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EVERY ISOMETRY IS REFLEXIVE

JAMES A. DEDDENS!

ABSTRACT. A bounded linear operator 4 on a Hilbert space JC is
called reflexive if any bounded linear operator which leaves in-
variant the invariant subspaces of 4 is a limit of polynomials in 4
in the weak operator topology. In this note we prove that everyisom-
etry Von a Hilbert space 3C is reflexive.

Let 4 be a bounded linear operator on a Hilbert space 3. We
denote by Lat(4) the set of all closed subspaces 91 of 3¢ such that
AMCIM, and by G4 the smallest weakly closed algebra containing 4
and I (i.e. the closure in the weak operator topology of p(4) for all
polynomials ). 4 is called reflexive if, for B a bounded linear operator
on 3¢, Lat (4)CLat (B) implies BE @4.

D. Sarason in [4] proved that every normal (and hence every
unitary) operator is reflexive, and that the unilateral shift of multi-
plicity one is also reflexive. Our task is to piece together these two
results to show that every isometry is reflexive. We might mention
that it is unknown whether the direct sum of two arbitrary reflexive
operators is reflexive.

Let V be an isometry on 3 (i.e. || Vx" =||«|| for all x€3¢). Then
there exist unique reducing subspaces M,=N,_, V*3 and M,
= D o ®V"(3OV3) such that =M, OM, with U=V|m_ a
unitary operator and U, = Vl o, a unilateral shift [3, Problem 118].
If we let E(-) be the spectral measure of U and 9M,= {xEOTZ,,,:
|E(-)%|| L Leb} and 9m,= {x€m,:||E(-)x||<Leb} then M. =91,
®M, with U,=U|m, and U,= Ulmz., being called the singular and
absolutely continuous parts of U respectively [2].

THEOREM. Every isometry V=U,®U,® U, on a Hilbert space 3C
1s reflexive.

Before we prove this result we need some lemmas, which are of
interest in their own right.

Lemma 1. Lat(U,® U,) =Lat(U,) ®Lat(U,).
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ProoF. We need only show that MELat(U,® U,) implies 9N
= Py, M @ Par, M. First suppose M reduces U,® U,. Then Py com-
mutes with U, ® U, or matricially,

A B . U, 0
Py = ( ) commutes with ( )
B* C 0o U,

So BU,=U,B. By Theorem 3 in [1] we note that B=0. Hence
Pm=A®C or M=Py, M Py, M. Now suppose MELat(U,® U,)
with U=U,® U,. If £=MOUIM then

M=>PUre®NUM=N D R,

n=0 n=0

where ® reduces U. Hence ® = Py, R ® Pon, ®. Since

€N = Z@ Ure C Z@Un,e
n=0
and since the bilateral shift is an absolutely continuous unitary, we
must have that NCIM,, so N=Pw, NPy, N. Thus M=NOR
= Py, M @ Poy, N

LemMma 2. Gu,eu, = Qu, ® Qu,.

Proor. We need only show that B;EQy, and B:&EQy, imply
B1®B:E Qu,gv,. Since B;1E Gy, and B:E Qu,, Lat(U,)SLat(B,) and
Lat(U,)CSLat(B;). Hence Lat(U,)®Lat(U,)CLat(B1®B:). Now
Lemma 1 implies that Lat(U,® U,) SLat(B:1®B;). Since U,® U, is
unitary, it is reflexive by Sarason’s result [4], and hence B;® B,
& Qu,0v,-

COROLLARY. Gu,gu,av, = Qu,® Qu,oU,-

Proor. We need only show that BiEQy, and B:& Qu,eu, imply
B1®BE Quow.gu,. Let W be the bilateral shift on 9, which
uniquely extends the unilateral shift Uy, i.e. 91, =V,._. W, and
U= Wlsm,, Then there is a unique B:E Qu,gw such that B,
=B, @, in factif Bo=y¢(U.® U,) for S H= then By=y(U.®W).
Since U,® W is an absolutely continuous unitary, Lemma 2 implies
that B:® B, € Gu,gw.ow)- Hence Bi®B:E Gu,aw.avu,)-

LeMMA 3. U.® U, s reflexive.

Proor. The proof can be simplified if we make the following ob-
servation: If 4 is reflexive and {9M.} is any collection of invariant
subspaces for 4, then A®)_ @ 4 |m, is reflexive if for every TE G4
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there is a sequence of polynomials {p,.}l“ such that p,(4)—7T in the
weak operator topology and I]pn(A)” =<K for all n. Using the multi-
plicity theory for absolutely continuous unitaries [2] and unilateral
shifts [3], this observation reduces the proof to showing that M,® M,
on LXE)®H?, (E a closed subset of {z:|z| =1}), is reflexive and
satisfies the boundedness condition (here (M.f)(e®)=e%f(e?) for
fELE) or H?).

Suppose Lat(M.® M, CLat(B). Then B=B,®B; with Lat(M.)
CLat(B;). Since the unilateral shift M, on H? is reflexive
[4], B:EGu,. So By=M,, YEH>. By considering the M,®M,—
invariant subspaces of the form

M, = {(M: 6|z, ¢):6 € H)

we conclude that BlM:"¢|E=Mf"¢¢|E for allp EH? and n=0. Since
{Mf”¢|g:¢€H2, n=0} is dense in L%*(E), Bi=Myz. Thus B®B:
=M¢|E®M¢ for l,/e.Hw Hence Bl@BzEQM,@M,, and M.® M, is
reflexive. Suppose TEQx,au,. Then T=T,® T, where To& Qy, on
H?, so Ty=M, for yEH=*. Now there exist polynomials {p,,} such
that My, = p.(M.)—M, weakly and || M| =||pnlo=|[¥|l<. (See [3,
Solution 33].) In fact p.(M.®M.)—T:® 7T, weakly and

|6a(M.® )| = || pal| = ||¥]] -

Thus the boundedness condition is satisfied.

Proor oF THE THEOREM. Suppose Lat(V)CLat(B), where V
=U,®U,®U,. Then B=B;®B;®B; with Lat(U,)CLat(B;) and
Lat(U(,@ U.|.) QLat(Bz @Bz) Hence B;& Gy, and B:®B;& aUa@U_,_
since U, is unitary, hence reflexive, and U,® U, is reflexive by
Lemma 3. But now B =B;® B:® BsE Qu,gpu,.av, = Qv by the corollary.
Hence V is reflexive.

We remark that the motivation for Lemma 2 was provided by
Theorem 6 in [5] which states that if U, is a discrete (hence singular)
unitary then there is a sequence of positive integers N;— » such that
UM in the weak operator topology. From this it is trivial to con-
clude that Qu,eu, = Gu,® Qu, for any absolutely continuous U,, since
U¥—0 in the weak operator topology.
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