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ON THE ORDER OF THE ERROR FUNCTION
OF THE ¿-FREE INTEGERS

D. SURYANARAYANA AND R. SITARAMACHANDRA RAO

Abstract. Let Ak(x) and At'(x) be the error functions in the

asymptotic formulae for the number and the sum of ¿-free integers

ájc. On the assumption of the Riemann hypothesis, we prove the

following results by elementary methods:

At'(x) - xAk(x) = 0(x1+3;<4*+1>+')

anc'

— f *At(í)<fí = 0(ï3'<4*+1'+'),
x J 1

where e>0.

1. Introduction. Let He a fixed integer ^2. A positive integer

n is called ¿-free, if n is not divisible by the ¿th power of any prime.

Let qk(n) be the characteristic function of the set of ¿-free integers;

that is, qk(n) = 1 or 0 according as n is ¿-free or not. Let x denote a

real variable ^1, [x] denote the greatest integer tZx and {x} de-

note the fractional part of x; that is, |x} =x— [x].

Let Qk(x) and Q't(x) respectively denote the number and the sum

of ¿-free integers ^x. Let

(1.1) A*(at) = Qk(x) -

and

(1.2) A'k(x) = Q'k(x) -

x

f(*)

2f(*)

where f(¿) is the Riemann zeta function. It is well known that

Afc(x) = 0(xllk). The best known result has been obtained by A. Walfisz

[4], viz., A*(x) =0(xiy*exp( — Cjfclog3/5x(loglogx)-1/5)), where ck>0.

In 1911, A. Axer [l] proved on the assumption of the Riemann

hypothesis that Aj/x) =0(x2/(u+1)+i), for every e>0. The object of

the present paper is to establish the following results on the assump-

tion of the Riemann hypothesis:

(1.3) A'k(x) - xAk(x) = 0(«1+"<Ä+-1>+«),

and
-
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(1.4) — f  Ak(t)dt = 0(z8/(4*+1>+«).
x J x

It is reasonable to conjecture that Ak(x) = 0(xiliik+1)+t).

The method of the paper is elementary and we assume throughout

that the Riemann hypothesis is true. We prepare the necessary

background in §2 and give the proofs of (1.3) and (1.4) in §3.

2. Auxiliary lemmas. In this section we prove some lemmas which

are needed in our present discussion. Throughout the following e

denotes any arbitrary positive number.

Lemma 2.1. (Cf. [2, Theorem 14.25(c), p. 315].) If Li(n) denotes

the Möbius function, then

(2.1) M(x) = £m0) = 0(z1/2+t).
n¿X

Lemma 2.2.

(2.2) N(x) = £ — = 0(x-*+1/2+<).
n>x    nk

Proof. Putting /(«) = 1/w* it is not hard to show that/(«+l)

—fin) = 0(\/nk+l). Therefore by partial summation and (2.1),

£ ß(n)f(n) = - M(x)f([x] + 1) - £ M(n)(f(n + 1) - f(n))

= 0(x~k+1'2+') + 0 ( £ tr*-1'**)

\ n>x /

= 0(*-*+1/2+e) + 0(x-k+1i2+<).

Hence Lemma 2.2 follows.

Lemma 2.3.

(2.3) L(x) = £/t(n)n* = 0(x*+1'2+e).
nix

Proof. Putting g(n)=nk it is clear that g(n + l)—g(n)=0(nk~1).

Therefore by partial summation and (2.1),

£/*(»)*(») = M(x)g([x]) -   £ M(n)(g(n + 1) - g(n))
nzx n¿x—1

= 0(xk+1^+') + 0 (   £ »*-i/** )

\ nsx—X I

= 0(«*+1/2+«) + 0(xk+1ii+').
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Hence Lemma 2.3 follows.

Lemma 2.4. If z= (x)llk and p =p(x) is any function of x such that

0<p<l, then

(2 .4) Ak(x) = -  Z/*(»)!—\ +0(p-k+1l2+'zl'2+').

Proof. We have qk(n) = T^dti„ n(d), so that

Qk(x) = Z jk(») =EZ n(d) = Z /*(<*)
ïigi n¿x dk5=n d^S&x

=      Z     »(d) +      Z     M(d) -      Z     ß(d)
dkS^x;d£pz d^d¿x;&¿p~^ d^pz;S^p~ *

= 5i + 52 — 58,    say.

Now,

a-Erf« Z i-ZM»r^l-«E^-Zi.w{4
dgpz S^x/dk d%pz LÖ J <*s;p2      ^ d¿pz \(*> )

- — - * Z — - Z m(») 1—1
f(¿) *>pz     »* nspz IW

= t^t - Z m(w) {4} + OGr-w-1'*"*1'*-),

by Lemma 2.2.

s2 =   Z   M(d)= Z    Z  mW= z m((4-Yan)

=0(£((7),")"W') = 0(I'"+',5r"""'")

= 0(z1/2+'(p-*)1-I/2*-,/*) = 0(p_*+1/2+'Z1/2+t)

by Lemma 2.1.

S3 =      Z     M(d) = ¿f(pz)   Z  1 = O(p-*+1'2+«z1/2+'0,
d^pz;5áp-* ¿Êp-fc

by Lemma 2.1.

Now, substituting the values of Si, S2 and S3 in Qk(x) =Si + S2 — S3,

we get Lemma 2.4 in virtue of (1.1).

As a consequence of Lemma 2.4, we get an alternative and an

elementary proof of A. Axer's result mentioned in the introduction,

viz.,
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(2.5) Ak(x) = 0(xii<2k+l'>+').

Proof. By (2.4), we have Ak(x) = 0(pz) + 0(p-k+ll2+tzll2+t). Now,

taking p = x_1/*C24+1), we see that the first O-term is 0(x2l{2k+1'>) and the

second O-term is 0(**/<»+i>+i«/<»+U). Hence (2.5) follows.

Lemma 2.5. If z=(x)llk and p=p(x) is any function of x such that

0<p<l, then

(2.6)  A¿(x) - -* £ n(n) i—\ + 0(pk+1zk+') + 0(p- •t+l/2+«_t+l/ *+.).

Proof. We have

Qi (*) = £ Qk(n)n = £ n   £ „(d) =   £ „(d)««
Äs

=      £     ßid)dko+       £      p(d)dkÔ-      £     „(d)d*5
íifc5< :r ; á s/>z d^si^Sp~k d£pz; 5Sp-fc

= 5/ + 5/ - 5/ ,    say.

Now,

Si = £ /*(<*)<**   £ « = £ ß(d)d* —(
d¿pz S¿x/dk d$pz ¿ \

X

dk.
+

1   _. / X2 x   íx\ í x\2 X íx\ \

2d«. \d2k dk\dk)        \dk) dk        \dk) )

x2    _    „(d) ^ (X) 1    _ (X)  2

2   dspz    dk

+

zk+l)

^ri:dd)-~ZKd)dk\^\
¿ ds,pz l dspz \aKJ

x2 x2 pin) —, l x \

2f(£)        2   „>pz    nk nspz \nk)

+ 0(p1/2+es*+1/2+') + 0ipk+1zk+1)

- —-* £ /i(«) |—1 + o(p-*+1/2+<zt+1/2+<)
2Ç{k) nspz \nk)

+ 0ipk+1zk+l) + Oipli2+'zk+1'2+'),

by   Lemma   2.2.   Since  p*<l,   the   last   O-term   in the   above is

0(p-t+l/2+«zt+l/2+,))  s0 that
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1-2

Si  - - - x Z ßM \—\ + 0(p*+V+1) + 0(p-*:+1'2+<z*+1'2+«),
n<ez \nk)

x-

2f(Â)

sí = Z «   Z   m(¿)¿* = Z «/(vT *)
/ / / v \ l/*\ Jb+l/2+«\

■<5<(t) )   )
— 0[zk+1,2+t   E  iï~ll2k~'lk | = 0(zH~,,2+e(p~*)1_l/2*~</*)

\ SSp-* /

= oGrM-i/w.**-!/»*),

by Lemma 2.3.

Si -   Z « Z f»(«0# =   Z «¿(p«) = 0(p-2t(pz)<-+1/2+e)
5Sp-*       dgpz S^p—*

=  0(p-*+l/2+«g*+l/2+«)

by Lemma 2.3.

Now, substituting the values of S[, S'2 and S'3 in Q't(x) = Sl + S'2 — S'it

we get Lemma 2.5 in virtue of (1.2).

3. Proofs of (1.3) and (1.4). We have by Lemma 2.4 and Lemma

2.5,

(3.1) Ak'(x) - xAk(x) - 0(pk+1zk+1) + 0(p-k+1i2+'zk+1i2+'),

for every function p=p(x) such that 0<p<l. Now, choosing p(x)

=tJ(r-i/*(«+i)m2-l/tt»+i)| we see timt the first O-term in (3.1) is

0(3.1+3/(4*+») and the second O-term is 0(xi+»/C«+i)+*«/<4*+i>),

Hence (1.3) follows.

We have by partial summation and (1.1),

Qi(x) = Z ?*(»)» = *(?*(*) -   Z (?*(»)((» + 1) - n)
n¿x n^x—1

= xQk(x) - J    Qk(t)dt

x2 Cz /   t \
= —— + *A*(x) -   j    ( —— + Ak(t) )dt

f(¿) Ji w) )
x^ x^ (*x

+ xAt(x) -   -^j^ + 0(1) -   I    Ak(t)dt
m 2f(¿)

= —— + xAk(x) -  \    Ak(t)dt + 0(1)
2Ç(k) J i
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so that by (1.2),

Ab'(x) - xAkix) = -  j    Akit)dt + 0(1).
J x

Hence (1.4) follows in virtue of (1.3). Thus (1.3) and (1.4) are proved.

Finally, we remark that A. M. Vaidya [3] considered the case of

square-free numbers and has attempted to give an analytical proof of

the stronger result, viz., Aá(x)— xA2(x) = 0(x1+1/4+t)- But there is a

mistake in his proof. He argued on p. 200, lines 16 and 17 of his paper

that

"o(ïw'' iim( r + r )i / |3/8-*-i+<\ = o(*i/4+<),

since the integrals converge." The mistake is that the integrals do

not converge.
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