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ON A GENERALISATION OF HERMITE
POLYNOMIALS

MAYA LAHIRI

Abstract. In this paper, the author introduces a generalisation

of the Hermite polynomials. Hypergeometric representations, a

new generating relation and »ith order differential formulae for the

generalised polynomials have also been derived therein.

1. Introduction. In the present paper, an effort has been made to

generalise Hermite polynomials. For brevity, the following notations

have throughout been adopted:

a     a + Í a-\- b — 1
(i) A(b ;a) = — > -> • • - > - •

b b b

,      / a\   /a + l\ /a + b - 1\

(ii)       •* 4-(t).<—).-(-T-);
b    6+1 b + a-2

(iii) A[a(l);b] =—, -,-•-, -
a a a

i.e. the last one term of the sequence A (a; b) is deleted.

,      / b \   lb + 1\ /b + a- 2\
(iv) Ak[a(l);b] = (-) •(-)   • • ■ (-) •

\a /k \    a    /k \        a        /k

2. Definition. We defined the generalised polynomial set Hn¡m,,(x),

by means of the generating relation :

(2.1) X) - = e'1'"*",
n-0 »!

where » is a nonnegative integer and m is a positive integer.

3. Hypergeometric form. Relation (2.1) can be put into the form

*   Hn,m,y(x)t» _     -     (-\)*(vxyt»+mk

n-o        »I »,*-o n\k\

oo    [n[m]     (_\\k(y*r\n—mktn

= EI   —rr.-¡rr--
_ n-o t-o       k\(n — mk)\

Received by the editors December 2, 1969.

AMS subject classifications. Primary 2660; Secondary 3340.

Key words and phrases. Hermite polynomials, Laguerre polynomial, generating

relations, hypergeometric series, series representation, elementary series manipula-

tion, nth order differential formulae.

Copyright © 1971, American Mathematical Society

117



118 MAYA LAHIRI [January

On comparing coefficients of tn from both the sides, we get:

(3.1) Hn,nA*)   -     zZ J
i»o      k\{n — mk)\

(•M (_ J) <m+l)*(_n}mktvxy-mk

i-0 k\

inhn] (_ 1) ("•+!)%»•*Ai[(w; -«)](vx)n-m*

"    eu *l
(3.2) :.Hn.m,,ix) = ivx)"mF0[Aim; -»);-; -(-w/"*)m]-

Particular cases, (i) when w = l, we have

(3.3) #«,!.,(*) = (vx - 1)".

(ii) When wz=j' = 2, we get the well-known result:

Hnix) = (2s)»2A„[a(2; -»);-;--]•

4. Another hypergeometric form for Hn,m,vix). Taking n=m mi

+í«2 in (3.1), where mi and wz2 are positive integers and w2<wz, m

being a positive integer, we get:

^i, (-l)*(m«i + »t!)!(w)",1+'»'-m*

h~o k\\rnmi + m2 — mk) !

™    (-l)"r'(wmi + «j)!(i/j;)"i+»'

*=o («i — ¿) !(w2 + mk) !

(—l)mi(wwi + w2) ¡(we)"12 ^ (—Wi)i(vx)'"*

wi!w2! i_o     (1 + ?»2)>n*

(— l)miimmi + m2) \ivx)m* ^    (—mi)k(l)k(vx)»*

• • £*mmi+mi,m,w\X)

Mi!«i2! *-o ^!wm*Afc(w; 1 + mi)

(-l)mi(l + m2)mmiivx)™

Will

(4.1) XtFar-Mt,i;-A<«;i + *»»);(—)

Particular cases.

Case (i). When «1 = ^ = 2, we get
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i-í)míil+m2)2mii2x)»»

H2mi+m¡ix) -
(l.¿)

X íFi[-f»i, 1; A(2; 1 +m2); x2].

Case (ii). Writing r for mx and taking m2 = 0 in Case (i), we get:

(4.3) 772r(x) = (-l)r22rr!7r(_1/2)(x2),

where Lra) (x) is the Laguerre polynomial.

Case (iii). Writing r for Wi and taking m2 = 1 in Case (i), we get:

(4.4) 772r+1(x) = (-l)r22r+1r!x£r1/2>(x2).

Results (4.3) and (4.4) have also been given by Szegö [l], the proof

being completely different.

5. Another generating relation. From (3.1), we get:

A   jC)nHn.mAx)tn   _    "    *™    (~1)*(C).(W)-—*f

n-o n\ „_o jfc-o k\in — mk)\

A   i-l)hiC)mkjc + mk)nivx)nn+mk

n,k-o k\n\

"    _ . E «-*At(»;c)(-i-)*
= Z- iFo[c + w£; — ; vxt\-

*—o k\

= (1 - vxt)-cmFo^Mm;c); -; - (^^) ]•

We thus arrive at the divergent generating relation:

r                           /   mt   \m~[
il-vxt)-°mFo\Aim;c);-; -(--)

(5.1) L Vl-«*/J

Particular case, when ?w=v = 2, we get the well-known result:

r /     2/     \21      A ic)„H„ix)tn
(1 - 2x0- 2F„   A(2; C) ; - ; - (-— )     S £-^— ■

L M — 2x// J      n_o w!

6. »th differential formulae.

First form. From (3.1), we get:
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w! jt_o     kl(n — mk)\

[n/m]    (_1 )& j T\{m—\)nArtnn—mk \ „n—mk

A-*

(6.1) = />(—d» ¿

k limn — mk) !

/_ 1 \kvn—mk n/mn—mk

k-o      k\imn — mk)\

because D'-m-l)nxmn-'nk — 0, for [n/m]<k^n.

*_o      (« — k) \imk) !

(—n)kivx)mk
=  (_1)ny(l-m)n£)(in-l)n V"

I« klm^A^mil) ; l]

(6.2) = (-l)"^1—>»£»('»-1)''1Fm_ir-W; A(f*(l); 1); (^) 1.

Particular cases, (i) When wz = »' = 2 in (6.2), we get

W! n     n     Í—1/2)      2

(6.3) ff,(*) - — (-*) Z>¿   M(x).
(2)1

(ii) For » = 2r, m = i' = 2 and with the help of (4.3) we get:

.... (-1/2)      2 (-l)r(l)r        2r    (-1/2)      2
(6.4) 7r       (x ) = -7) 72r      (x ).

2  '(2)2r

(iii) Again for n = 2r + l, m=v = 2 and with the help of (4.4), we

get:

ram, 2,     i-iy+\2r+ 1)(§),   ,r+1 (_,/„   ,
(6.5) Zr     (x ) =       2W(iWi>       ¿>    WOO-

Second form. From (6.1), we get:

»    (_ i)(m+i)v-'»*(—mn)mkxmn~mk

k limn) I

vnn\ "   mmkAkim; —»m)(—l)(m+1)*
(6.7) =-Z}(m-1)V 2J -

(«»)! i_0 ¿¡(px)"1*

v"n\

imn)
-7>(m-1,n-{xmnmFo   Aim;—mn); — ;—(-J    > .
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Particular cases, (i) When m =v = 2, we get:

(6.8) Hn(x) = -£— D»H2n(x).
2n(2n) !

(ii) When « = 2r and m = v = 2,irom (4.3), we get

r*M r(~1/2)/  »\ (—*)'($)' r,2rrr/   f M(6.9) P (x ) =      -....,     #   [P4r(*)J.
22r(4r) !

(iii) When w = 2r-fT and w=i' = 2, from (4.4), we have

(6.10)     LrV) = J-'f   p2r+i[p.+2(x)].
r!28r+4(i)2r+ix

(iv) From (6.9) and (4.3), we get

..... (-1/2)      2 (-l)r(è)r        2r    (-1/2)      2

(6.11) LT       (x ) = -P L2r      (x).
2 r(2J2r

(v) From (6.9) and (4.3), we get

ttirt 7-<1/2V S      (-l)r+1(2r+l)Q)r    as-i   (-i/»    2X
(6.12) P     (x ) =-P      L2r+i   (x ).

22^2(|)2r+1x

In conclusion, the author wishes to express her thanks to Dr. B. D.

Agrawal for his helpful criticism and advice.
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