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AN OPERATOR VALUED FUNCTION SPACE INTEGRAL:
A SEQUEL TO CAMERON AND STORVICK’S PAPER

G. W. JOHNSON AND D. L. SKOUG

ABsTRACT. Recently Cameron and Storvick introduced and
studied an operator valued function space integral related to the
Feynman integral. The main theorems of their study establish the
existence of the function space integral as a weak operator limit of
operators defined at the first stage by finite-dimensional integrals.
This paper provides a substantial strengthening of their existence
theorem giving the function space integrals as strong operator
limits rather than as weak operator limits.

1. Introduction. The function space integral referred to in the title
was first defined and studied in [1]. The study of this integral has
been continued in [2], [5], and [7]. We assume familiarity with [1]
and adopt the notation and terminology of that paper. The basic
definitions may also be found in [5]. In connection with Theorems 4
through 7 of [1], we are able to replace the weak operator limits in the
conclusion with strong operator limits. The major difficulty occurs
when the parameter N is pure imaginary. Here the argument we give
is an adaptation of an argument of Nelson [6, p. 335-336]; the crucial
step is establishing a Poisson representation for the operators I\(F)
(ReA>0) in terms of the boundary values J,(F).

One effect of the present paper is to show that the Cameron-
Storvick approach [1] to the Feynman integral and the Nelson ap-
proach [6] are somewhat more closely related than they previously
appeared to be; now in both approaches, strong operator limits can be
used at each stage in obtaining the Feynman integral.

Hopefully, having the J,(F) as strong operator limits rather than
as weak operator limits asin [1] will facilitate the study of the prop-
erties of J,(F) and its relationship with F. The finite-dimensional
integrals that appear in the first stage of the definition of J,(F) are
relatively concrete analytic objects; they define operators on
L;(— o, ©) which are the composition of a finite number of multi-
plication and convolution operators. The results of this paper
strengthen the tie between J,(F) and these relatively simple oper-
ators.
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2. The existence theorems. We will first establish the strong
convergence for positive A.

THEOREM 1. Let 0(¢, u) be continuous almost everywhere on R
=[a, b] X (— o, ®); let Re 0(t, u) B on R; and let 0(t, u) be bounded
on every compact subset of R. Let F(x) =exp[[20(s, x(s))ds]. Then for
A>0, Z(F)—I\(F) in the strong operator topology as norm o—0.

Proor. Let A>0 and Yy &EL,=L,(— ©, «) be given. It suffices to
show that IT»(F)y—L(F)Y in L, norm for any sequence {o‘,,.} of
partitions such that norm ¢,—0. To get this result, it suffices to show
that If»(F)y—I,(F)y almost everywhere and that the sequence
{I{"’(FM} of L, functions is dominated by an L, function g. The
first of these facts is established in [1, p. 526]. Next note that for any
partition oia=t<H< - - - <t,=b, we have
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where vo=¢£. But gEL, by Lemma 1 of [1]. Q.E.D.

For A\€C+={\:Re A>0}, we will follow the notation of [2] and
[5] and let I)(F) denote the common value of I¢"(F) and I%%(F)
when both exist. We are now ready to give the strengthened version
of Theorem 4 of [1]. The existence of I(F) below is insured by that
theorem.

THEOREM 2. Let 6 and F be as in Theorem 1 above and let N\&C+.
Then L(F)—IL\(F) in the strong operator topology as norm o—0.

Proor. Let Yy EL,. Again it suffices to consider a sequence {o-,,.}
of partitions such that norm o,,—0. Note the following:
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(a) IZ»(F)y is holomorphic for N\€ C* [1, p. 533].

(b) || Bm(F)Y|| <[[¢]|eB®= [1, Lemma 6].

(c) For\>0, || Iz(F)y — I(F)y|—o0.

Our result now follows from the Vitali Theorem for vector-valued
functions [4, Theorem 3.14.1]. Q.E.D.

Next we give the main theorem of this paper: the strengthened
version of Theorem 5 of [1].

THEOREM 3. Again let 6 and F be as in Theorem 1 above. Then there
exists a null subset A of (— o, ) containing 0 and such that for all
qE A, J,(F) is the strong operator limit of I,(F) as \——1q along a hori-
zontal line in C*; that is, limp.ot || Ip—ig(F)—Jo(F)Y|| =0 for every
g A and every Y EL,.

Proor. Let YEL;. By Theorem 5 of [1], for almost all
gE (=0, ), I, if( )Y—J(F)Y weakly as p—0+. Further ”jq(F)‘p”
<||¢||eB®®. Now for NEC+, L(F)¥ is weakly measurable in \
[4, Definition 3.5.4] since I\(F)y is analytic in \. Hence J (F)Yis
a weakly measurable function of ¢. Since L, is separable, it follows
that J,(F)Y is strongly measurable [4, Corollary 2, p. 73]. Then it also
follows that || J,(F)y/| is a measurable function of ¢ [4, Theorem 3.5.2].
Also for each A=x—yiEC*, glg)=("1x/[x2+(y—q)2])J(F)Y is
Bochner integrable since by [4, Theorem 3.7.4]

f le@lldg <[l¥exe= f wia/ [ + (v — 9)?)dg = [[¢lem .

Next we wish to establish the Poisson formula
1) L yi(F)Y = f (@ x/[2* + (y — @)2])T(F)dy.

Since both sides of (1) are in L,, it suffices to show that we get
equality when we take the inner product of the two sides with an
arbitrary ¢ € L,. But by [4, Theorem 3.7.12 and following comment ]
we have

(f_:g@d% 4’) = f_:@“x/ [ + (v — DD (FIW, $)dg.

Finally this last expression equals (I,—,:(F)¥, ¢) by the classical
scaler-valued Poisson representation [3, p. 455]. Using (1) and [4,
Theorem 3.7.6] we have for every A=x—yiE C+,
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@ @Vl s [ e/l + 6 - 9DVl

Now using the fact that ||J,(F)¥|| is a real-valued bounded, mea-
surable function of ¢ and [3, Lemma 19.2.1], we have for almost all

ye(—“» w)y

@ lim [ G/l + & — 9D TuF)lldg = 1@

z—0t
Thus by (2) and (3), we have for almost all yE(— », «),
@) lim sup|| Lo ()] < [u(F].

By enlarging the null set if necessary we can also insure that
L_yi(FW—J,(F) weakly as x—0*. But then ||J,(F)¥|=
lim inf,.¢* ||I,_,;(F)1[/||. Putting this together with (4), we have

lim (|7 E0l| = 17,04

This last equality and the weak convergence imply the convergence
in norm of I,_,;(F)y to J,(F)Y.

The null set in the construction above may well depend upon ¥,
and we would like to eliminate this feature. Let {x} be a countable
dense subset of L, and obtain a null set 4, as above for each n. Let
A be the union of the 4,’s. Using the fact that the operators I)\(F)
and J,(F) are bounded by ¢8®%, one may show without much diffi-
culty that 4 has the properties referred to in the conclusion of the
theorem. Q.E.D.

We finish by giving the strengthened forms of Theorems 6 and 7
of [1]. We again have strong operator limits in the conclusion rather
than weak operator limits. The proof will not be included as it fol-
lows almost word for word the proofs above except that the bound
¢2®=9 on the operators is replaced by X .o | .| [M(b—a)]".

THEOREM 4. Let 0(t, u) be continuous almost everywhere on R and let
|0(t, w)| <M on R; let G(z) = D -0 anz™ be a function which is analytic
in a disk centered at the origin of radius greater then M(b—a). Let
F(x)=G([f20(s, x(s))ds). Then the conclusions of Theorems 1, 2 and 3
above hold.
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