THE JACOBSON RADICAL OF THE ENDOMORPHISM
RING OF A PROJECTIVE MODULE!

R. WARE AND J. ZELMANOWITZ

ABSTRACT. In a recently published paper [3], the elements of the
Jacobson radical of a ring of row-finite matrices over an arbitrary
ring R are characterized as those matrices with entries in the
Jacobson radical of R which have a vanishing set of column ideals.
In this paper, the characterization is extended to include the
endomorphism ring of an arbitrary projective module. In the pro-
cess we offer a greatly simplified proof of the theorem for row-finite
matrices.

Throughout R will be an associative ring, and A an infinite index
s{et which vire will assume to be well-ordered by the ordinals, A=

1,2, ---}.

For a ring R, we will let Rf denote the ring obtained from R by
adjoining an identity element in the customary manner, and J(R)
will denote the Jacobson radical of R.

Recall that for R a ring with 1, a left R-module P is projective if
given any homomorphism f:P—N and any surjection g: M—N of
left R-modules there exists a homomorphism k:P—M with f=ho g.
It is well known [2, p. 86] that P is projective if and only if there
exist elements {xm|MEA}CP and homomorphisms {f\|A\EA}
CHomg(P, R) with x= Y \ea (xfr)xx for each xEP (the sum having
but finitely many nonzero terms). We will call such a family
{ G ) | NEA} a projective coordinate system for P. We need one more
definition before we can state our main theorem.

A set of left ideals { A\|NEA} of a ring R is called a vanishing set of
left ideals if given any sequence ay, @s, - - - with a;E 4,, for distinct
\;in A, there exists an integer # for which aia, - - - a,=0.

THEOREM 1. Let P be a projective left R-module, R a ring with 1, and
let € E=Homg(P, P), endomorphisms acting on the right. Then the
following conditions are equivalent.

(i) o€ J(E).

(i) There exists an infinite projective coordinate system {(xx, fr)|\
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€A} for P with {Pq&fx[)\EA} forming a vanishing set of left ideals
contatned in J(R).

(iii) Given any infinite projective coordinate system {(xx, fL)|NEA}
for P with PefC J(R) for each N, the set { Péfr| NEA} forms a vanish-
ing set of left ideals.

The hypothesis that the projective coordinate system be infinite
is no real restriction, and is only made to include finitely generated
projectives in the theorem. For if {(x.-, f¢)|i= 1,2,-- -, n} is a finite
projective coordinate system for P, we can expand trivially to an in-
finite projective coordinate system by taking x; arbitrary for :>n
and defining f; =0 for 2> n. The vanishing condition is then vacuously
satisfied. We therefore have that ¢ EJ(E) if and only if fors=1, - - -,
n, PefiCJ(R). This is just a restatement of the fact that J(E)
=Homg(P, J(P)) for P a finitely generated projective.

Before we begin the proof of the theorem, we develop some lemmas
which enable us to avoid some tedious matrix computations.

A submodule N of an R-module M is called small if whenever M is
a submodule with N+ M;= M, then already M,= M. There is a char-
acterization of the Jacobson radical of the endomorphism ring of a
projective in terms of small submodules.

LEMMA 1. Let R be a ring with 1, P a (quasi-) projective left R-module,
E=Homg (P, P). Then J(E) = {¢ €E| P is a small submodule of P}.

ProoF. Set T= {¢ EE| P¢ is a small submodule of P}; it is clear
that T is a left (in fact, two-sided) ideal of E. Given an arbitrary ele-
ment ¢ T, P=P¢p+P(1—¢). Since P¢ is small in T, P=P(1—9),
so 1 —¢ is a surjection. Since P is projective, there is a homomorphism
Y: P—P with ¢ (1 —¢) =1. This shows that ¢ has a left quasi-inverse.
Since ¢ was an arbitrary element of the left ideal T, TC J(E).

For the reverse inclusion, let $ & J(E) and suppose that P¢+Q=P
for some submodule Q of P. Let 7 be the natural map of P onto P/Q.
Since Pp+Q=P, Ppmr=P/Q. Since P is projective, ¢m lifts to a
homomorphism ¥: P—P such that y¢r =m. Thus P(1 —y¢) CQ. But
¢ J(E) implies that 1 —y¢ is an automorphism of P, and it follows
that P=P(1 —y¢)=Q. This proves that J(E)CT. Q.E.D.

LEMMA 2. Let R, P, Ebeasin Lemma 1. Then J(E) CTHomg(P, J(P))
where J(P) is the intersection of the maximal submodules of P. Conse-
quently, given ¢ EJ(E) and fEHomg(P, R), PopfC J(R).

Proor. Suppose that ¢ EJ(E), and let M be any maximal sub-
module of P. Then either P¢ S M or M+ P¢p = P. The latter possibil-
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ity cannot occur, because P¢ is a small submodule of P by Lemma 1,
which implies that M = P. M being an arbitrary maximal submodule
of P, P¢Z J(P) proving the first assertion.

The second assertion is an immediate consequence of the basic
isomorphism theorems: P¢fC( (maximal left ideals of R)=J(R)
for any fEHomg(P, R). Q.E.D.

It is known that J(P)=J(R)P; and that J(E) =Homg(P, J(P))
for P finitely generated. But we will not need these facts here.

We will now prove the theorem by showing that (i) implies (iii),
and is in turn implied by (ii).

(ii) smplies (i). Suppose {(xx, fx)|)\€A} is a projective coordinate
system for P, and with {Pgf,| NEA} a vanishing set of left ideals of
R contained in J(R). For convenience set 4, = P¢f\, NEA. For each
XxEP, xp= 2 aer XP)H1rE D ren Aavr. Thus PoC D sen Arxa.

We will be done if we can prove that Y aea Axxx is a small sub-
module of P; for then, a fortiori, P¢ is a small submodule of P, and
so by Lemma 1, ¢ €EJ(E). Let us therefore assume that Q is a sub-
module of P with D aex Axxa+Q=P; our task is to prove that
then Q=P.

Let x be an arbitrary element of P. Set Z=x+Q&EP/Q, & =x
+QEP/Q for each NEA. We can write

(1) x= Z Oy
MEA;
where A, is a finite subset of A and 05%¢\,E 4,, for each M &EA;. Next,
for each \;EA; we can write
(2) I = Z Ongn,
NEAs

where A; is a finite subset of A (depending on the choice of \;) and
054c,,E 4,, for each MEA,. (The reader will note that we are avoid-
ing some additional subscripting here. With this word of caution, no
confusion should arise.)

We claim that we can assume that given A EAy, My & A,. For one can
use (2) to write %\, =c\, %\, + ZM#M-MEA: %, with o, EA\, S JT(R).
Then (1 —-ch)xh= ZM#M-MGM Cry %y SO multiplying by (1—6)\,)_1,

- r_
3 n = Z Crafrgy Oy € Ay
A€ A AamEhy

Replacing equation (2) by equation (3) establishes the claim.
Thus 2= D _0\,0,%, With each nonzero pair ¢, ¢, coming from
distinct 4,,. Inductively, one can prove that for each integer =1,
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&= D . 000n - - - OEr, With each nonzero n-tuple of coefficients
Oy Ongy * * * » O cOming from distinct 4»,.

If 20, then we have for each integer #=1 such a product
0O O, #0 (possibly distinct products for different ). But then
by the Konig Graph Theorem, there would exist a sequence of ele-
ments Cx,, Oy O - - - With Ni5#N; for 25 and a6, -+ + 6, #0 for
every n. This would violate the hypothesis that {A)‘I )\EA} is a van-
ishing set of left ideals. Hence =0, and x being an arbitrary element
of P it follows that Q =P, completing the proof that (ii) implies (i).

(i) smplies (iii). Suppose ¢E J(E), and let {(xr, /A)|NEA} be any
projective coordinate system for P. For each NEA, we again set
Ay=P¢fr. We note that by Lemma 2 each 4,CJ(R). We have to
prove that {4,|NEA} is a vanishing set of left ideals of R.

Let a sequence ¢;EA4),, c2EA»,, - - - be given with the \; distinct
elements of A. Without loss of generality we can assume that
Ne=1, =1, 2, 3, - - - . Write ¢c;=pidfs, 1=1, 2, 3, - - -, where the
p:EP.

We define a (free) R-module F as follows. Set F= ZXEA D R,
where each Ry =R; write the elements of F as ZXEA e, where e, is
the element of F with 1 in the Ath coordinate, 0 elsewhere. There is
an embedding ¢ of P into F defined by xi= D sea (xfr)er. More-
over there is a homomorphism u:F—P defined by ( ZXGA \e\)
= ZXGA rx\, with the property that ¢ o u is the identity map on P.
It follows that F=P.@®ker u. We can now extend ¢ to an endo-
morphism ¢’ of F: given y&EF, write y=xt+2 where x&EP and
2€ker u, and define yp’'=x¢t. Note that F¢’=P¢.. We also
compute (pd)t=crer+ D sz (Dr9H)er, and in general, (pup)i=cie;
+ D oami (Pipf)er.

Choose a sequence ny, 7, 73, -+ -+ - of positive integers as follows.
Take n;=1, and for k=1 and #; having been chosen, inductively
select n;41> n; so that p,¢f; =0 for all integers j = n,,1. This selection
is possible because the sum D R is direct.

Let 7y, 7o, 73, - - - be an arbitrary sequence of elements of R.
Define y EHomg(F, F) via

2aaEF, (2 aed =2 he,

where for each positive integer j =2, ¢;=s,;_,7;_1, and #, =0 otherwise.
For any integer k=1, we compute
=1

k=1
Prd'Y = E (pm@fnriCis1 + Cnyfi€rsr = Z Ski?i€it1 T Cnpfk€it1,

i=1 =1

where sii=pndfn, EJ(R).
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Now since P¢u is a small submodule of P, F¢’'= P¢¢ is a small
submodule of F, and hence ¢ ¥ € J(Homg(F, F)). It follows that Fp'y
is a small submodule of F. Let G= Z?,l R(ex —cuyrienn) + Zkzw Rey.
We claim that Fo'Y+G=F. For, e;=ca 12+ (e1—Cn1162) = pnidy
+(e1—cCane) EFPY+G, so eaEFp'Y+G. Next, (14+sun)e
= (Sa17162+Cny?265) + (62— Cny7263) = Pt W+ (€2 — Cayr2es) © F'¥+G; and
since synEJ(R) it follows that e.&€ Fp'y+G. Inductively, one can
perform a similar calculation to prove that e,& Fp'yv+G for each
positive integer k. Since by definition G contains all other e, we have
FoYy+G=F. Fp"y being a small submodule of F, we conclude
that G="F.

Thus we can write e; in terms of the generators of G,

k
e = D ai(e;s — cafieiry) + f\: brex
2w

=1

with each a;, by ER. Comparing coefficients, we see that each o, =0,

a1=1, ar=cCaf1=C1r1, A3=0n, 2=C1T1CnsT2 * * *, @k=Ck—1Cny_Th1=
CriCasta * + * Cmy_i?k—1, and finally O=aica e =c1716n, - - - Cay?x. For
1=i<k—1,select7i=cCnq1 * * * Cnypy if #i+1<miq,and ri=1 other-
wise; and choose 7, =1. Then ¢icec3 - - - ¢4, =0, and this completes the

proof of the theorem.

Row-finite matrices. Given a ring R, we let R; denote the ring of
A XA row-finite matrices over R; Rf will denote the ring of AXA
row-finite matrices over Rf. It is convenient to regard Ry as a ring of
endomorphisms, acting on the right, of a free left Rf-module P with
basis {x\|NEA}. This is possible by identifying R;C Rf = Homg#(P, P);
and for 4 = (aw)u,,ea&E Ry, and any pEA, x,4 = E,GA @uwXy, the sum
having but finitely many nonzero terms. We define the Ath column
left 1deal of A to be the left ideal of R generated by {a,,xl yEA}. The
following theorem was proved in [3], and is now an immediate
corollary of Theorem 1.

THEOREM 2. In order that A = (@), ,caE Ry be an element of J(Ry),
it is mecessary and sufficient that each a,,EJ(R) and the column left
ideals of A be a vanishing set of left ideals.

Proor. First assume that R=R¥#, and regard 4 as an element of
Homg(P, P). For each AN&A, define fAEHomg(P, R) to be the natural
projection homomorphism defined by (X aea nxa)fa=r. Then of
course {(xx, fx)l)\EA} is a projective coordinate system for P.

Hence by Theorem 1, A &€ J(Ry) if and only if {PAfxl)\EA} is a
vanishing set of left ideals contained in J(R). But
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2 = ( Zra) 4 = (T Rows )i = X Roa,
BEA B,/EA wEA
which is just the Ath column left ideal of 4. This proves the theorem
for rings with an identity element. For arbitrary rings the proof is
completed by the following observation.

LemMA 3. J(Ry) = J(RY).

ProoF. We can apply Theorem 2 to Rf to learn in particular that
J(R}) CJ(R¥);. (This is also easy to show directly.) So J(Rf) CJ(RY),
=J(R); CRy. Also by viewing Ry as a two-sided ideal of Rf, we have
J(R) =R,NJ(RY. But J(RHCR;, so J(R;)=RNI(RN=I(RY.
Q.E.D.

Some concluding remarks are in order. The proof that (ii) implies
(i) in Theorem 1 used a construction due to Bass [1, pp. 473-474].
The proof of the converse, while straightforward, is unsatisfactory
in that one is forced to go outside the projective module to an asso-
ciated free module. This should not be necessary.

The authors would like to thank Professor S. A. Amitsur, whose
insightful presentation of the proof in [3] stimulated them to attempt
the proof here presented.
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