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SEMILATTICE OF BISIMPLE REGULAR SEMIGROUPS
H. R. KRISHNA IYENGAR

ABsTRACT. The main purpose of this paper is to show that a
regular semigroup S is a semilattice of bisimple semigroups if and
only if it is a band of bisimple semigroups and that this holds if and
only if D is a congruence on S. It is also shown that a quasiregular
semigroup S which is a rectangular band of bisimple semigroups is
itself bisimple.

In [3, Theorem 4.4] it was shown that a semigroup S is a semi-
lattice of simple semigroups if and only if it is a union of simple semi-
groups. The purpose of this paper is to obtain corresponding results
for a semigroup which is a semilattice of bisimple regular semi-
groups. Unfortunately, a semilattice of bisimple semigroups need not
be a union of bisimple semigroups as illustrated by a simple w-semi-
group constructed by Munn [5]. However, we get some equivalent
conditions for such semigroups. In particular we show that a regular
semigroup is a semilattice of bisimple semigroups if and only if it is
a band of bisimple semigroups.

1. Equivalent conditions. In this section we consider a set of equiv-
alent conditions for a semigroup .S to be a semilattice of bisimple
semigroups. We adopt the terminology and notation of [2].

LEMMA 1.1. Let S be a semilattice Q of semigroups S, and let D be a
D-class of S. Then, either Se\D =[] or DCS,.

PRroOF. Suppose S.ND#=[]. Let a,ES.ND. If bsE S and ¢, Dby,
then there exists ¢,&S, (y&EQ) such that a,Rc, and c¢,£Lbs. Also
a.®c, implies that either a,=c¢, in which case v =«, or there exist
WES, VES, (\, pin Q) such that a.x\=¢, and ¢y, =a.. However,
since S is a semilattice of the semigroups S., ¢.x2»ESa and c¢,y,
&€ S,,. It follows that vy =al and a=vu and so ¥ £« and a =v. Thus,
in either case,y =a. Likewise, ¥ =8. Therefore, a =8 and DCS,.

LeMMA 1.2, Let S be a semigroup. If abDba for all a, b in S, then D
is a congruence on S.

Proor. Let aDb. Then there exists x .S such that aLx and x®b.
Since £ is a right congruence and ® is a left congruence, we have
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for cES, acLxc and cx®eb. That is, acDxc and cxDcb. Since by hy-
pothesis x¢Dcx, and cbDbc, then acDbc and also caDch. Thus Dis a
congruence on S.

LeEMMA 1.3. Let S be a semigroup which is a semilattice of bisimple
semigroups. Then D is a congruence on S.

Proor. Let S=U,eq S, be a semilattice of the bisimple semigroups
S.. Then, by Lemma 1.1 each S, is a union of D-classes of S. How-
ever, since S, is bisimple, any two elements of S, are D-related in
S. and hence in S. Consequently, S, consists of a single D-class of S.
Thus the D-classes of S are just the subsemigroups S, and hence D
is a congruence on S.

As defined in [4], an element x in a semigroup S is sald to be
quasiregular if there exist elements a, b, ¢, dES! such that x =xaxb
=cxdx. A semigroup S is quasiregular if every element of S is quasi-
regular. From the results in [4], we find that a regular semigroup is
quasiregular, but the converse does not necessarily hold.

THEOREM 1.4. A quasiregular semigroup S, which is a rectangular
band of bisimple semigroups, is itself bisimple.

ProoF. Let S=U{Sa|i€I, N€EA} be a rectangular band of the
bisimple semigroups Sia and let S be quasiregular. Let xoaESa,
Y;wE Sju- Since x,y;u is quasiregular, there exist elements a, b, ¢, d
in S! such that

(1.4.1) ZnYiu@EnYisb = XnYiu
and
(1.4.2) CXDYiulT\Yiu = FixYiu-

However, (1.4.1) implies that xayexa®xny; and (1-4-2) im-
plies that xay,Ly,udxayiu, and hence xny;uaxiaDy;judxay;s. Since
XaViuaxaESa and y;dxny;sES;s, and S and S;, are bisimple, it
follows that Si and S, are contained in a single D-class of S for all
1, JEI and N\, uEA. Thus S is bisimple.

THEOREM 1.5. The following are equivalent for any regular semi-
group S.

(A) S is a semilattice of bisimple semigroups.

(B) For a, bES, abDba.

(C) D is a congruence on S.

(D) If e, f, g€ E(S), where E(S) is the set of idempotents of S, then
eDf=(i) egDfg and (ii) geDgf.

(E) S is a band of bisimple semigroups.
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ProOF. Assume (A) and let S be a semilattice Q of bisimple semi-
groups S,. Let @, bESS, and denote the D-classes containing ¢ and b
by D, and D, respectively. Then, by Lemma 1.1, D,C .S, and D;C .S
for some «a, B in Q. Hence ab&ED,DyC S,SsCSes and baE DD,
C S55S.C Sas. Since S,s is bisimple, we conclude that ab®ba. Thus
(A) implies (B). (B) implies (C) by Lemma 1.2. Also (C) implies
(D) trivially. We shall now show that (D) implies (C). Suppose
a®b and ¢ES. Let o/, b’, ¢’ be one of the inverses of a, b, ¢ respec-
tively. Since a’afa and £ is a right congruence, we have
a’a-cc’La-cc’. Also, since c¢c’®e and since R is a left congruence, we
have a-cc’®Rac. Thus a’acc’Dac and likewise b’bec’ Dbe. Since a’a D',
it follows from (D) that a’acc’Db’bcc’ and hence acDbc. In a similar
manner, caDcb and thus D is a congruence.

To show that (C) implies (E), suppose aDb so that aDbb’ where
b’ is an inverse of b. Since D is a congruence, this implies that
abDbb’'b or abDb. Thus each D-class of S is a subsemigroup of S and
moreover, since S is regular, it is a bisimple semigroup [2, p. 61,
Example 6]. Denoting the D-classes of S by S,, «EQ, we have S
=U{S.|@«€Q}. Further, since D is a congruence, S.Ss is contained
in a semigroup S, for some y&EQ. If we define of =+, then, noting
that S.S.C S,, © becomes a band and thus .S is a band of bisimple
semigroups.

Finally, in order to show that (E) implies (A), we use the following
result by Clifford [1]. “Let € be a class of semigroups. If a semigroup
S is a band of semigroups of type €, then S is a semilattice of semi-
groups each of which is a rectangular band of semigroups of type €.”
Now assuming that S is a band of bisimple semigroups, S is a semi-
lattice Q of semigroups S, (¢ER), where each S, is a rectangular
band of bisimple semigroups. If ¢,&.S,C.S, since S is regular, there
exists a, &S such that ¢.ale.=a, and further a,Da,. However, by
Lemma 1.1 each S, is a union of D-classes of S and hence a,ES,.
Thus S, is regular, and in particular, quasiregular. Consequently,
by Theorem 1.4, S, is bisimple, and we have (A). This completes the
theorem.

2. Examples. In this section we consider some examples to show
that Theorem 1.5 is not true in general for semigroups which are not
regular. First we need a lemma. '

LEMMA 2.1. Let S be a Baer-Levi semigroup [3, p. 82] and T be any
semigroup. Let A =T XS be the direct product of T and S. Then (¢, s)
D(, s') if and only if tRY', in T, and consequently the D-classes of A are
just the sets RX S where R is an R-class of T.
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Proo¥. The proof of the “only if” part follows if we show that the
L-classes of A contain single elements. Now suppose (¢, s)£(’, s).
Then either

@ ¢ s)=(,s"),or

(ii) there exists x, y in T and a, b in S such that (x, a)(¢, s) = (', s')
and (v, 0) (¢, s") = (¢, s).

If (ii) holds, we have as=s" and bs’ =s. Thus, (ba)s =b(as) =bs'=s
which contradicts [3, Lemma 8.3]. Hence (ii) cannot hold, and we
have established the assertion.

The “if” part is clear, since S is right simple and any two elements
of S are R-related.

EXAMPLE 1. Let E, = {el, 62} be a right zero semigroup of order 2,
E;= {ea, e, es} be a left zero semigroup of order 3, and let E=E,\JE,
be a disjoint union where

ee; = eje; = e; fori =12 =34
€165 = €3, €561 = €5, €265 = €4, €562 = €5.

‘The fact that E is a semigroup can be easily verified. Moreover,
e1Re; and e;LesLes. Set T=EXS, the direct product of E and S,
where S is the Baer-Levi semigroup. Using Lemma 2.1, the D-classes
of T are given by

Dl = {61, 62} XS, D,' = {6.’+1} XS ('L = 2, 3, 4)

Clearly, T is a band of the bisimple semigroups S;= {e:} XS, i=1,
2, 3, 4, 5. However, if s&S, then (e, s)D(ee, s). But (e1, s)(es, )
= (e3, s?)ED, and (es, s)(es, 5)=(es, s2)ED;. Thus D is not a con-
gruence. Moreover, T is not a semilattice of bisimple semigroups,
for otherwise, Lemma 1.3 would imply that ® is a congruence.
Further T does not satisfy the condition (B) of Theorem 1.5, since in
that case Lemma 1.2 would again imply that D is a congruence.

ExaMPLE 2. Let S= {0, a, 1} where a?=0, with 0 as the zero
-element and 1 as the identity element. Then D is a congruence, being
the identity relation. However, S is neither a band of bisimple semi-
-groups nor a semilattice of bisimple semigroups.

ExAMPLE 3. Let E= {el, 82} be a left zero semigroup and let S be
the Baer-Levi semigroup. Set T=EXS. Then T is a semigroup and
by Lemma 2.1, the D-classes of T are:

D1 = {81} XS and Dz = {ez} XS.

‘Moreover, D; and D, are bisimple semigroups such that D;D,C D,
:and DeD;C D,. Thus D is a congruence on T and T is a band of bi-
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simple semigroups. However, if a = (e;, 5) and b = (e,, 5) for s&.S, then
ab&D, and ba&D;. Hence, ab and ba are not D-related. This will
further imply that 7 is not a semilattice of bisimple semigroups.

REMARK. If, in Example 3 above, we write Sy =D, Su=D., we
find that S is a rectangular band of the bisimple semigroups Sy;; and
Sz;. But S is not bisimple. This shows that Theorem 1.4 is not true
in general for semigroups which are not quasiregular.

This paper is part of a Ph.D. thesis submitted to the University of
Wisconsin-Milwaukee. I would like to thank Dr. R. L. Gantos for his
valuable advice and encouragement.
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