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AN EXAMPLE OF HILTON AND ROITBERG

ALLAN J. SIERADSKI

Abstract. In [3], P. J. Hilton and J. Roitberg illustrated with

several examples the failure of cancellation for products in the

homotopy category of finite CW complexes. We reconstruct here

these examples from a different point of view.

1. Introduction. Each example of Hilton and Roitberg consisted

of principal ¿^-bundles Ea and Eß over Sn for which EaXSP^EßXS3

and yet Ea&±Eß. If Fs3 is the classifying space of the Lie group S3 and

if a£7r„_i(,S3) and aoGxn(Fs3) correspond under the canonical iso-

morphism, then denote by pa:Ea—*Sn the principal S3-bundle classi-

fied by a0'.Sn—>Bs3. They show that there is a supply of a, ßEtrn-i(S3)

with a^+ß, which guarantees that EagkEß, and with paoß0—0

~/)(0«g, which implies that the fibered product Eaß of the maps pa

and pß satisfies EaXS3^EaßC±LEßXS3. The resulting homotopy

equivalence Ea X S3—^Eß X S3, which is not made explicit in [3 ], cannot

be of the form/Xg for then f:Ea-^Eß would induce isomorphisms on

homotopy and hence would be a homotopy equivalence; it must be

twisted. We present here these examples from the point of view of the

cellular structure of the spaces EaXS3 and EßXS3 to indicate how the

homotopy equivalence EaXS3^>EßXS3 can be generated by a

twisted homotopy equivalence S3 X S3—>53 X S3.

Let mr : S3 XS3—>S3 (r = 0, 1, • • • , 11) be the twelve multiplications

on S3 as enumerated by M. Arkowitz and C. R. Curjel in [l]. For

a'.Sn~1—>53 define the map

£„., = a X 1 o mr-.S»-1 XS3^S3XS3-^S3

(observing the "Hilton-Wylie" convention of writing composition of

maps) and the adjunction space Ea,r = S3 U„air BnXS3. These spaces

are related to the principal 53-bundles in that Ea,0 = Ea [3, Proposi-

tion 2.1]. We prove in §3 the following result.

Theorem 1. Let a, ß:Sn~1-^>S3 be used to construct Ea,r and Eß,,.

If there exist integers «,-,■ (i,j = 1,2) such that

(i) det («,•/) = ±1,
(ii) nxxcxc^ßandniiac^O,
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(iii) n2A2s + l) =nu(2r + l) mod 24 (j= 1, 2),

and if,
(iv) either 5 = 0, 2, 3, 5, 6, 8, 9, or 11,

then there is a twisted homotopy equivalence  {(ñy)} '.SPXS3—*S3XS3

which extends to a homotopy equivalence Ea,r XS3^>Eßt, X S3.

For the remainder of this section we restrict our attention to r—s

from the list (iv). Using Theorem 1 we can reprove [3, Corollary 2.2 ]

and [3, Theorem 2.5].

Theorem 2. Let a be of order k, &o=gcd(&, 24), i prime to k, t = l

mod ko, ß = w. Then Ea,1.X53~E<¡,rX53.

Proof. Since i = l mod k0, we can find «u=i mod k, »u**l mod 24.

Then ran is prime to k and to 24 and hence to «i2 = 24 k. Thus we have

integers ray (t, j = 1,2) with

(i) det(wy)=l,

(ii) «na~ta=/3and «i2a = 0, and

(iii) niAnij- l)(2r + l) =0 mod 24 (j = L 2).

As in [3, Theorem 2.3] we can see that Ea,rc~E&:, implies that

a=¿±/3 and so we have the immediate consequence of Theorem 2.

Theorem 3. Let a be of prime order p9i2, 3, let t be prime to p

i ̂  + 1 mod p,ß = ia. Then

Ea,r XS3c~ Eß,r X S3,       Ea,r pk Ep,T.

2. The abstract situation. We work in the category of ¿-spaces

with base-point and base-point preserving maps, with composition of

f:A—>B and g'.B—*C written /o g:A—*C. The equivalence relation

induced by homotopies which preserve base-points will be denoted

by ~.
Given g'.XX Y-^Z and the inclusion c\X^>CX of X onto the base

of its cone CX, the adjunction space Z\JQ CXX Y described by

c X If
X X Y->CX X Y

gï i

Z-> Z\Jg CX X Y

is Hausdorff and hence is a è-space [4, 2.6]. We may therefore con-

sider the above diagram as a push-out in the category of ¿-spaces.

Since there is an unrestricted exponential law in this category, each

product functor — X IF preserves push-outs and hence
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Proposition 4. For any space W, the identity function

HZXW KJgXi CXX YXW-*iZVJ„CXX Y)XW

is a homeomorphism.

Proposition 5. If h:X^>X', k: Y^>Y', and v\Z-*Z' are homotopy

equivalences, and if g'.XX Y^>Z and g':X'X Y'—*Z' are maps such that

g o vo^hXk o g':XX Y—>Z', then there is a homotopy equivalence

ZVJgCX X Y-+Z' \J0. CX' X Y'

extending v : Z—>Z'.

Proof. When Y and F' are singletons, then Z\J„ CXXY and

Z' U,r CX'X Y' are the mapping cones of g and g'. In this special case

the above result is standard and its proof [2, p. 40] can easily be

modified to cover the general case.

From now on let Y and Y' be connected cellular spaces with

multiplications m:YX F—>Fand m'\ Y'X Y'—>Y' (i.e., the codiagonal

maps V~î'o»i:rVF-»FXF->y and V~t' o m': F'V F'->F'X Y'

—> Y'). Then given a:X—>Y and ß:X—> Y' we form

ga = aX lom:XX Y->Y X Y -* Y,

gß = ßX íom':X X Y' -> Y' X Y' -* Y',

and   the  associated  adjunction  spaces Ea=Y\J„a CXX Y and Eß

= Y'KJgp CXX Y'. From the previous two propositions we have

Corollary  6.  (i) EaXY=YXY\JaayiCXXYXY and EßXY'

= Y'XY'UgffXiCXXY'XY'.
(ii) If k: YX Y—>Y'X Y' is a homotopy equivalence for which

IXk
X X Y X Y-► XX Y' X Y'

aXIXl | | (3X1X1

Y X F X F Y' XY' X Y'

mXl i i m' Xi

Y XY        -» Y' XY'

is homotopy commutative, then k extends to a homotopy equivalence

EaXY->EßXY'.

We now describe some special twisted homotopy equivalences

YXY^Y'XY'. Let Z be a space with multiplication n.ZXZ^>Z.

Given four maps fey-: W-+Z (i, j = l, 2) we define {(¿y)} : IFX W—>Z
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XZ to be the map with projections {(ki3) } o pj=pi o Ay +z Pi o A2j:

WXW—>Z (j = \, 2), where the snmf +zg\A—»Z means A ofXg o «:

A—*Z. For example, if 5»7: Y-+Y is given by 0, ly as i^j, i=j, then

{(hi3) ]~1 : YX Y^YX Y. We can consider the four maps fe«: W->Z

(i,j = \, 2) as determining a 2X2 matrix (kij). We write (Ay)~(Ay) if

Ay~Ay (¿, i = l, 2), and so (Ay)~(Ay) implies {(Ay)}~{(Ay)} : IF

XW-+ZXZ. For Ay-:F->F' and hi3:Y'-*Y (¿, ? = 1, 2) we define
matrix multiplication

(kij)(hij) = /kix o hxj + kit o k2j\ ,

(hi3)(kij) = (hix o kxj +r/hi2 o k2j\ ,

and we say (hi,-) and (ki,) are inverses if these products (Ay)(Ay)^(5y)

and (Ay)(Ay)~(5y). We do not claim that then {(kij)} o {(hi,)}

—Iyxy and {(Ay)} o {(kij) }~ly<XK<, but nevertheless we prove

Proposition 7. Given ki3'.Y—*Y' (¿,7 = 1, 2), the map {(Ay)}: F

X F—>F'X Y' is a homotopy equivalence if the matrix (A,/) has an in-

verse.

Proof. For g : S"-> Y XY, (w^l),

g o {(ki,)} opj = go /pxo kxj + P20 k2j\

= g o px o kxj + g o pi o A2j

■^ígOpxO kxj + g O pi O kij 0=1. 2)

where + is the homotopy associative-commutative binary operation

determined by the standard comultiplication on S". If (A,-,-) is a

matrix inverse for (A,,) then

{(*</)} o# {(Ay)}# = l:x„(F X F) ^7r„(F X Y)

and

{(*«)}# o {(*«)}# = l:7r„(F' X r)-»T„(F' X F').

For example,

g o {(Ay)} o {(Ay) }~g    for g:5»->FXF   (re ̂  D

since
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go {(ka)) o {ihn)} opi = go {ihn)} o (pi o hu + p2 o h2j\

= go {ika)} o pi o hu + g o {ihn)} o p2o h2j

~ ig O pi O ¿n + g O p2 O ¿21) O Äiy

+ (g o />i o ¿i2 + g o p2 o ¿22) o htj

= igopio ¿u o &y + g o ^2 o ¿21 o hu)

+ igO piO ¿12 O Äy + g O p2 O ¿22 O Ä2y)

~ ig O ¿>i O ¿11 O Ay + g O Pi O ¿12 O h2¡)

+ igo p2o ¿21 o hu + g o p2 o ¿22 o A«)

— (g° Pl° ¿11 O Ay + g O £1 O ¿12 o A2A

+ /gop2o ¿21 o hu + g o p2 o ¿22 o A2/\

= g O /»i O /¿n O Ay + ¿12 O A2A

+   (g O p2 O (¿21 o hu + ¿22 O h2j\

^go {(¿y)(Ay)} opi

^go{ iSa) } O Pi ~ g O ¿y

forj' = l, 2.

Thus {(¿y)} : FX F—>F'X F'', as a weak homotopy equivalence

between connected cellular spaces, is a homotopy equivalence.

Theorem 8. Let a:X—>Y and ß'.X-^Y' be used to construct Ea and

Eß as prior to Corollary 6. // there exist four maps ¿y : F—> Y' (i, j = 1, 2)

such that

(i) the matrix (¿y) is invertible,

(ii) a o ¿n~/3 : A'-v F' ara¿ a o ¿i2 ̂  0 : X-> F',

(iii) ¿y : F—> F' ¿5 ara H-map for j = 1,2, and if

(iv) the multiplication m'\ Y'X F'—> Y' is homotopy associative,

then the map {(¿y)} : YX F—>F'X Y' is a homotopy equivalence which

extends to a homotopy equivalence Ea X Y—>Eß X Y'

Proof. Condition (i) and the previous proposition show that

{(¿y)} is a homotopy equivalence. We use conditions (ii), (iii), and

(iv) to show that

«XlXlowXlo {(ka)} ~ 1 X {(ka)} oß X 1 X 1 om' X 1,
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so that Corollary 6 is applicable:

aXl XlomXlo {(kij)} o pj

~aXlXlot«Xlo /px o kxj + pi o kij\

~ a X 1 X loisX 1 o Ay X kijom'

~ a X 1 X 1 o kij X kij X ka o m' X 1 o m'

~ (a o kij) X kij X ka ol Xm' om'        (j = 1, 2)

while

1 X {(kij)} oß X 1 X 1 om' X 1 opi

= 1 X ({(Ay)} opdoß X lorn'

==¿ 1 X (¿ii X A21 o m') o ß X 1 o m'

= 1 X A„ X A21 o 1 X m' o ß X 1 o m'

= ß X Au X A2iO 1 Xm' om'

~ (a o An) X An X A2i o 1 Xm' om'

and

1 X {(Ay)} oßXlXiom' X íopí   = pYxr o {(Ay)} o p2

~ pYyj o Ai2 X A22 o m'

^0 X ka X ka o í X m' o m'

~ (a o kxi) X kxi X ka o 1 Xm' o m',

where Pyxy'XX YX Y—+YX Y is projection on the last two factors.

3. A concrete case. Let X = S"~1, let Y be the three sphere S3

with multiplication mr, and let Y' be the three sphere S3 with multi-

plication m,. We claim that Theorem 1 is merely a rewording of

Theorem 8 and we present the following facts in justification:

(i) For each integer re, let [re] iSP—tS3 be a map of degree re. Since

[re+?«]~[»]-|- [tn], where + = +y, +v, and [re] o [m]~[re?w], then

({*</])([»*</]) = ([»<i] o [mxj] + [na] o [m2j])

~([»<if»w + namij]).

We conclude that the matrix of maps ( [»„■]) is invertible iff the matrix

of integers (rey) is invertible, or equivalently, iff det (rey) = Í1.

(ii) FoTa:Sn~l—»5s and integer re, we have a o [re]—rea.
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(iii) The map  [ra]:^, mr—»5s, m,  is an H-map  iff ra2(2s + l) =

ra(2r-f-l) mod 24 [l, Theorem A].

(iv) The multiplication ma:S3XS3—>S3 is homotopy associative iff

5 = 0,2,3,5,6, 8, 9, or 11 [l, Theorem B and Remark 1 ].
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