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ON A GENERALISATION OF HERMITE
POLYNOMIALS

MAYA LAHIRI.

ABSTRACT. In this paper, the author introduces a generalisation
of the Hermite polynomials. Hypergeometric representations, a
new generating relation and nth order differential formulae for the
generalised polynomials have also been derived therein.

1. Introduction. In the present paper, an effort has been made to
generalise Hermite polynomials. For brevity, the following notations
have throughout been adopted:
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i.e. the last one term of the sequence A(a; b) is deleted.
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2. Definition. We defined the generalised polynomial set Hp,m,(x),
by means of the generating relation:
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where 7 is a nonnegative integer and m is a positive integer.
3. Hypergeometric form. Relation (2.1) can be put into the form
2 Hpmy(x)t (= 1)k(px)mrtmk
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On comparing coefficients of ¢* from both the sides, we get:
In/ml (—1)kpl(px)n—m*

im0 Rl(n —mk)!

taml (— 1) wHDE(— gg) 0 (v) "=k

3.1) Hpymo(2) =

k=0 k!
[n/m] (_ 1) (m+1)kmmkAk[(m; _n)](,,x)n—mk
= k!

(3.2) . Hupmp(x) = (v2)* mFo[A(m; —-n); —; — (_m/,,x)m].
Particular cases. (i) when m=1, we have
(3.3) H,,,(x) = (vx — 1)

(ii) When m =v=2, we get the well-known result:

Hy(x) = (22)" ,Fo[m; i — i] .

x2

4. Another hypergeometric form for H, . .(x). Taking n=m m,
+m;, in (3.1), where m, and m, are positive integers and m.<m, m
being a positive integer, we get:

1 (—=1)k(mmy + ms) |(vx)mmrtma—mk

Hmml+mg.m,v(x) = z:
k=0 kl(mmy + mo — mk)!
w1, (= 1) (g + ma) ()t
k=0 (my — k) (my + mk)!
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Particular cases.
Case (i). When m=v=2, we get
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(=)™ + m2)2m,(22)™
(a.2) Temeim(®) = ma!

X oFa[—my, 15 A(2; 1 + my); 2.

Case (ii). Writing 7 for m; and taking m;=0 in Case (i), we get:
(4.3) Ho(z) = (=1)2"n1L7 " (),
where L® (x) is the Laguerre polynomial.
Case (iii). Writing r for m; and taking m,=1 in Case (i), we get:
r 2r41 (1/2), 2

4.4) Hopps(x) = (—1)2 rlaLl, “(x).

Results (4.3) and (4.4) have also been given by Szegé [1], the proof
being completely different.

5. Another generating relation. From (3.1), we get:
2 Onllama (D)t 2 W1 (—DHOalr) ot

P )

n! n=0 k=0 kl(n — mk)!

& (=D C)mi(c + mk)n(vx)nntm*

>

n k=0 k!n!
o m™Ar(m; c) (—tm)*
= 2 1Folc + mk; —; vat] s (=)
part k!
mi m
=(1- vxt)‘cmFol:A(m;c); - = ( ) ]
1 —vwxt

We thus arrive at the divergent generating relation:

mt m
a- ”xt)_cmFo[A(m; 0); —; —( ) ]
1 —wxt

~ i (©)nHpm o (x)t? .

nax0 n!

(5.1)

Particular case. when m =y =2, we get the well-known result:

& (©nHa(x)t® )

(1 = 2xt)~¢ 2F0[A(2; €); —; — ( 2 )2] >~y

1 — 2xt nm=0 n!

6. nth differential formulae.
First form. From (3.1), we get:
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Homp(x) ol (—1)k(px)mm*
nl = kN n — mk)!
[n/m] (_l)k{D(m—l)nxmn—mk}vu—mk

=0 kli(mn — mk)!
(_ l)kyn—mkxmn—mk

(6.1) = Dm=Dn 3

=0 Rl(mn — mk)!

because Dm—Daymn—mk =, for [n/m]<k=<n.

1 n—kyn—m(n—k) ,»mk
o Hy o (x) = DDy Z (=) " x
=0 (n — E)!(mk)!

2 (—n)(rr)™

= _1 n (l—m)nD(m—l)u
(=1 5 Elmm A [m(1); 1]

6.2) = (—1)»p-—mnDim—1n lF,,._l[-—n; A(m(1); 1); (,,;x)m]

Particular cases. (i) When m=v=2 in (6.2), we get

nn(llz) 2

6.3 H, = .
(6.3) (%) (%)” ( HD (=)
(ii) For n=2r, m=v=2 and with the help of (4.3) we get:
“rm, o (DG 2 cam
(6.4 L) = e D,

(iii) Again for n=2r+41, m=v=2 and with the help of (4.4), we
get: '
amy, 2, (=DM Q2r+1)@)r _ora1_12

(6.5) L) = ) e D™ Lo ().
2)2r+1

Second form. From (6.1), we get:

( 1) (m+1 )kl,n—mk( —mn) mkxmn—mk

(6.6) Hpmy(x) = D("‘“)"n'z

k=0 o k'(mn)' A
vnl mm A (m; —mn)(—1) m+Dk
6.7 D(m—l)n mn : « -
©D " (mm)! * E, El(vx)m*

v*n!

(mn)'! Dm=1n {x""' mFo [A(m; —mn); —; —(— %)m]} .
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Particular cases. (i) When m =v=2, we get:

n!

6.8 T Hu(x)'= - D*H 2, (x).
©9) @ = g D

(ii) When #=2r and m=v=2, from (4.3), we get

-1/2), 2 (=)@ _or

6.9 L " (x)= W D" [Hu(x)].

(iii) When n=2r+4+1 and m =y =2, from (4.4), we have

am, 2 -y 2r+1

6.10 L, =————D |H .
( ) (=) 1B (3) e a [ 4,.+2(x)]

(iv) From (6.9) and (4.3), we get

crn, o (DB e a2
(6.11) L, () = ——227(%)2' D L, "(x).

(v) From (6.9) and (4.3), we get
am, 2. (=1 2r+1)3)r 201 (<172, 2
(6.12) L () = T D" Lyt (®).

In conclusion, the author wishes to express her thanks to Dr. B. D.
Agrawal for his helpful criticism and advice.
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