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Abstract. It is shown that for any finite or countable number

of points with positive weights on the sphere, there is always a

spherical cap such that the sum of the weights of the points in the

cap is rather different from the expected value.

1. Introduction. In the last three papers [3], [4], [5] of the present

series a method was developed to estimate irregularities of the dis-

tribution of points in Euclidean space or on the sphere. In these

papers essential use was made of the fact that the number of points

in any given set is always an integer. Hence it would appear that the

method of these papers is not adaptable to points with weights. On

the other hand, the method of Roth [2] is immediately adaptable to

points with weights. Professor Roth therefore suggested the problem

of generalizing the present method to deal with points with weights.

In fact it turns out that all the results of the three preceding papers

of this series can be generalized in this direction. Moreover it is

possible to deal with infinitely many points whose weights have a

finite sum. In this note we shall restrict ourselves to Theorem B of

[5], i.e. we shall deal only with the problem of spherical caps.

Let S = Sn be the sphere consisting of points x= (xi, • • • , x„, x„+i)

with x\+ ■ ■ ■ +xl+x'i+1 = l. Let pi, p2, ■ ■ • be points on S, with

nonnegative weights Wi, w2, • • ■ respectively. Assume throughout

that

oo

o- = Zw<
t—1

is positive and finite. Given a subset A of 5, put

v(A) =   Z    Wi-

In particular, v(S) =cr. Let dsx be the canonical volume element on S,

normalized so that fsdsx = l. Given a measurable subset A of S,

write p(A) =Ja dsx and

(1) HA) = v(S)»(A) - v(A).
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Let C(r, c) be the spherical cap on 5 with center c and with radius

r. We shall deal only with caps whose radius does not exceed 7r/2.

Write

(2) A(r, c) = A(C(r, c)),

(3) E(r, s) =  f A(r, c)A(s, c)dsc.

For any real a^l, put

jv

(4) o(a) = E w"i-

Then u(l) =v(S) =a, and we have always 0<ff(a) < co.

Theorem. Suppose «> 1 and €>0. Then

rTl2 /        1       \
(5) I       r~1E(r,r)dr^>ol 2-|-h eWl)-'1'"'-.

(Here and throughout, the constants implied by <<C as well as con-

stants Ci, c2, ■ • ■ will depend only on n and on e.)

If wn+i = wn+2= ■ ■ ■ =0, then we are really dealing with only TV

points pi, ■ • • , Pn- Note that in this case the right-hand side of (5)

exceeds

... „-(l/n)-£ 2 2        -U/n)-e
o(2)N = (wi + ■ ■ ■ + wN)N

Namely, by Theorem 16 of [l], we have (o-(s)/N)1i-^(o(r)/N)1'r if

s^r>0. Hence if a>0 we have o-(2-fa)/TV^ (o-(2)/TV)1+<"/2>

^(o-(2)/TV)(o-(l)/TV)°, and applying this with a = (l/n)+e we get

a(2 + (l/n)+e)^<x(2)cr(iyiM+'N-^i^-'.

Also note that if moreover Wi= ■ ■ ■ =wN = l, then <r(a)=N for

every a, and the right-hand side of (5) becomes N1~(-lln)~'.

Corollary. Suppose n>l and e>0. There is a cap C(r, c) with

i i / !        V/2
| A(r, c) | » ol 2 -\-he]    o-(-i/2»)-(«/«

(6) ( f      (j-M-u/nH.       i i -i/2

o[2+—+e)
[    \ n / J J

In particular, if WAr+i = wjv+2= ■ ■ • =0, then
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_  <  ^2+(l/n)+«

'(2 + T + *)

and 1+ log(A2+(1'")+')«A«, and this cap will have

r        . .   I ,2 2^1/2     -(l/2n)-2e
| A(r, c) | » (wi + ■ ■ ■ + wN)    N

Proof. We note that

E(r, r) ^   f (<rn(r) + v(r, c))2dsc
J s

wherep(r) =p(C(r, c)) and v(r, c) = v(C(r, c)). Sinceap(r)+v(r, c)«cr,

we have

E(r, r)«<r f (cn(r) + v(r, c))dsc
J s

«<r2ix(r)

« cr V.

Hence with r) = b(a(2 + l/n + t)(r(l)-2-(lln)-'yin, we obtain

f  r~^E(r, r)dr « oV « «v( 2 H-he) cr(l)-<1/")-«.

Therefore if 8 = 5(n, e) >0 is small, the integral on the left is small in

comparison with the integral in (5). Hence for such 8,

/"" / 1 \
I       r~lE(r, r)dr» ai 2 + — + e \a(1)~«">>-.

Now

/x/2                                   T                                                                  ff2+(lln)+t

r~ldr = log-log 77 « 1 + log- •

"(2 + T + <)

Thus there is an r with

/ 1 \ f f 0-S+(l/n)+« 1 -j-1
£(r,r)»(r(2+ — + e)<7-(1"')-<    1 + log   -

\ n        / / 1 \
cr(2+—+ e)

I    V        n        / J J

and hence a cap C(r, c) with (6).



1970] IRREGULARITIES OF DISTRIBUTION. V 611

2. The method of integral equations. Put

v = 0    if n is even,

= 1    if n is odd,

and let a, 8 be positive reals with a < 1 and

a + B = 1 + v.

Put

/> ir/2    /• t/2                               r — s
I       E(r, s) cos-

o     " o                            2
r+«sl

r + s(       r - s |W      r + j\-*
•cos-1 sin -   1    1 sin-J    drds.

Exactly as in §IV.l of [5], one obtains

/. tt/2
E(r, r)r-Hr.

o

Formula (10) in Chapter IV of [5] now becomes

Eir, s) =2^Hwiw3\kir,s,wipi,pf))-  j    j   kir,s,wix,y))dsxdsy).
i-l 3=1 \ J sJ s /

Lemma 6 of [5] is valid. The functions/o(r) and/*(r) of §IV.4 of [5]

with 5=tt/2 satisfy formula (29) in Chapter IV of [5], i.e.

(8) JTKt-'Tr)Mr)dr-J = CE(ir>ir)Mr)dr-

Since /o(r) and /*(r) are nonnegative, and since /o(r)<Kr1-"-" and

/*(r)»r1-n~" as r—*0, we obtain the following. By (7), the left-hand

side of (8) is

r112   ( ■k     ir   \ , r*12
« I       E( — r, — r J^-"-"dr + \j\ « I       E(r, r)r-Hr.

The right-hand side of (8) is

/•1/2 /„- w     \ /.tt/4

»l       r1-"-^^— r, — r)dry> j       r1~n-c'Eir,r)dr.

Here a was any fixed number in the interval 0<a<l. Putting

e=l —a we get
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/► x/2 p tt/4

E(r,r)r~Hry> I       r~n+'E(r,r)dr.
o " o

It remains to give a lower bound for the right-hand side of (9). This

is where the argument of [5] has to be altered.

3. Preparations. Write

(10) k={\ogo-};

i.e. k is the next larger integer to log a. For any integer m, let Pm be

the subset of {pi, p2, • • ■} consisting of the points p,- with

(11) e™-1 < Wi g em,

and put

Cm(a)   =      Z     W"i-

Since Ps+i, Pk+2, • • • are empty, we have

(12) Z  '-(a) = *(«)•
m=—oo

Write

(13) Am = em~\       Rm = \(Ajo-yi».

We have

| Pm I (eAmy ^ crm(a)

where |Pm|  denotes the number of elements of Pm, and observing

(12) and putting a = 2 + (l/n)+e we obtain

(14) 2^     |PmMm ^6     Cr[2-|-he)-
m=-» \ n /

The volume /j(r) of a cap C(r, c) is of the type

mW = ci I    (sin (pY^dip,
J 0

and hence one has

car"-1 ^ ju'W ^ cir"-1,

where p'(r) is the derivative of p(r). Put

(15) k = min(Ke1/n - 1), (6eCi)-').
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Then Rm{l+3K)^ellnRm=Rm+i, and for m^k one has Rmil+3K.)

^Rk+i^helln<ir/4- One has

piRmil   + 3k))   -  piRm)   S 3RmKClRm~\l  + 3^

< 3eciKRnm < Am/{2o)

by (13) and (15), and

(17) piRmil  +  2k))   -  piRm{l  + K))   ̂   RmK^Rm'1   =   C3Rm.

4. Caps with given center. Let a point c on S be fixed, and let

m^k be fixed. Assume that precisely

h = hmic) > 0

of the points of Pm lie in C(i?m(l+2K), c) but not in C(i?m(l-f-K), c),

i.e. in the complement of C(i?m(l-|-K), c) in C(i?m(l-(-2K), c). Then

for any r in the interval Rm^r <T?m(l-f-/c), one has p(r + 2RmK,c)

—v(r, c)^hAm. Hence since i?m(l+3/c) ^Rm+i, we have

r-n+nt(op(r)—v(r, c))2dr

B„

/<  Rm(.l+K)
r-n+n<ii<Tnir)-v{r,c))2+iopir+2RmK)-vir+2RmK,c))2)dr

R

/' flmd+n)

r-*+»'ivir+2RmK, c)-v(r, c)-oipir+2RmK)-u{r)))2dr

/. flmCl+«)
r-"+»>ihAm-%Am)2dr

Bm

by (16). We therefore get

2     2      /.«m(l+«)

^> h Am I r~n+nidr

Bm

» hAmRm

5. End of the proof. We have h = hmic), and

j    hmic)dc  =    |  Pm\   ipiRmil  +  2K))   - /i(i?m(l   + «))) »   \  Pm\  Rl

by (17). It follows that
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/> Rm + l f Rm + l
r-n+1+<E(r, r)dr ^   I r-"+1+»«.E(r> r)dr

Rm J Rm

•v*"   I  l m |  K-mAmKm A>   j  /«, |   ^m C

Therefore

/•*>*   -n+l+« /   J-,      ii        2+(l/n)+.\     -(l/n)-c
r £(r, r)tfY»[   2^   |PmM» ) <^

0 \m—oo /

by (10). In view of (9), the theorem follows.
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