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Abstract. Let N be the class of nilpotent groups with the fol-

lowing properties:

(1) The center of N, Z j (N) is of prime order.

(2) There exists an abelian characteristic subgroup A of N

such that Z,(N)CAQZz(N) where ZtfN) is the second term in

the upper central series of N.

The main result shown is the following: If iVGK, then Ncannot

be an invariant subgroup contained in the Frattini subgroup of a

finite group.

Hobby has shown in [2] that a nonabelian group whose center is

cyclic can not be the Frattini subgroup of any £>-group. Chao in [l]

has shown that a nonabelian group whose center is of prime order

cannot be embedded in the derived group of any nilpotent group.

The result obtained here is of a similar nature. All groups considered

here are finite.

Definition. Let H be the class of nilpotent groups N which have

the following properties:

(1) The center of N, Zi(N), is of prime order.

(2) There exists an abelian characteristic subgroup A of N such

that Zi(N)EAQZ2(N) where Z2(N) is the second term in the upper

central series of N.

li N is an arbitrary group and N' is the derived group of N, then

NT\Z2(N) is an abelian characteristic subgroup of N. If N is nil-

potent and NT\Z2(N)QZX(N), then N'CZZX(N) and N has nil-

potent length 1 or 2. Hence if N has nilpotent length greater than 2

and ZX(N) is of prime order, then AG£-

The main result shown here is the following

Theorem. // AGS, then N can not be an invariant subgroup con-

tained in the Frattini subgroup of any group.

Clearly if the center of A is of prime order, then each term in the

upper central series of A is a p-group. Futhermore Z2(N)/ZX(N)

is elementary abelian. If AGS and A is as in the definition, then

A=A/ZX(N) is elementary abelian and is therefore the direct

product of cyclic groups of order p, denoted by XCP, • • • , kCp. In the
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natural way, A will be considered as a ^-dimensional vector space

over Fp, the field of p elements. We denote by 77 the natural mapping

from A onto A and by Inn^(iV) the group of automorphisms of A

induced by elements of N. If N is invariant in G, then it will be shown

that lnnA(N) has a complement in Inn^(G).

For notational convenience let Z = Zi(N). Let S= {aEAut(A);

<j(a)a~xEZ for all aEA, a(z)=z for all zEZ}. S is a subgroup of

Aut(^4) and lnnA(N) is a subgroup of 5.

Lemma 1. The set S with operations of composition and scaler multi-

plication defined by rp=pr for rEFp and pES is a vector space over Fp

and dim 5 = dim A. lnnA(N) is a subspace of S.

Proof. For aES, let/, be the mapping from A into Z defined by

fa(d) = a(a)a~1 where aEA such that 77(a) = a. It is easily verified that

/„(a) is independent of the choice of a and that /„£Hornfp(A, Z).

For/£Homfp(^, Z), let a/ he the mapping from A into A defined by

07(a) =/(<z)a where d=n(a). One verifies that 07GS. Define 8 to be

the mapping from S into HomFP(A, Z) defined by 8(a) =/„ and r to be

the mapping from rlomFp(A, Z) into 5 defined byr(/) =07. Then0 is a

vector space isomorphism with inverse t. Therefore 5=Hompp(^4, Z)

= A*=A, where A* is the dual of A. Clearly lnnA(N) is a subspace

of 5.

Lemma 2. Inn^iV) = 5.

Proof. For nEN, let cr„ be the automorphism of A induced by re.

HdEA is annihilated by 8(lnnA(N)), then /„„(a) = 1 for all nEN. Let

aEA such that 17(a) =a. Then nan~1a~1 = 1 for all re£iVand therefore

aEZ. Thus a is the identity of A and Inn^(A^) = S.

Let z he a generator of Z, xl be a generator of iCp and xtEA such

that ■n(x/)=x~i lor i=l, ■ ■ ■ , k. The ordering of the indices in the

decomposition of A, the choice of x} and xt will be considered as

fixed. The representation of a = xiai • • • xakz', 01, • • • , ak, sEFp is

easily seen to be unique.

We now find a particular basis for S=lnnA(N). Define, for

j— 1, • ■ ■ , k, the mapping ej from A into A by

,   "1 <*k  «, "l <U   (s+av)

ej(xi  ■ ■ - xk z ) = Xi  ■ ■ - xk z

Since each aEA is uniquely expressible in the form indicated, each

ej is well defined. One can then show that the set e\, ■ ■ ■ , ek is a

basis for S.

Lemma 3. Let NE% and N be invariant in G. Then Inn^(iV) is

complemented in lnnA(G).
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Proof. Let M= {PGInnA(G); B(xi)=xa1u • • •x?*for* = l, • ■ ■ ,k

where au, • • • , akiEFp}. Since A is abelian, M is a subgroup of

lnnA(G). Now let RElnnA(G). Then R(xi)=xf< ■ • • xfz'* for

i=l, ■ ■ ■ , k and R(z)=z'. Let tiEFp such that 5i+/,5 = 0 for

i=l, ■ ■ ■ , k. Then Pe',1 ■ • • e^ef'1 • • • ek~"° = R and, using Lemma 2,

Re?1 ■ ■ ■ e^EM and e-" • • • e~'kES. Hence lnnA(G) = lnnA(N) ■ M

and since MC\lnnA(N) clearly equals the identity automorphism of

A, M complements Inn^(A) in Inn^(G).

Proof of theorem. Suppose AGX and that G is a group such that

A is invariant in G and NC<p(G) where <p(G) denotes the Frattini

subgroup of G. Let/ be the homomorphism which assigns to each ele-

ment of G the automorphism which it induces in A. Then

InnA(A) =/(A) Q f(<t>(G)) C <b(f(G)) = *(InnA(G)).

However, by Lemma 3, InnA(A) is complemented in Inn^(G). This

contradiction establishes the result.

Corollary. A nilpotent group of length greater than 2 whose center is

of prime order cannot be an invariant subgroup contained in the

Frattini subgroup of any group.
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