended to
be continuous in D. It follows easily that % can be extended to a
homeomorphism of D onto D and the lemma is proved.

Proor oF THEOREM 2. From Lemma 2, & can be extended to a
homeomorphism of D onto D. Let f have the point asymptotic value
¢ along an asymptotic path T terminating at e¢®. Then 2(I") is an
asymptotic path terminating at k(e®) along which g has the asymp-
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totic value ¢. By a theorem of Lehto and Virtanen [2, Theorem 2,
p. 53], g has the Fatou value ¢ at h(e®). Since & weakly preserves
Stolz domains it follows easily that f has the Fatou value ¢ at ¢® and
the proof is complete.

Theorem 1 shows that the hypothesis that % is merely a homeo-
morphism of D onto D is not sufficient to imply the conclusion of
Theorem 2. However, by a theorem of Mori [5, Theorem 6, p. 69], if
k is a K-quasiconformal homeomorphism of D onto D, then both %
and h~! weakly preserve Stolz domains. Thus we obtain the following
result which was first proved by Viisild [6, Theorem 8, p. 22].

COROLLARY. Let f be a light interior function in D with factorization
f=goh with k a K-quasiconformal homeomorphism of D onto D and
g a nonconstant normal meromorphic function. If f has the point asymp-
totic value c at e®, then f has the Fatou value c at e®.
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