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A CHARACTERIZATION OF A SPACE WITH
COUNTABLE INFINITY

AKIHIRO OKUYAMA

ABsTRACT. It is well known that, for a countable discrete
space N,
|6N — N| = 2%,

So, any completely regular T space X with |ﬁX -X | =N, does
not contain any infinite discrete subspace. In this paper, we char-
acterize those completely regular T; spaces with countable infinity
as follows: Such a space X is characterized by the two properties.

(a) X is pseudocompact.

(b) There exist a compact metric space Y and a continuous
map f from X onto ¥ so that the subset ¥o={y:f~(y) is not com-
pact} of ¥ is countable and clgx f~1(y) —f~(y) is one point when-
ever yEY,. (In particular, for any y in Yo, 8(f~1(y)) —f~(y) is one
point if X is normal.)

1. Introduction. Let BX denote the Stone-Cech compactification
of a completely regular T space X, let IA | denote the cardinal num-
ber of a set 4, and finally, let us call the set BX —X the infinity.
It is well known that |BN—N| = =20 for the countable discrete space
N (cf. [1]). Thus, in general, |8X —X| is large. But, on the other
hand, there exist spaces with the infinity consisting of only one point
(for example, the space of all countable ordinal numbers with usual
topology), and if we form the product of such a space with a compact
T space consisting of countably many points, we obtain a space with
the infinity consisting of countably many points (for brevity, we say
countable infinity).

A completely regular T, space with one-point infinity has been char-
acterized in [1, 6] ] and a locally compact, regular T} space with finite
or countable compactification (that is, a space with finite or countable
infinity for some compactification) has been discussed and charac-
terized in [3] and [4].

The purpose of this paper is to characterize a completely regular T}
space with countable infinity through the use of a suitable compact
metric space and a continuous map. Also, a completely regular T}
space with finite infinity is characterized as a special case.
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THEOREM 1.1 For each completely regular T, space X, the following
conditions are equivalent:

(1) |BX —X| <R,

(2) X s pseudocompact and there exists a continuous map f from X
onto a compact metric space Y so that the subset

Vo= {y € V:if~1(y) is not compact}

s countable and | clax 1 (y) —f~1(y) | = 1whenever yE Y. (Inparticular,
|B(F1(3)) —f~' ()| =1 for yE Yo if X is normal.)

(3) For any continuous map f from X onto an arbitrary compact
metric space Z the subset

Zo = {2 E Z:f\(3) is not compact}

of Z is countadble and ICl,gX iy — f"l(y)l < N, whenever zEZ,. (In
particular, IB(f“*(z)) —f—l(z)l <Ny for 3EZ, if X is normal.)

As a special case, for a space with finite infinity we have Theorem 2.

THEOREM 2. For each completely regular Ty space X the following
conditions are equivalent:

(1) |BxX-Xx ! =n (a positive integer).

(2) X is pseudocompact and there exists a continuous map f from X
onto a compact metric space Y so that the subset Yo= {ye Vif~(y) is
not compact} consists of just n points and | claxf~1(y) —f(y) | =1when-
ever yE Y. (In particular, |B(f~1(y)) —f~(y)| =1 for yE Y, if X is
normal.)

The proofs that (1) and (2) are equivalentin Theorems 1 and 2 are
similar and therefore we only prove Theorem 1.

2. Proof of Theorem 1. (1) tmplies (2). First, the condition (1)
implies the pseudocompactness of X. Because, if X were not pseudo-
compact, it would contain a closed subset F of X which could be
-saturated with a countable (infinite) discrete subspace N of the real
line R by a continuous function f: X —R; that is, f(F) = N and f~1(N)
=F. Then we have B(f)"'(clsgg N—N)CBX —X, where B(f) denotes
the extension of f over BX. Since BN =clgr N holds (cf. [1]) and N
has an uncountable infinity, 83X —X must be uncountable, which
contradicts to the condition (1).

Next, let us put X —X= {pl, 2 }, where p:#=p; for any
45%j§. Since X is a completely regular T} space, for any distinct m, n

1 The author sincerely thanks the referee for suggesting the present form of

Theorem 1 which is slightly stronger than the original version. The author is also
indebted to the referee for suggesting an elegant proof for Theorem 1.
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there exists a continuous map fm. from X into I (the unit closed
interval) with values fua(pm) =0 and frmn(ps) =1. Define

e:8X - P = ]] I (a metricspace)

by (e(x))m,n =fmn(x), and put f=e|X and Y=f(X). Then Y is a
compact metric space. Moreover, Y =e¢(8X). This follows from the
fact that the continuous image of a pseudocompact space is pseudo-
compact, any pseudocompact subspace of a metric space is compact
(and therefore closed) and Y is also dense in e(8X). Furthermore,
since X is pseudocompact and each point of Y is Gj, f is a Z-map and
hence a WZ-map; i.e., clgx(f~1(y)) =e~!(y) for each yE Y (cf. [2]).
Let us put ¢g.=e(p:) for =1, 2, - - - . Then for any y& ¥ which is
distinct from any ¢; we have e~!(y) CX and so f~!(y) =e¢~'(y) is com-
pact. For g¢;, from the definition of ¢, we can easily see that ¢,'s are
mutually distinct and so we have ¢~1(g;) =f"1(g.)\V {p;}. This com-
pletes the proof in the case that X is a completely regular T space.
If X is normal, we can assert 8(f~'(¢g:)) =clsx f~1(gi) fori=1,2, - - -.
Thus the proof is completed.

(2) implies (1). Let X, ¥, f and Y, be given asin (2). By the
same reasoning as before, we have clgx(f~1(y)) =B(f)~*(y) for each
yE Y. For each y;E Y we denote clgx f~1(y:) =f(y:)\J {p;} for some
pi € BX—X. Of course, BX is the complete inverse image
of ¥ by B(f) and therefore we have BX = U{B(f)~'(y):y € YV}
=U{chxf1(3):y€ Y} =U{f'(»):y€Y}U{ps, ps, - - - }. This com-
pletes the proof.

(1) is equivalent to (3). The proof is almost clear. For the direction
(1)=(3), if we put BX=XU{pps, - - -}, then Zo={B(f)(p:):
1=1,2,--- } satisfies the required conditions. (Notice that again f
is a WZ-map.) For the direction (3)=(1), it suffices to let Z be a
one-point space.
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