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p.p- RINGS AND FINITELY GENERATED FLAT IDEALS
S@REN JPNDRUP

ABSTRACT. In this note all rings considered are associative with
an identity element 1 and all modules are unital left modules. It is
shown that a commutative ring R has principal ideals projective if -
and only if R[X] has the same property. Furthermore it is proved
that a ring R has all n-generated left ideals flat if and only if all
n-generated right ideals are flat. In the last part of this note we will
prove the following results:

Fix n21. Then there exists a ring R such that all #-generated
left ideals are projective, in particular, flat, while there exnsts a
nonflat (n+1)-generated left ideal. '

1. Stabilization results for p.p. rings. Rings which have principal
left ideals projective are called left p.p. rings and rings whlch have
principal left ideals flat are called left p.f. rings.

For sake of completeness let us state the following well- known
lemma:

LEMMA 1.1. Let R be a commutative ring and M a finitely generated
R-module. Then the following statements are equivalent: -

(1) M is R-projective.

(2) Mp 1is Rp-free for all PESpec(R) and the functwn P
—rankg, (Mp) is a continuous function from Spec(R) to the integers Z.

THEOREM 1.2. Let R be a commutative ring. R is a p.p. ring if and
only if R[X ] is a p.p. ring. ,

Proor. It is easy to prove that if R[X] is a p.p. ring, then R
is a p.p. ring. Assume now that R is a p.p. ring and let
R[X](ao+ - - - +axX™) be any principal ideal in R[X]. For P
€Spec(R[X]) we have that (as)p#(0)p or (ao)p=(0)p. Let us first
consider the case where (a¢)p#(0)p. Since Ra, is R-projective it
follows that R[X ]ao is R[X ]-projective and hence, by Lemma 1.1,
(R[X]ao)p is (R [X ])p-free of rank one. This means that (ao)r is a
nonzero divisor in (R[X])p, i.e. (R[X](@o+ - -+ +anX™))p is free
of rank one. B

If (ao)p=(0)p, then there exists an element ¢(X)&P such that
(IoC(X) =0.
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(a0 + + -+ + anX™)c(X)
c(X) )P
= (R[XDp(ar + - - - + anX™)p
~ (R[X](a1 + - - - + anX™D))p.
By repeating this argument we get that for all PE&Spec(R[X])

(R[X](@o+ - - - +anX™))p is free of rank one or rank zero. Further-
more the argument shows that

RIX] (@0 + - - - + anX™)p = (R[XDP(

Supp(R[X](as + - - - + anX™)) = U Supprxi(as).
=0

Theorem 1.2 follows now from Lemma 1.1.

REMARK. The argument, which proved Theorem 1.2, also proves
that aring Ris a p.f. ring if and only if R[X ] is a p.f. ring.

ExAMPLE. Let R be Z; (the ring of 2 X2 matrices over the integers).
R is a left and right p.p. ring, R[X](%3) is a nonprojective principal
left ideal in R[X ] (the annihilator of (%3) cannot be generated by an
idempotent matrix).

This example is essentially due to P. M. Cohn.

2. p.p. rings and p.f. rings. While it is not true that a right p.p.
ring is a left p.p. ring (cf. S. U. Chase [3]), we can, however, prove
that a right p.f. ring is a left p.f. ring. But first we need a lemma.

LEMMA 2.1. Let I be the left ideal generated by (a1, « - -, @m). Then I
is a flat left ideal if and only if for all (by, - - -, bm) with
b+ - - - +bman=0, we can find an mXm matrix A such that the
following conditions are satisfied:

(1) (bly cte ’bm)A = (bl) te ybm)y
ay 0

@) all|=
am 0

ProoF. The lemma might follow from [2, Proposition 2.3]. Let
us consider the exact sequence of left R-modules

0>K—F5150,
where F is free with base (e, - - -, en) and g(e;)=a; for all
j€{1, -+ -, m}. K denotes the kernel of g.

1t is well known that I is flat if and only if for REK there exists
a homomorphism #&EHom(F, K) such that u(k)=%. Any REF is
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equal to biey+ - - - +bmen for some b;’s in the ring R. We see that
kEK if and only if bijai+ - - - +bnan=0. The existence of a homo-
morphism #&Hom(F, K) such that u#(k)=Fk is equivalent to the
existence of an m Xm matrix A such that

o 0
Al | =[] and (by,---,bmA = (by, - - -,bu).
) (0]
This completes the proof of the lemma.

THEOREM 2.2. If all n-generated left ideals are flat, then all n-
generated right ideals are flat, too.

Proor. By the “dual” to Lemma 2.1 it follows that all n-generated
right ideals are flat if and only if for any equation

blal+"'+bnan=0

there exists an # X7 matrix B such that

a a;
Bl-|=|| and (b, ---,8)B=(0,---,0).
&) lan
If we have an equation bija1+ - - - +b.a,=0 then by Lemma 2.1
we can find an # X7 matrix A such that
a1 0
(b, -+ - bu)A = (by, -+ -,b) and A|-|= |-
e (0

It is now obvious that the matrix E— A can be used as the matrix
B (here E denotes the n X7 identity matrix).

CoROLLARY 1. If R is a left p.p. ring, then any principal right ideal
is flat and for any a ER we have that the right annihilator of a, r(a), is
generated by idempotents (e;)ic1, with the property that for all 1y and 1,
where 1, and 1z are elements in I, we can find an 1& I such that e; R
Ce.R and e;,RCe.R.

Proor. The first statement follows from Theorem 2.2 and the
second from the proof of Theorem 2.2. The last statement is a con-
sequence of [1, Chapter 1, §2, Exercise 23b].

CoOROLLARY 2 (L. W. SMALL [7]). Let R be a ring in which every
principal left ideal is projective and in which there is no infinite set of
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nonzero orthogonal idempotents. Then every principal right ideal is
projective.

COROLLARY 3 (S. ENDO [5]). Assume that all idempotents in the ring
R are central. R is a left p.p. ring if and only if R is a right p.p. ring.

ExampLE. (Found jointly with P. M. Cohn.) Let # be any natural
number and let R be the K-algebra (K is any commutative field) on

the 2(n+1) generators X,;, ¥; (i=1, - - -, n+1) and defining rela-
tions

n+1
3) > XY =0.

=1

It follows from [4, Theorem 2.3] and [2, Theorem 3.1] that the
ring R is an n-fir. We want to prove that there exists a nonflat (n41)-
generated left ideal. If we assume that all (n+1)-generated left
ideals are flat, then the relation (3) will imply that there exists a
matrix A (4 is an (n+1) X (n+1) matrix) such that

Y, ) 0]
(Xl, ey, X,,.H)A = (Xl, s, X,,+1) and A4 | - =
Y'H-l O

The matrix A can be written as a sum of two matrices 4y and A4;,
where A, is a scalar matrix and A;=(a;;), where a;; has no nonzero
scalar terms. It is easy to see that

Y.y (0
(Xla vt ’Xﬂ+1)A0 = (Xl, Y Xn+l) and Ao . =
I[n+1 ' 0

If we specialize X;—0 and Y,—Y;, we see that there are no rela-
tions between the Y’s, hence we get that A,=0, a contradiction. We
have now proved the following:

THEOREM 2.3. For every n=1, there exists a ring R such that any n-
generated left ideal is flat, while there exists a nonflat (n+1)-generated
left ideal. We might even choose R to be an n-fir.

REMARK. For commutative rings we have that all ideals are flat
if the ideals generated by two elements are flat [6, Lemma 4.1], and
a commutative ring R is semihereditary if all ideals generated by two
elements are projective [6, Proposition 4.2] or [8, Theorem 4.2].
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