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AN EXAMPLE OF HILTON AND ROITBERG

ALLAN J. SIERADSKI

ABsTRACT. In [3], P. J. Hilton and J. Roitberg illustrated with
several examples the failure of cancellation for products in the
homotopy category of finite CW complexes. We reconstruct here
these examples from a different point of view.

1. Introduction. Each example of Hilton and Roitberg consisted
of principal S*-bundles E, and Eg over S* for which E, X S*~F; X .S?
and yet E,2¢E;. If Bgt is the classifying space of the Lie group S® and
if a€ET,_1(S?) and ayEm,(Bs?) correspond under the canonical iso-
morphism, then denote by p,:E,—S" the principal $*-bundle classi-
fied by a: S"—Bg. They show that there is a supply of @, BET.—1(S?)
with a# +8, which guarantees that E,%FEs and with p, 0 (=20
~pg 0 ap, which implies that the fibered product E.s of the maps pa
and pp satisfies Eo X SP~Eqg~FEgXS. The resulting homotopy
equivalence E, X S*— Es X 5%, which is not made explicit in [3], cannot
be of the form fXg for then f: E,—Eg would induce isomorphisms on
homotopy and hence would be a homotopy equivalence; it must be
twisted. We present here these examples from the point of view of the
cellular structure of the spaces E, X.S® and Eg X $® to indicate how the
homotopy equivalence E,XS*—FEgX.S* can be generated by a
twisted homotopy equivalence S* X .53—.5% X S°.

Let m,: X S$*—S? (r=0,1, - - -, 11) be the twelve multiplications
on S* as enumerated by M. Arkowitz and C. R. Curjel in [1]. For
a: 5" 1—S? define the map

Zar=a X 1lom:5*1 X 53— 53X 53— 83

(observing the “Hilton-Wylie” convention of writing composition of
maps) and the adjunction space E, ,=S\U, B"XS% These spaces
are related to the principal S*-bundles in that E.o=E. [3, Proposi-
tion 2.1]. We prove in §3 the following result.

THEOREM 1. Let o, $: S 1—S3 be used to construct E, ., and Eg,.
If there exist integers n;; (1,7 =1, 2) such that

(i) det (ni;)==+1,

(11) 71 0(2,3 and 12 OZ’L’O,

Received by the editors February 4, 1970.

AMS 1969 subject classifications. Primary 5540.

Key words and phrases. Cancellation for products, finite CW complexes, twisted
homotopy equivalence.

Copyright © 1971, American Mathematical Society

247



248 A. J. SIERADSKI [April

(iii) #%(2s+1)=n1;(2r+1) mod 24 (=1, 2),
and if,

(iv) etthers=0,2,3,5,6,8,9,0r 11,
then there is a twisted homotopy equivalence { (7245) } (B X B> S?
which extends to a homotopy equivalence Eq » X S*—Eg , X S°.

For the remainder of this section we restrict our attention to r=s
from the list (iv). Using Theorem 1 we can reprove [3, Corollary 2.2 ]
and [3, Theorem 2.5].

THEOREM 2. Let o be of order k, ko=gcd(k, 24), v prime to k, 1 =1
mod ko, ﬁ =0. Then Ea,rXSazEp_,xS3.

Proor. Since t=1 mod ko, we can find #;; =t mod &, 7n;=1 mod 24.
Then 7y, is prime to k and to 24 and hence to 712 =24 k. Thus we have
integers n;; (¢, =1, 2) with

(i) det (ni;) =1,

(ii) nua~a=p and n,a =0, and

(iii) 71;(n1;—1)(2r+1)=0mod 24 (=1, 2).

As in [3, Theorem 2.3] we can see that E,,~Es, implies that
a~+3 and so we have the immediate consequence of Theorem 2.

THEOREM 3. Let « be of prime order p##2, 3, let v be prime to p
1Z t+1mod p,B=va. Then

Ea,r X 53 ~ Eﬂ,r X SS, Ea,f QQ Ep,r.

2. The abstract situation. We work in the category of k-spaces
with base-point and base-point preserving maps, with composition of
f:4A—B and g:B—C written fo g:4—C. The equivalence relation
induced by homotopies which preserve base-points will be denoted
by ~.

Given g: X X Y—Z and the inclusion ¢: X—CX of X onto the base
of its cone CX, the adjunction space Z\U, CX X Y described by

1
xx v 2% exx v
gl !

Z——2U,CX XY

is Hausdorff and hence is a k-space [4, 2.6]. We may therefore con-
sider the above diagram as a push-out in the category of k-spaces.
Since there is an unrestricted exponential law in this category, each
product functor — X W preserves push-outs and hence
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PROPOSITION 4. For any space W, the identity function
LZXWUpaCX XY XW—o(ZU,CX XY)XW
is @ homeomorphism.

PROPOSITION 5. If h: X— X', k: Y—Y’, and v:Z—Z' are homotopy
equivalences, and if g: X X Y—Z and g': X' X Y'—Z' are maps such that
gov~hXkog':XXY—Z', then there is a homotopy equivalence

Z\J,CXXY—>2'U,CX XY
extending v:Z—2Z'.

Proor. When Y and Y’ are singletons, then Z\U, CXX Y and
Z'\U, CX'X Y’ are the mapping cones of g and g’. In this special case
the above result is standard and its proof [2, p. 40] can easily be
modified to cover the general case.

From now on let ¥ and Y’ be connected cellular spaces with
multiplications m: Y X Y— Y and m': V' X Y'— Y’ (i.e., the codiagonal
maps V~iom:Y\/ Y-V XVY—>Y and V~'om’: V'V Y ->Y'XY’
—Y’). Thengivena: X— Y and f: X— YV’ we form

ga=aX1lomX XYV -V XYV,
g=BXlom XXV S5V XV >V,
and the associated adjunction spaces E,=Y\U, CXXY and Eg
=Y"Uy, CXXY'. From the previous two propositions we have

COROLLARY 6. (i) E«XYV=YXY Uy sa CXXYXY and EgXY’
=V'XY' Uy uCXXY' XY
(i) If B: YX Y- Y'X Y’ is a homotopy equivalence for which

1 Xk
XXV XV—> XXV XY

aX1X1 i) i) BX1X1
Y XV XY V"XV XV
m X 1 ! l m X1

k
YXvY — V"X v
is homotopy commutative, then k extends to a homotopy equivalence
E,XY—-EgXY'.

We now describe some special twisted homotopy equivalences
YXV—-Y'XY'. Let Z be a space with multiplication #n:ZXZ—Z.
Given four maps ki;: W—Z (i, j=1, 2) we define {(k:;) }: WX W—Z
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X Z to be the map with projections {(k;,—) } 0 pi=p10 ki 4z P20 kyjt
WXW—Z (j=1,2),where the sum f +zg:A—Z means Ao fXgon:
A—Z. For example, if §;;: Y—Y is given by 0, 1y as 157, ¢=j, then
{(8:) }~1: Y X Y>> Y X Y. We can consider the four maps ki;: W—Z
(4,7=1, 2) as determining a 2 X2 matrix (k;). We write (ki;)>(h;;) if
kii~hi; (i, j=1, 2), and so (ki)=~(hi;) implies {(k:;)}~{(h:;)}: W
XW—ZXZ. For ki;j: Y>>V and h;;: YV'>V (4, j=1, 2) we define
matrix multiplication

(ki) (hs) = (ku o hyj -|yj kizo hzi) )

(hij) (ki) = (hu o kij -Ii},hiz ) kzj) )

and we say (k;;) and (k;;) are inverses if these products (k;;) (hi;)==2(8;)
and (ki) (ki;)~2(8}). We do not claim that then {(:)} o {(h:)}
~1yxy and {(hij) } o {(kij) }zlylxyf, but nevertheless we prove

PROPOSITION 7. Given ki;: Y—Y' (i, j=1, 2), the map {(ki)}:Y
X Y—-Y'XY' is a homotopy equivalence if the matrix (ki;) has an in-
verse.

ProoOF. For g: S*— VY X Y, (n=1),
g§o {(k;;)} op;=¢go (PlOkle‘}‘, PzOkzj)
= goplokl,'ill—,gomokz,'

~gopiokyt+gopiok; (j=1,2)

where + is the homotopy associative-commutative binary operation
determined by the standard comultiplication on S* If (ki) is a
matrix inverse for (k;;) then

{(Bi))} os {(Bid}s = 1:ma(Y X V) 5 ma(Y X )
and
{(Bip)}ao {(Rid}s = Lima(Y' X V') > (Y X 1).
For example,
go {(ki)} o {(hi)}~g forg:S"—YXY (n=1)

since
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go {(kiz‘)} ] {(hi:‘)} opi=go {(kij)} o (Pl o hj '|I;;P20 hzi)
= go {(k:y)} 01710111:“'1; go {(ki)} o paohy;

~(gopiokn+ goproka)ohy

+ (go p10 k12 + go P20 k2) 0 hyj
= (goprokiohy;+ go p20 ks o hyy)

+ (gopr0 k120 haj + g o P20 ka2 0 hj)
~(goprokunohyy+ go piokizohy)

+ (g0 p20 k210 b1y + go ps o ka0 k)
~ (goplokuohl,- +Ygoplokmohz,-)

+ (gopzokzlohi;+gopzoknohz;)
=gopi0 (kuohlj;'klzohzj)

+ (g 0 p20 (ka1 0 hy; 'liszz o hz;’)

~go {(ki)(hij)} 0 p;
~go{(:)} opi~gop;

forj=1, 2.
Thus {(k)}: YXVY—Y'XY’, as a weak homotopy equivalence
between connected cellular spaces, is a homotopy equivalence.

THEOREM 8. Let a: X—Y and B:X— Y’ be used to construct E, and
Egas prior to Corollary 6. If there exist four maps k;j: Y—Y' (1,j=1, 2)
such that

(i) the matrix (k.i;) is invertible,

(i) aokbu~B: X—>Y anda o ki~0:X—Y’,

(iii) ki Y>Y'isan H-map for j=1, 2, and if

(iv) the multiplication m’: V' X Y'—Y’ is homotopy associative,
then the map {(k:;)}: YXY—Y'X Y’ is a homotopy equivalence which
extends to a homotopy equivalence E. X Y—EgX ¥V’

Proor. Condition (i) and the previous proposition show that
{(:j)} is a homotopy equivalence. We use conditions (ii), (iii), and
(iv) to show that

aX1X1lomX1lo{(k)}=1X {(ki)} o8 X1X1om X1,
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so that Corollary 6 is applicable:

aXleoleo{(kaj)}OP:‘
~aX1X1lomX IO(ﬁlOkljii;,PzOkzj)

~aX1X1lomX1oky; X kjom
~aX1X1oky; X kij X kjom’ X1om
~ (o ki) X k1; X k2jol X m' om’ G=1,2)
while
1 X {(ki)} 0B X1 X 1om' X 10p
=1X ({(kij)} opr)oB X Lom
~1X (kyy X kapom’)oB X 1lom’
=1XkyXkiol XmoBX1om
=B XkuXknol Xmom
~(aoku) X ku X kunol Xm'om'
and
1 X {(ki)} 0B X1 X Lom' X 10p: = prxro {(ki)} 02
~ pyxy 0 k1g X koo o m’
~0 X ks X kool Xm' om’
> (a0 ki2) X ks X kzol X m' o,

where pyxy: X X Y X Y— Y X Y is projection on the last two factors.

3. A concrete case. Let X =351, let ¥ be the three sphere S$*
with multiplication m,, and let ¥’ be the three sphere S* with multi-
plication m,. We claim that Theorem 1 is merely a rewording of
Theorem 8 and we present the following facts in justification:

(i) For each integer #, let [1]:5*—S$® be a map of degree . Since
[n+m]~[n]+[m], where +=+v, +v, and [n] o [m]~[nm], then

([ma) ([mss]) = ([na] o [ms] + [na] 0 [mas])
=~ ([nimyj + nigmsj)).

We conclude that the matrix of maps ([#;]) is invertible iff the matrix
of integers (n;) is invertible, or equivalently, iff det (n;;) =*1.
(i) Fora:S*1—S$%and integer n, we have a o [n]|~na.
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(iii) The map [n]:S%, m,—S*, m, is an H-map iff n?(2s+1)=
n(2r+1) mod 24 [1, Theorem A ].
(iv) The multiplication m,:S?X.$3—S® is homotopy associative iff
$s=0,2,3,5,6,8,9,0r 11 [1, Theorem B and Remark 1].
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