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ORTHOGONAL SYSTEMS OF POLYNOMIALS
IN FINITE FIELDS

H. NIEDERREITER

ABSTRACT. The notion of an orthogonal system of polynomials
in several variables in finite fields is introduced which generalizes a
concept of orthogonality by Kurbatov and Starkov. Necessary and
sufficient conditions for orthogonality in terms of character sums
and permutation polynomials are given. Results of Carlitz on sys-
tems of equations in finite fields and earlier results of the author on
permutation polynomials in several variables are generalized.

1. Introduction. In [4] Kurbatov and Starkov introduced the
notion of orthogonality modulo a prime of two polynomials F(x, y)
and G(x, y) with integral coefficients. This concept can be extended to
systems of polynomials in an arbitrary number of variables over
finite fields. Necessary and sufficient conditions are given for a system
of polynomials to be orthogonal. In addition, the strong relation to
the theory of permutation polynomials in several variables as de-
veloped in [5], [6] and to the work of Carlitz [1], [2] on invariant
theory of equations in finite fields is revealed.

Let K=GF(q) be a Galois field, ¢=p%, p prime, s=1. K" shall
denote the Cartesian product of #n copies of K. Unless stated
otherwise, all polynomials have coefficients in K. Two polynomials

flxy, - -, %), g(x1, - - -, x,) are considered as equal if f(ky, - - -, k)
=g(ky, -, ky) forall (ky, - - -, k) EK™.

DEFINITION 1. A system of polynomials fi(xi, - -+, %a), - - -,
fm(x1, © + + ,%0), 1 Sm =<, is said to be orthogonal (in K) if the system
of equations fi(x1, - - -, %s) =Fk1, - - -, fu(%1, - - - ,%s) =kn hasexactly
g™ solutions in K" for each (ky, « - -, ka) EK™.

Kurbatov and Starkov [4] considered the case n=m=2,
K =GF(p). The following definition was given in [5]:

DEFINITION 2. A polynomial f(x1, - - -, x.) is called a permutation
polynomial (over K) if the equation f(x1, - - -, x,.) =k has ¢"~! solu-
tions in K* for each kEK.

Using the terminology established in Definition 1, we could as well
say that f is a permutation polynomial if f alone forms an orthogonal
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system. It follows immediately from Definition 1 that every non-
empty subsystem of an orthogonal system of polynomials is again
orthogonal. In particular, every polynomial occurring in an orthog-
onal system is a permutation polynomial. On the other hand, the
following theorem shows that every orthogonal system of m poly-
nomials in # variables with m <= can be extended to an orthogonal
system containing more polynomials. This was stated implicitly in
Carlitz [2, p. 391], but we give a different proof which does not refer
to the theory of invariants.

THEOREM 1. For every orthogonal system fi(xy, + -, %n), - *
fa(X, - - ¢, xa), 1Sm<n, and every r, 1 Sr<n—m, there exist poly-
nomials  fmia(®1, c ¢ ¢, %Xn)y - - 0y fmpr(X1, - - -, %Xa)  such  that
filxy, - - %), - fmar(X1, - ¢ ¢, %a) form an orthogonal system.

Proor. It suffices to show the theorem for r=1. For (ky, - - -, kn)
E‘Kmr put A(klv"" kn) = {(xly tt x,,)EK"lf;(xl, R xn) = kil
1 _S_'i__<_m}. By hypothesis, each Ag,, ..., & has ¢*™ elements. De-
compose each A,, ..., &y in an arbitrary way into ¢ pairwise disjoint
subsets A, ..., 4, kEK, each of them having ¢" ™! elements. We
construct a mapping 7:K"—K in the following way: a given
(x1, - - -, xa) EK™ lies in a uniquely determined 4§, ..., &, ; define
7(x1, - - -, x») =k. By the Lagrange interpolation formula for finite
fields as given in Dickson [3], every mapping from K* into K can be
represented by a polynomial. The polynomial fmyi(%1, © - -, Xn)

representing 7 meets all requirements.

2. Criteria for orthogonality. A necessary and sufficient condition
for orthogonality can be given in terms of characters. We note that
the prime field GF(p) of K may be identified with the integers modulo
p. The values of the trace function tr(-) relative to the extension
K/GF(p) can then be viewed as integers modulo p. Let { denote a
fixed primitive pth root of unity. The argument of the following proof
is essentially due to Carlitz [1].

THEOREM 2. The system fi(xi, -+, %n), + * +, fm(®1, * =+, %u),
1<mZmn, is orthogonal if and only if for all (b, - - -, bw) EK™ with
(bly R bﬂl)¢(01 R 0):

> Frrlbui(as, o et bmimar s an)] = (),
[CTPRRRN a,,)GK"

Proor. Let N(ky, - - -, k) be the number of solutions in K* of the

system fi(x1, + * -, Xn) =Ry, + - -, fm(x1, - - -, %2) =km. We have for

all (by, « - -, bp) EK™:
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Z g-tr[blfl(al.u-,an)‘i-'~-+5m!n(al."'»dn)]
(@1, +,a3)EK™

& = > N(kyy - -+, k) tEGtbrt -« +bmkm)

(ky, - =+ k) EK™

If the f; are orthogonal then N(ky, : - -, kn)=¢*™ for all

(k1, - - -, km) EK™; thus the sum on the right-hand side of (1) is
equal to:
gem Z okt -« - +bmkm)

(ky,++ ) km)ERKmM

= qn—m( Z g-tr(bxkl)) C.. ( Z ;er(b..k..))

©EK kmEK

which is zero if at least one b, is nonzero.
Conversely, if the condition of the theorem is satisfied then we have:

N(ky, - -+, km)
1
= — Z E Cr b1, - - an)=kD+ - - - +bmUmat, - - -, an)—km)]
g™ (a1,+ -+, as)EK™ (b1, - -, bu)EK™
1 bik bmkm)
=_m Z g-tr( 1k1—« « +—bmkm
q” .-+, bpy)EK™
E g'tl'[blfl(dl."'.an)+‘“+bmfin(¢l."'.an)]
(ay,+++, ap)EK"
1
= —— N = h—m
qmq .
COROLLARY. The system fi(xy, -+, %5), * + +, fm(%1, * * *, %a),

1=m=mn, is orthogonal if and only if for all (by, - - -, bs) EK™ with
(b, - -+, bw) =0, - - -, 0) the polynomial by fi(xy, - - -, xn)+ - - -
Fbmfu(x1, - - -, Xs) 15 @ permutation polynomial over K.

Proor. This follows easily from a criterion for permutation poly-
nomials given in [5] which corresponds to the case m =1 in Theorem 2.

THEOREM 3. The system fi(x1, * + * ,%n)y = = * s fm(X1, + =+ , %), 1 Sm
<, is orthogonal if and only if g(fi(x1, - * *, %a), = * *, fm(X1, * =, %a))
15 a permutation polynomial in n variables for all permutation poly-
nomials g(y1, - - -, Ym) n m variables.

Proor. Since g(y, - - -+, ¥m) =biy1i+ - - + +bnyn is a permutation
polynomial as soon as at least one coefficient is 0, the condition is
sufficient by the corollary to Theorem 2. On the other hand, let the f;
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form an orthogonal system and let g(y1, - - -, ¥») be a permutation
polynomial. For a k€K, consider the equation

. “g(fl(xly R xn)v c e )fm(xl’ cct ,x”))=k.
We get all solutions in K" by first solving

(2) R g(yl) e, ym) =k
and then, for each solution (a1, - *+ +, @) of (2), solving the system
3) filxy, - -, %) = @y 1=i=m.

Since (2) has exactly ¢™! solutions in K™ and each system of the
form (3) has exactly ¢"—™ solutions in K", the original equation has
exactly ¢"1 solutions in K*, i.e. g(f1, * - -, f=) is a permutation poly-
nomial.

In the light of the corollary to Theorem 2, one might attempt
to introduce a notion of orthogonality for systems of more

than # polynomials in the following way: fi(xi, - - -, %a), * * -,
fm(x1, + + -, %n), m>n, are orthogonal if for all (by, - - - , bm) EK™ with
&y, - -, bm)#(0, - - -, 0) the polynomial byfi(x1, - =, %)+ - - -
+bmfm(x1, + + -, x,) is a permutation polynomial. Unfortunately, no

system of more than # polynomials satisfies this condition. This
follows from

THEOREM 4. For every system fi(x1, + * * ,%n), * + =, fay1(1, * + +, Xn)
of polynomials there exist coefficients by, - - -, bas1 EK not all zero such
that bifi(xy, + + +, %u)+ - -« Fbagafoga(xy, - - -, x2) s n0t @ permuta-
tion polynomial.

PRrOOF. Suppose fi(xy, -+ -, %n), -+ +, fay1(%1, - - -+, xa) are poly-
nomials such that bifi(x1, - -+, %)+« + Fbusafasa(®r, - - -, %) is
a perinutation polynomial for all (by, - - -, bay1)) EK*!  with
(b1, - -+ - buyr) #(0, - - -, 0). Then, in particular, the fi(x1, - - -, xa)

<+, fa(xy, - - -, xu) form an orthogonal system. Hence the trans-

formation y;=f:(x1, - - -, xx), 1S¢=<m, is one-to-one from K" onto
K*. The inverse of this mapping can be represented by polynomials,
say x;=g:(3, * * +, ¥»), 1 S¢=n. Since the property of being a per-
mutation polynomial in % variables is invariant under one-to-one
transformations from K" onto K", the polynomial

f(yl’ T ’yﬂ) =fn+l(gl(yl’ Tt yn)’ T gn(yh ) yn))
has the property that f(y, + -, y.)+bn+ -+ +buy. is a
permutation polynomial for all (b4, - - -, b,) EK". By using the

corollary - to Theorem 2 and the fact that a nonzero multiple
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of a permutation polynomial is still a permutation polynomial,
it follows that the system of polynomials f(yi, - - -, yn)
+(f(0, 0, - - -, 0)—f(1, 0, - - -, 0))y1, ¥, - - *, ¥a is orthogonal.
Thus each system .

f(yh T )’n) + (f(oy 07 tet 70) —f(l) 07 I} 0))yl= ,klr

Y2 = k2)

Yn = km
(kl’ R} kn) c K":

has exactly one solution. In particular, putting ks= - - - —k —0 we
get that the equation

g(yl) =f(yl; y Tt 0)+ 0(0)07 Tt ’0) —'f(l)O; Tt 70))y1= k1

has exactly one solution for each k& EK. This is a contradlctlon to
g(0) =g(1) =f(0, 0, , 0).

3. Further properties. We introduce the following notion: a coset
of a system of polynomials fi(x1, - - -, %a), - =+, fm(x1, + * ', %n),
1 <m =<, is a nonempty subset of K* which is mapped by the system
into a single element of K™. We can then give a necessary and sufhi-
cient condition for permutation polynomials with prescribed cosets.

THEOREM 5. Let the system fi(x1, - - -, Xn), =+ *, fm(®1, © =+, Xa),
1Zm < n, be orthogonal. Then the following two conditions for a poly-
nomial g(x1, - - -, Xa) are equivalent:

() g(x1, -+ +, xn) is a permutation polynomial with all cosets of the
system of f: being cosets of g as well.

(ii) g(xy, - - -, xn) can be expressed in the form

g(xly Tt xu) = h(fl(xl’ DR xn), R ,fm(xl, R xn))
with h being a permutation polynomial in m variables.

Proor. Suppose (ii) holds. Then, by Theorem 3, g is a permutation
polynomial and, clearly, every coset of the system of f; is a coset of
g. To show the converse, we define a mapping 7 from K™ into K in the
following way: for a given (y1, - -, yu) EK™ there  exists

(%1, - - -, x)EK™ such that fi(x, - - -, %) =9, 1Z:<m; put
T, -+ ) Ym)=g(X%1, + - -, %,). T is well defined for if (21,  + -, 2n)
E€K" is another n-tuple with fi(z1, - - -, 2.) =%, 1=7<m, then
{1, -+ -, %), (21, --,2)} is a coset of the system of f;

and thus 7(y1, * -+, Ym) =821, - - -, 22)=g(x1, - - -+, Xa). T can be
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represented by a polynomial A(yy, + - -, ¥m). Then g(x;, - - -, x,) =
h(fi(xy, - -+ %n)y * + +y fm(®1, -+ -, x4)) and k is a permutation
polynomial.

If fi(x1, - -+, %), + + +, fu(%1, - - -, x,) are orthogonal then the
cosets of this system are exactly the one-element subsets of K». Thus
the condition on the cosets of g in (i) is automatically satisfied and we
get the

COROLLARY. Let fi(xy, -+ +, Xn), * * *, fal%1, - - -, X») be an orthog-
onal system. Then g(x1, + « -, xa) s a permutation polynomial if and
only if g(xy, - - -, %) =h(fi(xy, « - -, %), - -, falen, - - -, %a)) with
a permutation polynomial h(yy, - + +, ¥n).

We have seen in the proof of Theorem 1 that there is quite
a variety of possibilities of completing an orthogonal system
Sfilxy, - v vy %), ooy fm(xy - - ¢, %s), 1Sm<n, to an orthogonal
system fi(x1, © * -+, Xa), * * -, fa(x1, - + -, xa). Nevertheless, we can
find polynomial relations between the polynomials occurring in
different completions.

THEOREM 6. Let fi(x1, * - -, %n), + * -, fal%1, - -+, X,) be an orthog-
onal system. Then the system fi(xy, - - -, %Xn), = = =, fm(X1, -+ +, %),
gntr(®1, - 0 %), 0, (X, ¢ ¢, Xa), 1 Sm<m, is orthogonal if and

only if all g;(xy, - - -, %.), m+1=j=n, are of the form

gi(xy, - - -, %)

= Xt it %), Sl %)

(1, - - k) ER™

: ImI[l - (f"(xl’ T xn) - k‘)q_l]

=1

with polynomials p{ .. 4., in m—m variables such that pEr® ..,
o, @ . 4. form an orthogonal system for each (ky, - - -, kn) EK™.
ProoF. Letfl(xlv tee vxn)’ ct e yfm(xl) v 1xn)y gm+l(xl) st vxn)v
-, ga(%1, * - +,x,) be an orthogonal system. For (&, - - -, kn) EK™,
pUt A("l :::: km) = {(xlr Ct xn)eK”lfi(xly Tty xn)=ki’ léiém}-
If (x1, - - -, %) runs through A,,... k), then both (gmnu1(x1, - - -, %a),
) gn(xly Tty xn)) and (fm+l(xlv st )xn)y st vfn(xlv Tty xn))

attain each vector value of K* ™ exactly once. Thus

(gm+1(x1, R} xn)’ Y gn(xly ) xn))

= T(’ﬂ."~.’¢,;;)(fm+1(xl! Y xn)’ A afn(xl’ R xn))

forall (xi, « + +, %2) EA Gy, - - - km)» Where T, ... km i @ permutation of
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.....

,,,,, ¢,y can be represented by a polynomial
pd ... ) Omsr, - - -, ¥n) and the desired property of those poly-
nomials follows from the fact that 7 is a permutation. We have for
(xl, L x,.)EA(,,,_...,k,,,):

@
gi(®n, - 0y %) = P k) Frga(Eny - - 0y Fn)y v oy fal@y, 0, %))
Hence

gj(xl) Sty xn)
= 2 Xy, c v, X

(4) (h.-“%.)ex'" A("l'“-.k,.)( ’ 5 ,,)

)
.P(kl'“"k'")(fm“-l(xl’ T xﬂ); t ’fn(xl, cee, xn))

with ¢ denoting a characteristic function. But

m

CA(kx,...,km)(xl’ Cety Am) = 11[1 — (filxy, - - -, %) — ki)q_l]
and one part of the proof is complete. On the other hand, if all g;,
m+1=j=<mn, are of the form (4) then it is easily seen that the system
fi, * ¢y fmy Em41, * + *, gn is orthogonal.

Kurbatov and Starkov [4] established a one-to-one correspondence
between orthogonal systems F(x, v), G(x, ¥) in GF(p) and permuta-
tion polynomials in one variable over GF(p?). We generalize this to
the following

THEOREM 7. If n=mr with an integer r, then there is a one-to-one

correspondence belween orthogonal systems fi(xy, - - -, %n), - ¢,
fm(x1, + - -, %4) in K=GF(q) and permutation polynomials in r vari-
ables over L =GF (¢™).

Proor. Letwy, - - -, w, be a base of Lover K. If ay, -+ -, oy arer
variables in L, then we can write a; =X¢i_ym+101 +X(i—tymiewe+ -+ - +
Ximwm, 1Z1=r, x,EK, 1=j=n. Suppose fi(xi, -, %a), ",
fm(x1, * + +, %s) is an orthogonal system in K; then P(a, - - -, o)
=filx1, - -+, Xn)wr+ - - - +fm(x1, - - -, Xa)wn defines a permutation
polynomial over L since the equation P(ay, :: ', ar)=a=Fkw

+ -+ +Rnwn, B:EK, has g™ = (¢g™)""! solutions for each a &€ L. On
the other hand, if P(ay, - + -, ) is a permutation polynomial over
L, then the coordinate functions fi(x1, «+ * « , %n), * * * , fm (1, * * +, %n)
with respect to the base wi, - - -, w, are uniquely determined and
form an orthogonal system in K.
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The preceding theorem also generalizes another known result. For
in the case m =n, we get a simple corollary the content of which is
already. contained in Carlitz [1, p. 409], but is stated there in a
different fashion. S

COROLLARY. There is a one-to-one correspondence between orthogonal
systems fi(xy, + - -, %a), * - - fa(®y, - - -+, %a) in K=GF(q) and permu-
tation polynomials in one variable over L =GF(q").

In particular, there are exactly ¢*! different orthogonal systems

fi(e1, + ¢ ¢, %n), - ¢+, fa(xy, - - -, xa) in K. More generally, it follows
from results of Carlitz [2, p. 390] that the number of different
orthogonal systems fi(xy, - <+, %), * * *, fu(®, -+ -, %a) in K is

g"!/ (g7
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