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ON THE ORDER OF THE ERROR FUNCTION
OF THE k-FREE INTEGERS

D. SURYANARAYANA AND R. SITARAMACHANDRA RAO

ABSTRACT. Let Ax(x) and Ai'(x) be the error functions in the
asymptotic formulae for the number and the sum of k-free integers
=x. On the assumption of the Riemann hypothesis, we prove the
following results by elementary methods:

Akl(x) — xAk(x) = O(x]+3/(4k+1)+()
and
1 =
__f Ak(l)dl = 0(x31(4k+1)+4)7
x
where ¢>0. !

1. Introduction. Let k be a fixed integer =2. A positive integer
n is called k-free, if # is not divisible by the kth power of any prime.
Let gx(n) be the characteristic function of the set of k-free integers;
that is, gx(n) =1 or 0 according as » is k-free or not. Let x denote a
real variable =1, [x] denote the greatest integer <x and {x} de-
note the fractional part of x; that is, {x}=x— [x].

Let Qr(x) and Qi(x) respectively denote the number and the sum
of k-free integers <x. Let

(1.1) Ax(x) = Qu(x) — ““('5
and

where {(k) is the Riemann zeta function. It is well known that
Ay (x) =O(x''*). The best known result has been obtained by A. Walfisz
[4], viz., Ar(x) = O(xV*exp( — cilog®®x (log log x)~1/%)), where ¢y > 0.

In 1911, A. Axer [1] proved on the assumption of the Riemann
hypothesis that Ag(x) =O0(x@*+D+¢) for every €>0. The object of
the present paper is to establish the following results on the assump-
tion of the Riemann hypothesis:

(1.3) AL(x) — zAu(x) = O(al+3/ WrtD+e)
and
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1 z
(1.4 - f Ap(D)dt = O(x3 WtD+e),
X Ja

It is reasonable to conjecture that A;(x) = O(x3/ #k+D+e),

The method of the paper is elementary and we assume throughout
that the Riemann hypothesis is true. We prepare the necessary
background in §2 and give the proofs of (1.3) and (1.4) in §3.

2. Auxiliary lemmas. In this section we prove some lemmas which
are needed in our present discussion. Throughout the following e
denotes any arbitrary positive number.

LemMma 2.1. (Cf. [2, Theorem 14.25(c), p. 315].) If u(n) denotes
the Mobius function, then

2.1) M(x) = 30 u(n) = 0112+
LEMMA 2.2.
(2.2) N =3 p(n) = O(x—F+1/2+e),

R

Proor. Putting f(n)=1/#* it is not hard to show that f(n+1)
—f(n) = 0(1/n*+1). Therefore by partial summation and (2.1),
- 2 um)f(n) = — M@)f([«] + 1) = 22 Mm)(f(n + 1) = f(n))

n>z n>z

O(x—k+l/2+e) + 0( Z n—k—1/2+¢>

n>z

Il

p— O(x—k+ll2+¢) _I_ O(x—k+l/2+e).
Hence Lemma 2.2 follows.

LeEMMA 2.3.
(2.3) L(x) = X u(m)nk = O(x++1/2+9),

nsz
Proor. Putting g(n) =n* it is clear that g(n+1) —g(n) =0(n*1).
Therefore by partial summation and (2.1),

2 u(m)g(m) = M@e([x]) — 22 M) (e(n + 1) — g(n)

nszT nsz—1

= O(akt1/2+e) 4 0( Z nk—1/2+.)

nsz—1

= O(xk+l/2+e) + o(x[c+ll2+e).
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Hence Lemma 2.3 follows.

LEMMA 2.4. If z=(x)V* and p=p(x) is any function of x such that
0<p<1, then

2.4) Ar(x) = — Z p,(n){ } + O(pFH1/HeglI2te)

nspz

Proor. We have gi(n) = X akn u(d), so that

u®) = 22 qe(m) = 25 25 w(d) = 25 wu(d)

nsz ngz dbé=n dksgz
= X @+ X w@- X w0
dkssz;d<pz dksgz; 6spk dspz;dsp—Fk

= Sl +S2 “S:;, say.
Now,

- Tu@ X 1= Euw)[] fi— d§u<>{}

dspz dsz/dk dspz

9 Dpais A Eu(n){ }

f (k) I U nspz

- = —k+1/2+e,1/24€
{(k) Ezu(){ }-I-O(p gl/2te),

by Lemma 2.2.

1/k
Se= 2 wd= 2 X wd= 2 M(( ) )
d%sz;asp-k ssp—k dg(z/&)l”‘ ssp—k
2\ 1/k\1/2+e
=O< Z (<—) ) ) = 0(21/2+¢ Z 6—1/2k—e/k>
3Sp-" 8 BSp—k
= O(gl/2+e(pk) 1-1/2k—e/k) = Q(pk+1/2teglizte)
by Lemma 2.1.
Ss = E p(d) = M(p2) Z 1 = O(p*H1/2+egl/zte),
dspz;65pF ssp—k
by Lemma 2.1.

Now, substituting the values of S1, S; and S; in Qi(x) =S1+S:— S3,
we get Lemma 2.4 in virtue of (1.1).

As a consequence of Lemma 2.4, we get an alternative and an
elementary proof of A. Axer’s result mentioned in the introduction,
viz.,
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(2.5) Ai(x) = O(x?! Gk+D+e),

Proor. By (2.4), we have Ai(x) =O0(pz) +O(p~F+1/2teglizte) . Now,
taking p =x—Uk2+D e see that the first O-term is O(x?/(?*+D) and the
second O-term is O(x?/(2k+D+2¢/(2k+1)) Hence (2.5) follows.

LemMmA 2.5. If z=(x)V* and p=p(x) is any function of x such that
0<p<1, then

(26) Ak’ (x) —_— Z “(n) { } + 0(pk+lzk+l) + O(p—k+l/2+¢zk+l/2+e)

nspz

Proor. We have

Q@) = 2 Qmn =2 n 25 p@d) = 2 p(d)d+s
nsz nsz  dké=n dkssz
= 2 w@ds+ XX pdds— > u(d)d
dkdsz;dspz dks<z;6spk dgpz;dspF
=SII+SZI—S31> say.
Now,
1 x7?
St = S u@d X o= wd)d ([ ] + [— >
dspz dsz/d* dspz 2 k d*

i
=*dszﬂ woe((5- 45 }) +(5- )
_Z;M,L()dk(ﬁ- aEag. {d,,}” + {5)

)

H +— Zu(d)d"{ }

= — =z 2, u(d) {
2 dspz d* dspz 2 dspz

+2 w0 - Tuar {5

2 dspz 2 dspz
S > (n){ } + O(F+12+)

zt(k) 2 n>pz nk ngpz
+ O(pl/2+¢zk+ll2+e) + O(pk+1zk+1)
E u(n) { } + O(pr+ii2teghtiizte)

T (k) nps
+ O(ptH1gh+t) + O(pl/2Heght1izte)

by Lemma 2.2. Since p*<1, the last O-term in the above is
0(p—k+1/2+czk+l/2+e), SO that
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2

Sl/ _ x Z ”'(n){ } + 0(pk+lzk+l) _|._ O(p—k+ll2+ezk+ll2+¢)
Zf(k) nspz nk

1/k
=T T wdd= X 6L((—) )
ssp—k  ds(z/8)k ssp—k 8

(246G

= 0<zk+1/2+e Z 5—1/%—:/1:) = O(gh+1/2+e(pk)1-1/2%—¢ k)

ssp—F

= Q(pht+1/3Heght1ote)

by Lemma 2.3.
T 5 D u@ddt = T L(ps) = O (pn) )
8sp~k  dspz ssp—k

= O(p—k+l /2+ezk+1/2+e)’

by Lemma 2.3.
Now, substituting the values of Sj, S} and Sj in Qf(x) =S|+ S;—.S;,
we get Lemma 2.5 in virtue of (1.2).

3. Proofs of (1.3) and (1.4). We have by Lemma 2.4 and Lemma
2.5,

(3‘1) Ak’ (x) — xAk(x) = O(pk+lzk+l) + O(p—k+1/2+ezk+1/2+e)’

for every function p=p(x) such that 0<p<1. Now, choosing p(x)
=x kWD = g—1/Wk+D)  we gee that the first O-term in (3.1) is
O(x113/4+D) and the second O-term is O (x1+3/ #k+D+He/ 4k+D))

Hence (1.3) follows.

We have by partial summation and (1.1),

0 (x) = 20 qe(m)n = 2Qu(x) — 2. Qu(m)((n+ 1) — n)

nsz nsz—1

= ka(x) - szk(f)dt

;(CI:) + xAi(x) — f z(@ + Ak(t)>dt

2 2

= ) + xAr(x) — )

2

T 2w

+oa) — f " At

+ xAk(x) — szk(t)dt + 0(1),
1
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so that by (1.2),
Af () — 2Ax(x) = — szk(t)dt + 0(1).
1

Hence (1.4) follows in virtue of (1.3). Thus (1.3) and (1.4) are proved.

Finally, we remark that A. M. Vaidya [3] considered the case of
square-free numbers and has attempted to give an analytical proof of
the stronger result, viz., Aj(x) —xAq(x) =O(x'+V/4t¢), But there is a
mistake in his proof. He argued on p. 200, lines 16 and 17 of his paper

that
-5 T
“0 (xl/H-e. lim(f +f >| ! I3/8-—k—-l+e> = O(xl/4te),
50 T s

since the integrals converge.” The mistake is that the integrals do
not converge.
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