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EXPLICIT CHARACTERIZATION OF
SPHERICAL CURVES

SHLOMO BREUER AND DAVID GOTTLIEB

ABSTRACT. It is shown that the differential equation charac-
terizing a spherical curve can be solved explicitly to express the
radius of curvature of the curve in terms of its torsion.

In a recent paper [1], the authors have deduced necessary and
sufficient conditions on the (sufficiently smooth) coefficients of the
general linear, homogeneous, nth order, ordinary differential equa-
tion, so that it can be carried into an equation with constant co-
efficients by a suitable transformation of the independent variable.
The transformation is determined and the solutions are given ex-
plicitly in terms of the original coefficients whenever the conditions
are met.

For our purpose here, we quote a special case of Theorem 4.1in [1]:

Let the real functions p(x) and g(x) be continuously differentiable
and positive throughout some interval J. Then a necessary and
sufficient condition that the equation

(1) [p@)y'] + q(®)y =0

can be transformed into an equation with constant coefficients in J,
through a transformation of the form

2 E=fa(x)dx

with a(x) continuously differentiable, is that
(3 (d/dx)[p(x)q(2) ] = cq(a),

where cis an arbitrary real constant.

At most three distinct cases can arise, depending upon the value
of ¢ in (3), and they are all treated explicitly in [1]. In particular, if
¢=0, we find from (3) that

@ (@) = D,
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where D2 is a positive constant. In that case, Corollary 4.1 in [1]
shows that the general solution of (1) is given by

(5 y(x) = A, cos [Df q(x)dx] + A, sin [Df q(x)dx],
where A1 and A, are arbitrary constants. This result can of course be
verified directly.

We wish to apply the last result to the explicit characterization of
spherical curves. Let s, p(s) and 7(s) denote, respectively, the length
of arc, the radius of curvature and the torsion of a curve. Then it is
well known [2, p. 62] that, for 770, a necessary and sufficient condi-
tion that the curve be a spherical curve is that p(s) and 7(s) satisfy

© 2 L]+ = 0

dsL7(s) ds TR =T
The authors are not aware that any explicit relation between p(s) and
7(s) has ever been deduced from (6). However, comparing (6) with (1)
and identifying p with ¥, we find that p =1/7, ¢ =7, and consequently
from (4) that D2=1. We conclude, therefore, with the aid of (5) that
a curve is a spherical curve if and only if p(s) and 7(s) satisfy the
explicit relation

™) o(s) = Ay cos[ f ‘r(s)ds] ¥4, sin[ f -r(s)ds],

Aiand 4, being arbitrary constants.
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