GRAPHS ASSOCIATED WITH A GROUP!

R. J. PLEMMONS

ABSTRACT. It is shown that every group is isomorphic to a maxi-
mal group of graphs under the operation of graph product. In addi-
tion, maximal groups associated with an order graph are investi-
gated.

By a directed graph X is meant a nonempty set V= V(X) called the
vertices of X, together with a set E=E(X) called the edges of X
consisting of ordered pairs of distinct elements from V. In general the
notation follows [6].

For X a graph, a€V(X) and AC V(X) let

aX={bEV(X)| (a, 5)EEX)}, AX=U{aX|aE 4}, and X4=A4X*,

where X* denotes the converse of the graph X.

The product XY of two graphs X and Y with common vertex set V
isdefined to be the graph Z where aZ = (aX)Y for all a € V. Geometri-
cally this means that the row of Z for the vertex a consists of all
vertices which can be reached from a by an edge sequence of length
two in which the first edge belongs to X and the second to Y. Clearly
the graph product operation is associative. Of particular interest will
be the case where a collection G of graphs with vertex set V forms a
group. By a maximal group of graphs on V is meant one that is not
properly contained in any group of graphs with vertex set V.

The main result follows.

THEOREM 1. Let G be any group. Then there exists a maximal group
G of graphs with common vertex set, isomorphic to G.

In order to prove the theorem, a special class of graphs will be in-
troduced. A graph X is said to be simple provided that whenever
a, b€V (X) and 4, BCV(X), aX nonempty and aX =AX implies
a€ 4 and Xb nonempty and Xb=XB implies bEB. The group G in
the theorem will be a collection of simple graphs.

Now a graph 0 is a [partial] order graph on a subset V' of V if
E(0)S V' XV’ and the relation < defined on V’ by ¢ <b if and only
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if (a, b)) € E(0) constitutes a partial order relation on V’. The follow-
ing lemma identifies this class of graphs.

LeMMA. The class of simple idempotent graphs with vertex set V is
the class of partial order graphs on subsets of V.

Proor. Let X be a simple idempotent. Then for e EXV, aX
= (aX)X implies a&eX and for bE VX, Xb=X(Xb) implies b& XD,
since X is simple. Thus X V= VX and, letting VX =V’, (a, a) EE(X)
for all a€ V’. Now if (a, b)) EE(X) where a#b, then aX #bX implies
(b, a)&E(X). Clearly since X?=X, (a, b), (b, ¢c)EE(X) imply
(a, c)EE(X) so X induces a reflexive, antisymmetric, transitive
relation on V' and is thus a partial order graph.

If 0 constitutes a partial order graph then certainly 02=0 and if
a0 = HO for some a&0V then a Eh0 for some h&H so (h, a), (a, k)
€ E(0) imply a=hEH. Similarly b& V0 and Vb=0H imply bEH.
Thus 0 is simple.

Proor oF THEOREM 1. Let G be a group. R. Frucht [3] has
shown that there exists a partial order graph 0 such that G is iso-
morphic to 4(0), the automorphism group of 0. Let V=0V = V0 be
the vertex set for 0. By the lemma, 0 is a simple idempotent.

With each pE A4(0) we associate a graph X with vertex set V, de-
fined by aX,=(ap)0 for each a E V. Notice that (a8)0=(20)é when-
ever §EA(0). Let G denote the collection of all such graphs. Then
each member of G is simple since 0 is simple; and, since if X,, X, &G

aX,X, = (ap)0X, = [(aP)O]U = [a(PU)]O = aX,q,

the map p—X, is an isomorphism of A(0) onto G. Thus G is iso-
morphic to the group G of simple graphs on V.

Moreover, suppose §C 3C where 3C is a group of graphs with vertex
set V. Then 0 is the identity of 3 so if X& 3¢, X0=0X =X and for
some YE3, XY =YX =0. From YX=0 and X0=X it follows that
each set a0 is a union of sets 56X and vice-versa. Similarly since X Y =0
and 0X =X, each set Oa is a union of sets Xb and vice-versa. Thus X
is simple and X =p0 =00 for some permutations p, ¢ of V, since 0 is
simple and V0=0V = V. But p =0 since 0 is a partial order graph and
so XEG. Thus 3¢=G and § is a maximal group of graphs isomorphic
to G.

Finally, we consider the special case where the graph 0 constitutes
a total order on its vertex set V. In [1], [2] it was shown that the
automorphism group 4(0) of an order graph 0 is abelian iff it is iso-
morphic to a direct product of subgroups of the reals under addition.
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Moreover if 0 constitutes a well ordering of V, then 4(0) is trivial,
that is, it consists of the identity permutation of V [4].

Now by the proof of Theorem 1, the maximal group of graphs whose
identity 0 is a partial order on its vertex set V= V0, is isomorphic to
the automorphism group 4(0). Thus we have the following combined
result.

THEOREM 2. Let 0 be an order graph on V= "V0 and let Go be the asso-
ciated maximal group of graphs. Then G, is abelian iff it is isomorphic
to a direct product of subgroups of the reals under addition. Moreover,
if O constitutes a well ordering then Gy is trivial. In particular G, is
trivial whenever V is finite.

REFERENCES

1. C. C. Chang and A. Ehrenfeucht, A4 characterization of abelian groups of auto-
morphisms of a simply ordering relation, Fund. Math. 51 (1962/63), 141-147. MR 26
#198.

2. P. M. Cohn, Groups of order automorphisms of ordered sets, Mathematika
4 (1957), 41-50. MR 19, 940.

3. R. Frucht, On the construction of partially ordered systems with a given group of
automorphisms, Rev. Un. Mat, Argentina 13 (1948), 12-18. MR 9, 409.

4. C. Goffman, The group of similarity transforms of a simply ordered set, Bull.
Amer. Math. Soc. 60 (1954), 289.

5. R. L. Hemminger, On the group of a directed graph, Canad. J. Math. 18 (1966),
211-220. MR 32 #2346.

6. O. Ore, Theory of graphs, Amer. Math. Soc. Collog. Publ., vol. 38, Amer. Math.
Soc., Providence, R. 1., 1962. MR 27 #740.

UNIVERSITY OF TENNESSEE, KNOXVILLE, TENNESSEE 37916



