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ON THE EXISTENCE OF DOUBLE SINGULAR INTEGRALS
FOR KERNELS WITHOUT SMOOTHNESS

T. WALSH

Abstract. Calderón and Zygmund have proved the pointwise

convergence of singular integrals in R" for locally integrable

homogeneous kernels whose even part is locally in L log L by

change to polar coordinates and use of the boundedness in L* of

the maximal operator of the one-dimensional Hubert trans-

formation. The present note shows how analogous results for

double singular integrals can be derived from boundedness of the

maximal operator of the double Hubert transform.

For i = l, 2 let A¿ be a complex valued function defined in Rn>

which is (positively) homogeneous of degree — «¿, i.e., A¿(Xxí)

=\~niKi(xi) for Xj^O, X>0, locally integrable away from the origin,

of mean value zero on the unit sphere of R"', i.e.,

I Ki(x'i)dxí = 0
J lVi=i

(where dx\ denotes ordinary surface measure on Sn~1= {x't\ \x[\ =1})

and whose even part belongs to L log L on the unit sphere, i.e.,

(1) f | Ki(x'i) + K(-x'i) | log+ | Ki(xl) + Ki(-x<) | dxl  < oo.

A. Zygmund called attention to the problem of showing by the

methods of [2 ] that if

(2) f*(x) = sup{|/ei,e2(x)|:e1,e2>0}

where

/ei,£s(xi, x2) =  I Ki(xi - yi)K2(x2 - y2)f(yh yi)dy2dy1

then

(3) ||/*||p Ú Ap\\j\\p       for 1< p < »

where Ap depends on p, Ki, K2. In case the moduli of continuity w,- of
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Ki, K2 restricted to Sni~\ S"^1 satisfy the Dini condition /„ t-l(ja(t)dt

< oo for * = 1, 2, this was shown by Cotlar in [3]. The purpose of this

note is to prove the following

Proposition. Suppose Ki, K2 are homogeneous of degree —wi, —n2,

respectively, locally integrable and of mean value zero on S"«'-1 and

satisfy (1), then for f* defined by (2), (3) is valid. Moreover if vindicates

how many of Ku K2 are odd (v = 0, 1, 2) then Ap = 0((p — i)'-i) as

pi 1 (Oip^asp^oc).

The proof requires the following

Lemma. LetfELpiR2) and

7(fc fc)

=   sup    t~2 I I (£i - ti)-^ - T2)-ifÍTU T2)dT2dn
91,q,>ol «^ |£i-nl>11*/ lfs-'íl>12

then\\f\\P^AP\\f\\pwhere Ap = Oiip-l)-2)for p I 1.

For the maximal double conjugate function of a periodic function

the analogous assertion follows from the arguments of [6, especially

pp. 228-233] and with v4p= ((p-1)-4) is Theorem 3 of [4]. Again

with Ap = 0((p —1)~4) the lemma is contained in [3, Theorem 3, p.

102]. A proof analogous to that of Theorem 6' of [6] might run

briefly as follows.

Let

P(€, i») = *"W + I2)"1,       6(i> v) = x-^(£2 + vT1

then (ît)-1^-»»»)-1 "-Pfêi v) -*(?(£. v), hence

[P(-, iji) 9 P(-, 172) - Ö(-, vi) 0 (2(-, 772)] */(&, {s)

-[Pi-,nù 8 G(-, «1) + G(-, vO 8 P(-, 91}] */(&, ft)

are the real and imaginary parts, respectively, of

F(ft, fO = Ht)~2 f f firi, r2)(ri - rO-Kfs - r2)-'¿nár2

(fo = & + tóí-
It Will be seen that Pis inü\ In what follows Cwill denote a constant

not necessarily the same at each occurrence. It is well known that,

e.g.,
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\\Q(-,vx) •/(-, €0||p = Cpp'\\f(;b)\\p      ((pT+p'1 = l)

hence |[P|| [H>] á C(pp'Y\\f\\p, and so, if

F*(Zi, & = sup{ | F(h + iVi, fj + ivi) | :i»i, 172 > 0}

then ||F*||pá C(pp'Y\\f\\p. Also it is well known that

||suP{p(-, ni) ® P(-, m) * \f\ :Vl, m > o}\\„ ^ CW)2||/||P-

Hence consideration of the real part of F leads to

||sup{ | Q(-,vx) 8 Q(-,Vi) *f\ :vx, m > OlH, Ú C(ppy\\f\\p.

It remains to observe that if H(%, v) = (7r£)_1(l — x<-™)). X(-n.i) being

the characteristic function of the interval (—17,77), then

H(-, r,x) 8 H(-, r,i) - Q(-,r,i) ® Q(-, r,,)

= (H(-, Vi) - Q(-, Vl)) <g> ff(-, ,s) + Q(-, m) 8 (2?(-, 90 - Ö(-, *»))

and | i7(£, 77) — Q(%, n) \ ^.n~l\p(%ri~l) where ip is even, nonincreasing in

(0, °° ) and integrable so that, e.g.,

supijrV^r1 •) * g(-,b)
<Î!>0

cpp'W ?v p

(e.g., by Lemma 1 of Chapter II of  [l]) where

g(£i, £»)= sup | H(-,ií,)*/(Íi, •)(&)!•

Proof of the Proposition. First of all, for a.e. (xt, Xî) and any

€l, «2>0,

(4)       I | Ki(yx)K2(y2)f(xi — yu x2 — y2) \ dy2dyi < °o .

This follows as in [2, p. 292] by integration of the last integral over

any compact subset of RniXRni. In fact, let Bi— {x,:x,GPn«, |x,|

gr,} then the integral of the left-hand side of (4) over BiXB2 is at

most

\Ki(yí)K2(yí)\
li/i'l=l*/ Im'1=1 J B¡J B%J <!  J t,

• | /(*i — yi* <»> x2 — yl h) | tx~lt2ldt2dtxdx2dxxdyi dy{

S Cei     e2     ri r2 ||/||p.
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If Ki, K2 are both odd then

/*i,t»(*i> **) ™ — I I ^îW^sW/fai — J\, x2 + y2)dy2dyi
J \V\\>'\J  lï2l><2

= -  I I Ki(yi)K2(y2)f(xi + yx, x2 - y-i)dy2dyi
J llill>«l*/ ll/il>e,

r     r
=   I I A'1(y1)Ä'2(y2)/(a;i + yu x2 + y2)dytdyi.

J ll/ll>«l*^ l»il>ej

Hence by (4)

/.i,«?(*i> X2)

= (1/4) f       f      ¿ttiokitoifaUíu X*;yl, yi)dyidy[

where

/«,,€,(*i, *2; yi, y2) = I /(*j — j/h, x2 — yl t^trH^duJu.

Let

fixi, x2; yl, yl) =   sup   |/«i,„(a;i, x2; yl, yl) \ .

/( •, • ; y'\, y'2) restricted to any plane parallel to y[ and y'2 is the maxi-

mal function of the truncated ordinary double Hubert transforms of/

restricted to such planes. Consequently by the lemma

/00      f*  00J(*i — ylh, x2 — ylt2; yl, y I
—« J —«,

Ydt2dti
-00 ™    —00

/00        /•   00I      I fixi — yl h, x2 — yl t2) \Pdl2dh
-oo«'-oo ■   "

and integration of this inequality over the space of planes parallel to

y'i and y2 gives ||/(- ; y[, y'2)\\ptâAp\\f\\p. (2) now follows from (5) and

Minkowski's inequality for integrals as in [2].

If Ki, K2 are not both odd functions it appears sufficient to consider

the case when both are even; if one is odd and the other even the

following argument simplifies in an obvious manner. If as in [2, p.

299] <f> denotes a continuously differentiable function of the real

variable t, t^O, equal to zero in (0, J) and to 1 in (f, ») then
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J l*i-»il<n*' ä"5       ^ l»i-*il<n*' Ui-siK'i'

• A'i(xi — yi)<pi \xi — yi\ ef1)

• Ä%0r2 — y2)<t>i I *2 — y21 eïl)fiyi, y%)dy2dyx.

The integrand is integrable in icni+"2 for a.e. (xi, x2) by (4). Let R

denote the (vector valued) Riesz kernel in i?"1 or Rm according to the

context and define («iXl), (1X«2) and (wiX«2) vector valued func-

tions

«io(*i, x2) = - p.v. R*fi-, x2)ixi),

goiixi, x2) = — p.v. R */(«i, -)ix2),

gnixi, x2) = p.v. (i? <g> R) *fixu x2).

According to the lemma on pp. 299-300 of [2 ] if Ka = p.v. R * Kit

Ka = p.v. R * iKi<b(\ • | )) then Ka, Ki2 are odd, Kn is homogeneous

of degree — «¿, for |x¿| ^1

| Knixi) - Ki2ixi) |   á C f | Kiiyl) \ dyl \ Xi\-"'-1
J l»<'I-i

and there are functions G, homogeneous of degree 0 such that for

\xi\ SSI, |-ST«| ̂G< and /,x¡-|=1 G,(x0¿*í< ». Then by (5.10) of [2]
the first integral in (6) equals

er"1 J   Kiixi - yi)<t>i \xi-yi\ ef1)

•    I   £ti((*s — y2)e2_1)goi(yi, yt)dy2dyi

(7)

and by §5 of [2] as a function of (yi, x2) the inner integral is in Lp,

hence for a.e. x2ER"2 the restriction to x2=x2 is in LpiRni) and hence

again by (5.10) of [2] (7) equals

€rme2-»2 |  I   [Kuiixi — yOef1) 8 K22Hx2 — yt)*tl)]'gu(yu yMyidy2.

A similar procedure with the second and third terms on the right-

hand side of (6) leads to
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I   i 1 il     "1"!
I Í€i,tj(*l, Xi) \ £l €2

-Il   iK^((xi — yihî1) 8 Kii((x2— yjer1)]-gn(yi,yt)dyidy

/l      /    x2 — y2   \ I
\K2[--i-p)

l»r-»«K«il      \\ x2 — y2\ / \

■   I  Ai2((xi — yi)erl)gio(yi, yt)dyi dy2

+cf    k(v^V)|
J l*t-»il<nl     \ | *i — yi| / I

I f I
•    I   A22((x2 — y2)tïl)goxiyx, yî)dy2\dyi

I **

•' Ixi-IiiKei«' |it-Bjl<ejl \\ Xx — yx\ / \   \x2 — y2\ /\

■\fiyuyi) \dy2dyx.

The first term on the right-hand side is at most

í?f"2    I (An(x! — yx) 8 A21(x2 — y2))
I"   l»l—Kll>«l"   1*2—m!>«2

■gxxiyx, yi)dy2dyx\

+ e?(f Gx (t^V) + Cf \ixx- y¿¿\ ~^)
\*; l«j-»»K«i      \ I Xi — yi | / •/ |xi-i,1i>í1 /

I   f I
•     I K2x(x2 - y2) ■ gxxiyx, y2)dy2 dyi

I   "  l»t—Ml><2

r     r     r. í *» - y* \i /     .-1,-2-1+   | I Gil-j-r 1| (»2 — T2)«2    I
•^ i»i-»ii<«i"' ix2-Mi<<2    \ | *i — yt I /

• I gn(yi, yù I ¿yürfyi

+ (3 similar terms obtained by interchanging X\, ^i, ei, Gi, Wi

with x2, ;y2, e2, G2, n2 in the preceding 3 integrals)



1971] ON THE EXISTENCE OF DOUBLE SINGULAR INTEGRALS 445

J l»r-*il<n* l»»-i/2l<«2     \ | ^1 — yi | /      \\ x2 — y2\ /

■ I guiyi, yi) I dyidyi

+ C I I | (*i - yi)eiX | "' * | ixt - y2)t2   | "*"
•^ l»l-I/ll>«l*'   Ilj-Ï2l>«2

• I gniyi, yd | ¿ysdyi.

Substitution in the estimate for/<ll€2(xi, x2), the result for products

of odd kernels, Theorems 1 and 6 of [2 ],

HaolU ||*.i||p ̂  Cpp'\\f\\p,    ||f„||p ̂  C(^')2||/||P

and the fact that the "outer" operators (in all but the first term) are

positive imply (3).

Remark. Completely analogously it can be shown by induction

that if KiELiodR"*— {o}), l^i^N, are several kernels all satisfying

the conditions of the proposition then

fix) = sup   f ■ • •   f (tfi 8 ■ • • 8 KN)ix - y)
«i>0 I J \xi-Vi\>*l J \xN-yN\>iN

■fiy)dyi, ■ ■ ■ ,dyN

satisfies (3), where x = (xi, • • • ,xn)ER"1+ • • • +nN-

It is also clear that analogous results hold for products of several

kernels of any of the types discussed in [2 ].

References

1. A. P. Calderón, and A. Zygmund, On the existence of certain singular integrals,

Acta Math. 88 (1952), 85-139. MR 14, 637.
2. -, On singular integrals, Amer. J. Math. 78 (1956), 289-309. MR 18, 894.
3. M. Cotlar, A unified theory of Hubert transforms and ergodic theorems, Rev.

Mat. Cuyana 1 (1955), 105-167. MR 18, 893.

4. K. Sokól-Sokolowski, On trigonometric series conjugate to Fourier series of two

variables, Fund. Math. 34 (1947), 166-182. MR 9, 89.
5. G. Weiss, Analisis armónico en varias variables. Teoría de los espacios Hv,

Cursos y Seminarios de Matemática, fase. 9, Universidad de Buenos Aires, 1960. MR

25 #3329.

6. A. Zygmund, On the boundary values of functions of several complex variables. I,

Fund. Math. 36 (1949), 207-235. MR 12, 18.
7. -, Trigonometric series. Vols. I, II, 2nd rev. ed., Cambridge Univ. Press,

New York, 1959. MR 21;

Princeton University, Princeton, New Jersey 08540


