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DENSE SUBGROUPS OF COMPACT GROUPS
HOWARD J. WILCOX

ABSTRACT. A new short proof is given showing that infinite
compact groups contain dense pseudocompact subgroups of small
cardinality. Relationships between connectedness and divisi-
bility in pseudocompact groups are given. It is shown that most
compact connected Abelian groups contain proper dense connected
subgroups.

1. Pseudocompact subgroups of compact groups. Let G be a
topological group and w(G) the smallest cardinal of a base of neigh-
borhoods for the topology of G. The following theorem generalizes a
result of Itzkowitz [5]. :

TuaEOREM 1. If G is an infinite compact group with w(G) =2%, then
G contains a dense pseudocompact subgroup H with cardinal < n®o,

A proof of Theorem 1 is contained in [8], but a much shorter and
more elegant proof is available using a theorem of Kuz’'minov [6].

TraEOREM (Kuz'MINOV). Every compact group G is the continuous
image of some product space {0, 1}’" where {0, 1} 1s the two element
group with the discrete topology.

It is easy to show (see [2]) that m can be taken equal to w(G) so
that G is the continuous image of {0, 1}»(®.

ProOF oF THEOREM 1. Let w(G) =2" for some infinite cardinal .
From [5] we know that {0, 1}#" regarded as an Abelian group con-
tains a subset S of cardinal <#® which meets each nonempty Baire
setin {0, 1}2". The continuous image of S in G has cardinal <#™ and
meets each nonempty Baire set of G. By a theorem of Comfort and
Ross [1], the group generated by the continuous image of S is the
desired dense pseudocompact subgroup H of cardinal <n™. (Note
that the cardinal of G is 2%".)

2. Connected and divisible pseudocompact subgroups. It is also
shown by Comfort and Ross [1] that when H is a dense pseudo-
compact subgroup of a compact group G, then G is the Stone-Cech
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compactification of H. It is well known (see [3]) that H is connected
if and only if BH, its Stone-Cech compactification, is connected. In
light of this it is tempting to conjecture that the following theorem
of Mycielski [7] for compact groups also holds for pseudocompact
groups.

THEOREM (MYCIELSKI). A compact group G is divisible if and only
if it is connected.

LemMA 1. If H is a dense divisible subgroup of a compact group G,
then G is divisible.

PRrooF. Given g&G and an integer #70, there exists a net k; in H
which converges to g. Since H is divisible, for each ¢ there is an x;EH
such that x} =h;. Now the net x; in the compact set G has a subnet
x;, converging to some point x EG. Clearly x*=g.

THEOREM 2. If a group H is pseudocompact and divisible, then it is
connected.

ProoF. By Lemma 1, BH is a compact divisible group and thus is
connected by Mycielski’'s Theorem. It follows that H is connected.

Unfortunately, connected does not imply divisible for pseudo-
compact groups as the following example shows.

ExaMmPLE 1.! Let F be the group of real numbers modulo 1 under
addition modulo 1. Let G be the product F* for some uncountable
cardinal #. Clearly G is connected and divisible. Let H= {xEG:x; =0
for all but at most countably many i}. Then H is a dense pseudo-
compact subgroup of G (see [1]). The group K generated by H and
the point p all of whose coordinates are 4/2/2 is pseudocompact and
connected but is not divisible because p ##2x for any x EK.

Thus connected pseudocompact groups are not necessarily di-
visible and dense subgroups of compact divisible groups are not
necessarily divisible.

3. Connected subgroups of compact groups. A topological group
is said to be solenoidal if it contains a dense continuous homomorphic
image of the real numbers.

LemMA 2. If G is a compact group which is not topologically iso-
morphic with the circle group T and if G is solenoidal, then G contains a
proper dense continuous homomorphic image of the reals.

Proor. If G is solenoidal but contains no proper dense continuous
homomorphic image of the reals, then there exists a continuous

1 The author wishes to thank Professor W. W. Comfort for his suggestions.
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homomorphic mapping of the reals onto G. By 5.27 and 5.29 of [4]
this mapping is open and G is topologically isomorphic with the reals
modulo the kernel of the mapping. Thus G is topologically isomorphic
with T.

It is known (see [4]) that a compact Abelian group G is solenoidal
if and only if G is connected and w(G) <c.

THEOREM 3. Every compact connected Abelian group except T con-
tains a dense proper connected subgroup provided that w(G)<c or
w(G)M =w(G).

Proor. If w(G) =c, then G is solenoidal and the theorem follows
from Lemma 2. If w(G)®%=w(G), then the theorem follows from
Theorem 1 and the fact that a dense pseudocompact subgroup of G
is connected if and only if G is connected. In this case the dense
proper connected subgroup will be pseudocompact.
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