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ABSTRACT. Let F be any division subring of the real quateinions
H. Let Io(F) denote the linear space of all square summable se-
quences from F and let L denote the lattice of all “ I -closed” sub-
spaces of ls(F), where “ 1.” denotes the orthogonality relation de-
rived from the H-valued form (g, b) = D_i=; a:b; where a, bEL(F),
a=(ai;4=1,2,+-++) and b=(b;; s=1, 2, - - - ). Then L is com-
plete, orthocomplemented, M-symmetric, irreducible, atomistic,
and separable, but L is orthomodular if and only if F is either the
reals, the complex numbers, or the quaternions.

The lattice of all closed subspaces of infinite-dimensional, separa-
ble, complex Hilbert space has these seven lattice-theoretic proper-
ties:

(i) complete [1, p. 6];

(i) orthocomplemented [1, p. 52], [2, p. 42];

(iii) atomistic (Every element is the join of the atoms beneath it.)
[3, p. 48];

(iv) irreducible (The center consists precisely of 0 and 1.) [1, p.
67]’ [3: P 27]!

(v) separable (An orthogonal family of atoms has at most count-
ably many elements.) and infinite dimensional [3, p. 58];

(vi) M-symmetric (If a, bEL, we write aMb if x<b implies
xV (@Ab) =(xVa)A\b. L is M-symmetric if a Mb implies dMa.) [1,
p. 82], [3, p. 2];

(vii) orthomodular (If ¢, EL and a=<b, then b=aV/ (bA\a’).)
1, p. 53], [2, p. 42].

Real and quaternionic Hilbert space have the same properties.
The question arises whether these are the only three lattices (up to
ortho-isomorphism) having them. The problem underlying this
question is one of coordinatization, that is, the realization of an
abstract lattice, described only by algebraic properties, as a lattice
associated in some natural way with a concrete object, for example,
the lattice of projections of Hilbert space. Work towards a coordina-
tization theorem for lattices with the above properties has been done
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by MacLaren [4], [5] and Zierler [6]. The former showed that if L
has properties (i) through (vi) and if dim L =4, then L is ortho-iso-
morphic to the lattice of closed subspaces of a semi-inner-product
space over some division ring D. Our question is whether the assump-
tion (vii) is enough to force D to be either the reals, the complex
numbers, or the quaternions. An answer of “yes” would characterize
completely, in terms of lattice-theoretic properties, projection
lattices of Hilbert space and would thus be of great importance in
the study of the logical foundations of quantum mechanics [7, p. 71].
We present here some evidence in support of the possibility of an
affirmative answer. Let F be any division subring of the real qua-
ternions H. We denote by lxl =(a?+b2+c2+d?)V? the norm and by
£=a—bi—cj—dk the conjugate of x=a+bi+c¢j+dkEH. The map
x—Z% is an involutory anti-automorphism of H. Consider l;(F), the
linear space of square-summable (with respect to the above norm)
sequences from F. Define a definite, Hermitian, conjugate-bilinear
“form” on Io(F), ( , ):L(F) Xl(F)—H, by the rule (x,y) = D1 Xn¥n,
where x, yEL(F), x=(xn; n=1, 2, - - -) and y=(y.; n=1, - - - ).
Note that this form is H-valued, but not necessarily F-valued. For
each subset M of l,(F), define ML=(y&EIL(F):(x, y) =0 for each
xEM). Call a subspace S of L,(F) closed in case S=S+L. The map
S—S1L of the lattice L of all subspaces of I,(F) into itself is a closure
operator [8, p. 1518] and so the lattice L of all closed subspaces is
complete and orthocomplemented. It is also easily seen that this lat-
tice is irreducible, atomistic, and separable. However:

THEOREM. L is orthomodular if and only if F=R, C, or H.

ProoF. Only the “only if” part of the theorem needs proof. We
give the proof for the case FCR only (that is, FCR and L ortho-
modular imply F=R). The proofs of the other two cases (that is,
FCC, but F &R and FCH, but F ¢C) follow from the fact that
sequential convergence in C or H can be characterized in terms of
coordinate-wise convergence in R. Choose v ER. We shall show that,
if L is orthomodular, then necessarily y&F. Let xo=1 and let x,
=n/2", n=1, 2, 3,:---. Let x=(x,; =0, 1,--.). Let 2
be the greatest integer less than or equal to v ..ox2 Let
2=(2.; =0, 1, - - - ) where .z122 - - -+ is the binary expansion of
Yo oxi—20. Thus Yoo 2./2" =7 D oo x2—20. Let yo=30 and let
Ya=2./n for m=1, 2, - - -, Let y=(ya; =0, 1, - - - ). Letting a
=sp(x) and b=sp(y), a and b are distinct atoms in L so that, by
orthomodularity, ¢=(a\/b) Aat0 [3, p. 291]. Necessarily, ¢ is an
atom so that ¢ =sp(rx+7y) for some 7EF. But ¢ <a'l so that (rx+7y)
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Jx, that is,

= E (Txn + yn)xn =T E x: + E XnYn.

n=0 nm=0 n=0
Hence,
00 © -1
T=—anyn/ Zx,,—(—zo—zz”/zn)(zx:)
n=0 n=0 n=1 n=0
=— 'y( pIE: > Sal=—
n=0 n=0

Since T EF, we may conclude y&EF, as desired.

ApDED IN PROOF. The fact that (a\/b) Aat#0 for distinct atoms
a, b also follows from M-symmetry, so the theorem remains valid if
we replace “orthomodular” by “M-symmetric.” Hence, this L is
orthomodular if and only if it is M-symmetric. It follows also that
the closure operation M—M*L is Mackey [8, p. 1518] only when
F=R, C, or H.
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