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CHARACTER SEMIGROUPS OF LOCALLY
COMPACT INVERSE SEMIGROUPS

RONALD O. FULP

ABsTrRACT. We show that if S is a locally compact abelian con-
tinuous-inverse semigroup whose idempotent semigroup E satisfies
a certain technical condition on its prime ideals, then the maximal
subgroups of the character semigroup.S* of S are obtained as inverse
limits of the duals of the maximal subgroups of S. It is shown that
the technical conditions on E are satisfied in each of the following
cases: E is compact, E is totally disconnected, or E is a chain. We
then obtain necessary and sufficient conditions in order that a given
inverse system of compact groups indexed by a totally disconnected
semilattice E admit a compatible compact semigroup topology on
their disjoint union.

It is the intent of this paper to present a result relating to the
structure of the character semigroup of certain locally compact
abelian inverse semigroups. A function x defined on a (Hausdorff)
topological semigroup S is called a character of S iff x is a bounded
continuous homomorphism from S into the multiplicative semigroup
C of complex numbers. We also require that if .S has an identity 1,
then x(1)#0. Thus the function which is constantly zero on S is a
character iff S does not have an identity. Note that S actually has
its values in the unit disc and in case S is an inverse semigroup,
lx(s)l =1or Ix(s)l =0 for each s&S. The set of all characters of Sis
a semigroup under pointwise multiplication of functions. Moreover,
if the semigroup consisting of all of the characters of S is topologized
with the compact-open topology, it becomes a topological semigroup.
We denote this topological semigroup of characters of S by S* and
refer to it as the character semigroup of S.

Later in the paper we prove a theorem which determines the maxi-
mal subgroups of S” in terms of the maximal subgroups of S for
certain locally compact continuous-inverse abelian semigroups. One
corollary of that result is the following theorem.

THEOREM 1. Assume that S is a locally compact abelian continuous-
inverse semigroup whose maximal idempotent subsemigroup E either is
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a chain, is compact, or is totally disconnected. If, for each e€E, H, s
the maximal group of S containing e and \ is an idempotent in S™, then
the maximal subgroup of S™ containing N is iseomorphic to

inv lim [{H:}x(e);eo; (7o} rse]
wher. ws: Hy —H, is defined by m7¢(x) (s) = x(sf)-

REMARK. In the notation of Theorem 1, < denotes the usual partial
order defined on a commutative idempotent semigroup E by requir-
ing that f<e iff ¢f=f. However, in order to consider {w,,} 7se @S an
inverse system of maps it is necessary that the direction on the index
set of the inverse system above be the dual partial order of the rela-
tion <. With it understood that this is the case, we shall not require
an additional notation for the direction on {¢E€E|\(e)#0}. We also
adhere to the convention that the inverse limit of a void family of
groups is the trivial group.

We actually prove a theorem which appears to be stronger than
Theorem 1. The hypothesis on E is relaxed by requiring only that E
satisfy a condition which shall be referred to as the separation hy-
pothesis. If E is a topological semilattice, we shall say that E satisfies
the separation hypothesis iff whenever CCE is compact and CNP =
for some clopen prime ideal P of E, then there exists eEE such that
CCU(e) and U(e)N\P = where Ule) = {gEElgge}. The set U(e)
will be called the upper set of e€E in E.

We first show that the separation hypothesis is implied by the
various possible hypotheses on E in Theorem 1.

THEOREM 2. Assume that E is a locally compact semilattice with
identity. Then any one of the following conditions on E is sufficient in
order that E satisfy the separation hypothesis:

(1) E is compact.

(2) E 1is totally disconnected.

(3) E 1is a chain.

(4) Each clopen prime ideal P of E is the intersection of cocyclic
clopen prime ideals of E (an ideal I of E is cocyclic iff its complement
1s the upper set of some e E).

ProoFr oF THEOREM 2. First observe that each clopen prime ideal of
a compact semilattice is cocyclic, thus (1) implies (4). The fact that
(1) implies the separation hypothesis will follow from the fact that
(4) does.

To see that (2) implies the separation hypothesis, assume that C is
a compact subset of a totally disconnected locally compact semi-
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lattice E and that P is a clopen prime ideal of E such that CN\P = .
Since E is locally compact, it is 0-dimensional and thus we can cover
C with subsets of E which are both compact and open and which do
not intersect P. Since C is compact there exists a finite number of
such compact and open sets which cover C. It follows that it is no
loss of generality to assume C is both compact and open. Now if
eEC, then it follows from [2] that there exists a generating idem-
potent ex € C such that e = ex (this follows from the fact that generat-
ing idempotents are dense from below and C is open). Thus Ul(es)
is closed and open and CCU.c¢ U(ex). There exists e!, e2, - - -, e*
in C such that CCU}L, U(e%) S U(g) where g=ex - €% - - - €% Al-
though we do not know that g is in C, it is clear that g&& P. Thus
U(g)N\P =& and CC U(g). The separation hypothesis follows.

We now show that if E is a chain then the separation hypothesis
holds. Recall that a compact partially ordered space always has a
minimal element and thus any compact subset of the complement of
a clopen prime ideal of a chain has a least element. The separation
hypothesis follows immediately.

Finally we prove that the separation hypothesis follows from (4).
Assume that CCE is compact and that P is a clopen prime ideal of
E such that CNP = . Now there exists a family F of clopen prime
ideals each of which is cocylic such that P=Nger Q. Thus CCE\P
=Uger (E\Q) and CZ (E\Q)\J - - - U(E\Q,) for some Q1, Qq, - - -
Qnin F. For 1 <4 =n, choose e;CE such that Q;= {xEE[x%e,} Then
CCUL, U(e)SU(er-ez - - - €5). Since P is prime, € - €+ - - €y
&P and thus

Ulerre2-+-en) NP =X,

The theorem follows.
Prior to stating our main theorem we have the following well-
known lemma.

LeMMA. If E=E(S) is the subsemigroup of all idempotents of a
locally compact inverse semigroup S, then E” is iseomorphic to the
subsemigroup E(S") of all idempolents of S™.

Our main result is as follows.

THEOREM 3. Let S denote a locally compact abelian continuous-in-
verse semigroup with maximal idempotent subsemigroup E and maximal
groups {H ,},eg. If E satisfies the separation hypothesis and NS E(S™),
then the maximal subgroup of S™ containing \ is iseomor phic to

inv lim [{ })\(c)#O) {er}]
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where mse H, ,A —H, is defined by w5.(x)(s) =x(sf). Thus

-

S = U inviim [{Baems {msf]:
\EE~

Proor. For each ANEE(S"), let S, denote the maximal sub-
group of S” containing N and let H, denote the topological group
inv lim[{H, }xoxo; {m7.}]. Let ¢ denote the function from S into
H, defined by ¥(x) = (x| He)re=o. If, for each e € E such that A(e) #0,
. is the projection of [[n=eH, onto H, then it is clear thatw, oy
is continuous (recall that the topology on S is the relativization of
the compact-open topology to S)). Thus ¢ is continuous and is
clearly an injective homomorphism.

We now show that ¢ is surjective. Let {x,}x(,)#OEH)‘. Define
x:S—C by

x(s) = x.(s) if s€& H, and \(e) #0,
=0 ifsEH, and A(e) =0.

Since {xe}x(e),go is in H, it is easy to see that x is a homomorphism.
We show that x is continuous. Let {y«}.csa denote a net in S with
limit y,E€S. If N(yo) =0 it follows that {x(ya)}eca has limit x(yo)
since {SESI)\(S) =0} is open. Thus we assume that y,EH, for some
eCE such that A(e)%0. There is an open set U containing
yo such that U is compact and TCZ {s|\(s)#0}. The set C
= {e€E| HNTUs J} can be shown to be a compact subset of E by
means of a net argument and by use of the fact that Sis a continuous-
inverse semigroup. Clearly C is disjoint from the clopen prime ideal
P= {eEE[)\(e) =0} of E. By the separation hypothesis there exists
g& P such that g=<f for each fEC. Choose BEA such that a=p
implies y,&E U. Then {yag},,;g is a net in H, with limit y,g and thus
{Xo(Vag) } azs has limit x,(yog). It follows that {x(Va)}aca has limit
x(¥0) and that x is continuous. Thus x € Hy and y(x) = {xe}x(e),éo.

We now show that ¢ is an open map. It suffices to show that if U
is open about the identity \ of Sy, then there exists V open about the
identity in JJa@owxo H, such that VNY(Sy) Sy (U) (see Hewitt and
Ross [4, p. 50]). If U is open about X in Sy, then there exists a com-
pact subset K of S and an open set A about the identity 1 in the
circle group such that AE[K, AU{0}]NS, and [K, AU{0} NS,
CU (if ACS and BCC, then [4, B] denotes the set of all xE€S*
such that x(4)CB). Let s\ denote the complement of the clopen
prime ideal {xES|\(x) =0} of Sand let C= {¢ EE|HNs\NK = & }.
Then C is a compact subset of E disjoint from the prime ideal
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E\(ENs,) of E. By our separation hypothesis there exists g&EMs)
such that g=<e for each e€C. Let K*=KNs),, then K*CU,;, H,
and gK*CH,. If [gK* A], denotes all those members of Hy which
send gK* into A, then [gK*, A], is open in H, and V=, ([gK*, A],)
is open in J[ax@xoH, . We show that VNW(S\) Sy (U). Let xES:
such that ¢(x) € V. Then x| H, =m,({(x)) belongs to [gK*, A], and
x(gK*)CA. Thus x(KNs) CA and x(K)SAU{0}. It is clear that
xE U. It follows that ¢ is an open mapping and consequently is an
iseomorphism.

COROLLARY. Assume that S is a locally compact abelian continuous-
inverse semigroup. If each clopen prime ideal of E(S) is cocyclic, then
the maximal subgroup of S* containing NEE(S") is iseomorphic to
H where e(N) s the least element of {e€E|Ne)=0}. Thus S*
=Uree" Heov-

Proor. Under the hypothesis of the corollary we clearly have
Theorem 3, thus for NEE(S"), the maximal group of AN is
inv lim[{H: })\(e);éo; {w,e}]. But if e(\) is the least e such that \(e)
#0, then e(\) is the largest element in the direction of the inverse
system of groups above (recall the remark following Theorem 1)
and thus the inverse limit is iseomorphic to He:)‘). The corollary
follows.

REMARK. It is now clear that Theorem 1 holds as it is an immediate
consequence of Theorems 2 and 3.

We now state a corollary of our results which will be of some use
in a subsequent publication. Its proof follows from Theorem 3 and
the results of [1] and [2].

Let {S,},ep: denote a family of compact topological groups in-
dexed by a compact totally disconnected semilattice E with identity.
For f<ein E assume that m7.:S.—S; is a continuous homomorphism.
Define a semigroup structure on the disjoint union U.cg S, by ab
=1es,.(@)Ter.1(b) for aES, and bES;. We seek conditions under which
there exists a compact topology on U.cg S. which relativizes to the
given topology on E and on the various .S, and with respect to which
U.cr S. is a compact semigroup. For each ¢e€E, let E(e) denote the
set of generating idempotents of E which lie in ¢E (recall that an
idempotent f of E is a generating idempotent iff the prime ideal of E
determined by f is clopen). In [2] it was shown that, for each e€E,
E(e) is nonvoid and that actually there exists a net in E(e) which
converges upward to e. Consider the map

x:S, —inv lim [{S;}sercr; {mrs}ss]
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defined by w(x) = {m.(x))r<.. This function is always a continuous
homomorphism. We have the theorem.

THEOREM 4. The semigroup U.cg S. admits a compact semigroup
topology which relativizes to the given topologies on E and on S., for
each eCE, iff the mapping w 1is an iseomorphism from S, onlo
inv im [{S; }ser@; {ms}]. Moreover, whenever such a topology exists
it is unique.

We very briefly indicate the proof that if 7 is an iseomorphism then
U.cr S. admits a compact topology. Let T denote the disjoint union
Urees)” S;M where e(\) is the least e©E such that N(e) #0. Define
a semigroup structure on I via the naturally induced system of
mappings. Now by [1], T is a compact topological semigroup (7 is
discrete). One can show that T" is algebraically isomorphic to
U.ce S. by showing that the maximal groups of T are the various
S, for e€E. This latter statement is proven via Theorem 1, the iseo-
morphism E=~E"*" (see [2]), and our hypothesis which insures that

S, = inv lim {S;}sez()-

All other assertions of Theorem 4 are proven in [2].

Finally the author wishes to acknowledge the numerous helpful
suggestions of the referee. Among these is the improved proof that
(4) implies the separation hypothesis of Theorem 2.
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