AN INFINITE INTEGRAL INVOLVING
MEIJER G-FUNCTION

K. L. ARORA AND S. K. KULSHRESHTHA

ABsTRACT. In this note an infinite integral involving Meijer
G-function and confluent hypergeometric functions is evaluated.
Some particular cases of this integral are also discussed. The
method used is based on operational calculus.

Main result. The result obtained in this paper is
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where 7 is a positive integer. The result holds for

Rv+m+m'+nb; +2n +1) >0, i=12,---,h

and if the following conditions are satisfied:

(i) 2(h+i+n)=(p+9),

(i) |arg z| <(h+1—p/2—q/2+n)m,

(i) R[> jm1 b5— 2 pm1 a4+p/2—gq/2] < —1.
The symbol A(s, @) represents a/s, (a+1)/s, - - -, (a+s—1)/s.

In order to obtain result (1), we shall require the following result
[3, p. 56] after making slight adjustments in the parameters
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the formula [1, p. 4]
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and the following representation of Meijer G-function [2] as contour
integral
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PRrooF. On substituting for
al’ R s ap)
by, - - -, by

G::; (x
from (4) in the integrand (1), changing the order of integration and
evaluating the integral with the help of (2), one gets
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If we now apply (3) and interpret with the help of (4), we obtain the
main result (1).

The contour taken here is a straight line along the imaginary axis
extending from —7© to 47« with indentations if necessary so that
all the poles of T'(b;—s), j=1,2, - - -, by, I'(—v—m—m'—ns) are to
the right of it and the poles of I'(1 —ax+s), k=1, 2, - - -, [, and
Te+m+m'+1—nb;), j=1, 2, - - -, h, are to the left of it. This
is possible if R(a;—1)<0, and R@E-+m-+m’'+1—nb;)>0,
j=1,2,---,hk;¢t=1,2, - - ., 1l The change of the order of integra-
tion in the proof is also justified. Let us first investigate the conver-
gence of integral (5). We put s =1t and take the limit as — . Since
| T'(x+it)| =+/(2m)|t|=—1/2e—=Itl/2 the absolute value of the above
integral is comparable with

jm1 b= 2 5e1 a5+ p/2—g/2
exp{—%(2h+2l-—p—q+2n)|t}}e‘*‘|t|zl Zimart/2=0/

where z = Re*. Hence if (2a+28) >+ +34, then the integral is conver-
gent if either ¢ <(h+1—p/2—q/2)w or ¢ =h+1—p/2—q/2, then
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R[gbj—ZpIa,-+p/2—q/z:|<—1

j=1
while if (2h+421+42n) =p+¢, then the integral is convergent only if
6=0=((h+1—p/2—q/2+ n)x

and

q P p q
R[Zb,-— 2a,-+———]< - 1.
i=1 i=1 22

Thus we see that the change of the order of integration is permissible
under the conditions given with (1). As with them the integral (4)
is absolutely convergent. The inner integral after change of the order
of integration is absolutely convergent and the resulting integral (5)
is also convergent.

Since G-function is a generalization of a great many special func-
tions appearing in applied mathematics, many particular cases can
be obtained from (1) by giving particular values to the parameters.
We give below a few of the particular cases.

(i) Takingh=¢=4,1=0,p=2,a1=a, as=a+3%, bi=a+b, by=a+c,
bs=a—c and by=a —b and using the following result [1, p. 219]
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where
R{v+m+m’+2n+1+n(a+b,a+c,a-—c,a—b)} > 0,

n being a positive integer and Iarg zl = (n+1)w.
(ii) Taking k=q=4, =0, p=2, ax=3%4a, as=%—a, =0, b,=3%,
bs=>b and by= —b and using the following result [1, p. 218]
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where Ryv+m~+m'+2n+14+n(0, %, b, —b)]>0, n being a positive
integer and |arg z| < (n+1).

(iii) Let b=1,l=p=2, g=4, a1=%+a, as=0¢, by=a+b, by=a—c,
bs=a+c, by=a—b. Using the result [1, p. 218]
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where R[yv+m~+m'+2n+1+n(b+a)] >0, n being a positive integer
and |arg zl <unmw.

(iv) Leth=Il=p=2,9=4, a1=a, as=a+%, b1=0b, by=c¢, bs=2a—c,
bs=2a—b. Using the following result [1, p. 218]
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(12) Go (x

) = 24/7 2% Iypc0a(V/%) Ko—e(V/%),

we obtain
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where R[p+m—+m'+2n+1+4n(b, ¢)]>0, n being a positive integer
and |arg 3| < (n+1)7.

A, n —v—m—m —1),a¢,a+ 3% )
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