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APPROXIMATION BY HOMEOMORPHISMS AND
SOLUTION OF P. BLASS PROBLEM ON
PSEUDO-ISOTOPY

W. HOLSZTYNSKI

AssTrACT. For every map of f:S'—S= {sEC:|z| =1} of de-
gree 1, existence of a pseudo-isotopy h:S'XI—R = {2EC:|z| =21}
such that (2, 0) =2 and k(z, 1) =f(2) is established. On the other
hand (i) maps of I"* into I"X0CE"*! cannot be, in general, uni-
formly approximated by homeomorphic embeddings of I in E»+1
for n>1, and (ii) maps of S* into S*CE" of degree 1 cannot be, in
general, extended to a pseudo-isotopy of S" into E*t1,

P. Blass asked me: Can every mapping g:S"—S" of degree 1 be
obtained by a pseudo-isotopy in Euclidean space E**! from an em-
bedding? Does there hold an analogous assertion for mappings of S*
into itself of other degree?

We will show that the answer is positive for n=1 (see §1) and
negative for n>1 (see §4).

1. 1-dimensional case of a map of degree 1. First we will describe
the most intuitive case. Some more general and stronger results are
contained in §2.

Let C be the complex plane,

St={ze€C:|z| =1},
R={zeC:|z| 21}

(1.1) THEOREM. Let f: S'—S! be a map of degree 1. Then there exists
a homotopy F:S'XI—R such that F|S'X {t} is a homeomorphic em-
bedding for every t& 1. { 1 }, and F(z, 1) =f(2) for every 2 S'.

Proor. Instead of pair (R, S!) we will consider the homeomorphic
pair (S'XE*+, S1X {0}), where E* is the set of all nonnegative reals.
Let £:S!'XI—S! be a homotopy such that i(z, 0)=2 and k(2, 1)
=f(2) for 2&S'. Next, let

(1.2) u(z, ) = h(z, )z for (3,0)) ES' X I.
Then #(S'X {0}) =1, so that there exists a mapping v:S'XI—E*
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such that u =e?***, Homotopy Fy:.S!XI—S!XE* given by formula
Fo=hAvi.e. Fo(z, t) = (h(z,t), v(z, t)) has the following two properties:
if t<1 and 2172, and h(z1, t)=h(z, ¢) then wu(z;, t)>=u(z, t) and
Fo(z1, 1)~ Fo(zs, t). Thus Fo] S'X {t} is a homeomorphic embedding
for ¢<1. The second property is:

Fo(z, 1) = (f(Z), ‘D(Z, 1))'
Thus the required homotopy F:S!'XI—S!XE* can be given by

F(z, t) = Fo(z, t/2) for0=t=<3%,
= (), 2—-20)9(3,1) forj=t=1

REMARK. A homotopy F on X such that F| X X {t} is a homeo-

morphicembedding for0 =<t <1 is said to be a pseudo-isotopy (compare
F from Theorem (1.1)).

2. 1-dimensional case of a map of degree n. We will give a gen-
eralization of pseudo-isotopy.

(2.1) DerinNiTION. Given topological spaces X, Y, a mapping
g:X—Y is isotopically dominated by a mapping f:X—Y iff there
exists a homotopy F:X XI—Y such that

(i) F(x, 0)=f(x) and F(x, 1) =g(x).

(ii) If 0=t<1 and f(p)#f(g) then F(p, t)#~F(q, t) for every p,
e X.

(iii) If 3 =t<1 then F(p, t)=F(q, t) iff F(p, })=F(q, %), for every
b, ¢EX.

The homotopy F will be called a pseudo-isotopy. In the case of a
homeomorphic embedding f and compact X the homotopy F is a
pseudo-isotopy in the usual sense.

Let us remark that in such a case also the homeomorphic embedding
f is isotopically dominated by g (we can define a respective pseudo-
isotopy G by G(x, t) = F(x, 1—1t)).

(2.2) THEOREM. If, for f, g:S'—S!, Rord f=ord g then g is isotopi-
cally dominated by f in R.

Proor. Let %:S'XI—S! be a homotopy that connects f and g,
i.e. h(z, 0) =f(23) and k(z, 1) =g(2). Next, let

u(z, t) = h(z, )(f(z))~* for (z,¢) €ES' X I (compare (1.2)).

Then u(S'X {0})=1 so that there exists a mapping v:S!'XI—E!
into the real line E! such that u =e?*%*. Then the desired pseudo-
isotopy F:S'XI—R is given by
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F(z, 1) = ' (3, 28)-h(z, 20 for0 <t <3,

(2.3)
=201 =)' (2,8) + 2t — 1)-g(2) for} <t=1,

where v'(z, t) =1+49(z, t) —inf.eq v(x, £).

Indeed, F is a well-defined mapping and condition (i) holds. Next,
if f(p) #f(q) and k(p, t) =h(q, t) then u(p, t) #u(q, t), and consequently
v'(p, t)#'(p, t). But if h(p, t')#Zh(qg, ¢') or v'(p, t')#V'(q, t') for
¢ =min(2¢, 1) and (<1, then F(p, t)#~F(q, t). Thus condition (ii)
holds. It is easy to see that condition (iii) also holds.

(2.4) CoROLLARY. If g:S5'—S' is a mapping of order 1 then there ex-
ists a homotopy F:S'XI—R such that

(*) F(z, 0)=z and F(z, 1) =g(2) for every s€ S,

(**) F|S'X {t} is a homeomorphic embedding for 0<t<1.

Looking for F I S1X [4; 1] at (2.3) it is easy to obtain the following

(2.5) CorOLLARY. Letord f=ord g for f, g: S1—S1. Then there exist
f1:S1oS8' XTI and f21f1(SY)—St such that f=f,0fi and g=p-fi, where
p =S XI—S"is the projection (p(z,t) =32).

(2.6) CoroLLARY. If ord g=1 for g:S'—S!, then there exists a
homeomorphic embedding fr=S'—S* X I such that g=p ofi.

3. Approximations by homeomorphisms. Let Q*= { xEE": | x] =1 } ,
Sm—1=(mand let ¢: 5151 X {0} C E**! be a continuous mapping.
Next let X; be a space obtained from @~ by identification of points x, x’
such that ¢(x) =¢(x’) and let X, be a space obtained from S*1X7I
by identification of points (x, 0) and (¢(x), 1). Then X, X, are the
compact metrizable spaces such that

H”_l(Xl) = Z; and H,,..l(Xz) =Zr

where k=ord ¢ (we shall consider Cech homology theory).

(3.1) THEOREM. Under the assumption |ord ¢| >1, there does not
exist a sequence of homeomorphic embeddings of Q® into E™t! which is
uniformly convergent to a mapping g: Qr—E"H, such that g(x) = (¢(x),0)
for xES*and g1(S*1X {0}) =S,

Proor. Let f:Q*—E**! be a homeomorphic embedding of Q" into
Er+lguch that

e = ¢(f) = max |f(x) - g(x)| <1t
zEQ

n—1

1 In fact, we think that there does not exist such f.
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Then we define k;: X;—E*+! as follows

by (x) =f<Ii—€> for |#] <1—-

L (- e

Now, if for a sequence fi, f, + + +, e=€(f.)—0 then the mappings
hs: X;—Rn*! are arbitrarily fine (i.e. under a metric in X; the map-
pings k;, are 8,-mappings with 8,—0). For this reason H,_;(k/(X1))
contains a cyclic element of order 2=ord ¢, for an embedding f (to
prove it see for instance [1, p. 39] and [2]). But %,(X)) is a subspace of
Er+1, This contradiction shows the truth of the theorem.

(3.2) THEOREM. Let g:S"1XI—E™! be a mapping such that
g(x, 0) = (x, 0), g(x, 1) = (p(x), 0) for every xE S, and g~*(S* X {0})
=S-1X {0, 1}. Then, under the assumption |ord go—ll > 1, there does
not exist a sequence of homeomorphic embeddings of S*~'XI into E™+!
which is uniformly convergent to g.

Proor. Let f: S*~1 X I—E"t! be a homeomorphic embedding such
that

e=e(f) = max, If(x) t) — g(=, 0) I <3
(z.)e8™  XI

Then we define s : Xo—E*+! as follows:

hf(x7 t) =f(x> t) f0r€§t§1—e,

t t
=—f(x,t)+(1——>g(x,t) forO0=t=e
€

€

1 —1 t—1+4e€
f(x, 8) + ———g(=, t) forl —est=1.
€ €

Now we can repeat the arguments from the proof of Theorem (3.1).

4. n-dimensional case, 7 = 2. Let S be the unit sphere of Euclidean
space Ertl=E» X E!, and let g: S"—S" be given by
1— (24 1)2
glx,8) = (s-2, 2t + 1) for —1=¢t<0 and s=—T:
x
= (s-¢(x), 1-2 min(¢, 1 — ¢))

for0=t=1 and s=1—4( — })?
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where ¢: S"~1—S5"1 is a mapping of order #0, 1. It is easy to see that
ord g=1 i.e. that g is homotopic to the identity mapping. But there
does not exist a pseudo-isotopy for g i.e. such a homotopy F:S*X[
—Enr+1 that F|S"X {t} is a homeomorphism for 0=¢<1 and that
F(x, 1) =g(x) for every x €S Furthermore, let

Pi={wneESsSiuzi}, P={kx)Es|t =3}

and g;= g| P;fori=1, 2. We denote also by p: E**1—E" the projection
given by p(x, t) =x. Then the following lemmas hold; these are the
consequences of the result of §3.

(4.1) LemmMmaA. If lord ¢| > 1 then there does not exist a sequence of
homeomorphic embeddings f,: P1—E™t! which is uniformly convergent
to gll P 1.

(4.2) LEmmMmA. If l ord o — 1| > 1 then there does not exist a sequence of
homeomorphic embeddings f,: Py—E"+! which is uniformly convergent to
gzl P 2

(4.3) COROLLARY. For every n=2 there exists a mapping g:S*—S»
C E~+1 of order 1, that is not isotopically dominated by a homeomorphic
embedding.
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