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THE CATEGORIES OF p-RINGS ARE EQUIVALENT

R. W. STRINGALL

ABSTRACT. Let p and g be prime numbers. Let R, and R, denote,
respectively, the categories of p-rings and ¢-rings with ring homo-
morphisms as morphisms. Then R, and R, are equivalent cate-
gories. In particular, the category of all Boolean rings is equivalent
to R,.

Stone, in [5], remarked on the now verified close connection be-
tween the representation of Boolean rings and direct decompositions
of rings. Using some elementary properties of radical rings, Theorem
5.10 of [7] and the result mentioned in the abstract, it is easily shown
that there is a useful extension of Stone’s connection to the study of
decompositions of Abelian p-groups (see [6]). Moreover, if a theorem
of R. S. Pierce [4, 14.3] is considered, then it can be seen that this
extended connection has general application to the structure problem
of Abelian p-groups. In addition, interest in the representation
theorem of this note lies in the connection between p-rings and the
theories of Stone, Carathéodory and Boole and Whitehead.

Let p be a prime number. A nontrivial commutative, associative
ring R is called a p-ring or generalized Boolean ring if it satisfies the
identities x?» =x and px =0. If p =2, then R is called a Boolean ring.

Stone [5] has demonstrated that every Boolean ring is isomorphic
to a ring of subsets of some set. McCoy and Montgomery [2] point
out that this result is equivalent to the theorem that every Boolean
ring is isomorphic to a subring of a direct sum of rings F. (F, denotes
the prime field of characteristic p). Moreover, they prove, using
methods similar to those employed by Stone, Alexander and Zippin,
that this result generalizes to the theorem that every p-ring is iso-
morphic to a subring of a direct sum of fields F,. Clearly, every sub-
direct sum of fields F, is a p-ring and this result is, consequently, a
“complete characterization” of p-rings.

The direction of this note will be to assume the above characteriza-
tion of p-rings and then to show, using this setting, that the categories
R,and R; are equivalent.
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Let R be any subring of J[,er Ry where R,~F, ¥y ET. Let m, be
the natural projection of R onto R, and denote the identity of R, by
1,. For each subset ACT, define ¢(4) € [[4er Ry by

mo(A4) =1, ifyE 4,

=0 if v & A.
Clearly, if r& HR., and if 4;(»)= {'y€I‘:1r.,r=i-1.,} for each 7=0,
1,---, p—1; then r can be written uniquely in the form r=

220 10 (4:(r)).
Results similar to the following proposition can be found in papers
by Foster [1]and Zemmer [8].

ProrositioN 1. Let RC [I,er Ry, rER and r= D =3 ia(Ai(r)).
Then UZL Au(r) =T, A:()NA;(r)=F if i#] and o(4:(r))ER if
i#0.

ProoOF. It is first noted that while R may not have an identity it is
possible to find a subring S of R with identity which contains 7. The
identities r»~r =r? =7 and »P~1(r?~1s) =715 for all s&€R imply that
1R =S is such a subring. Moreover if ¢ is the identity of S, then,
clearly, e=77"1. For k0, consider the product

s = 11 (ie—1r) E€S.
1%k;1=0,1, ,p—1
It will be shown that s= —a(4«(r)). Suppose v & 4«(r), then 7,(s) =0
since YEA;(r) for some 27%k. Moreover, an application of Fermat's
theorem yields m,(te—7) =mirP ' — 7wy =i(mwyr)? ' —mwr =11, —11,=0.
1f y EAx(r), then

TS = II (m4(ie — 1)) = II @G(myr)?t — 1)

12k ;4=0,1,""" ,p— S5k ;8=0,1,°* ,p—1

= 11 (G+1y — k1)

ik ;4=0,1,""* ,p—1
=1, [0-BHA-BQ2—k - (k—1)—7)

(B+1) -8 ---(p—1)—B)]
=1,-(p— 1

Now by Wilson’s theorem (p —1)!=—1 (modulo p). Hence, d(4(r))
= —s&ESCR. The remainder of the result is obvious.

It is known that if S is any associative ring and if I(S) represents
the collection of all central idempotents in S, then I(S) can be made
into a Boolean ring, {I(S), ®, -), by defining e®f=e-+f—2¢f and
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e-f=ef for all e, fEI(S). The following proposition gives a more
descriptive representation of I(R) for the p-ring R.

ProposITION 2. Let RC [],er Ryandlet K(R) = {ACT:0(4) ER}.
Then K(R) together with the operations A+B=(A\IB)—(ANB) and
A-B=ANB forms a Boolean ring of subsets of I'. Moreover, I(R)
=¢(K(R)) and the correspondence A—a(A4) is an isomorphism between
the Boolean rings K(R) and I(R).

ProoF. An application of Fermat’s theorem yields for each » =72
ER, r=r""'=¢g(4) where A= {‘yEl":m,r;ﬁO}. Conversely, if 4
EK(R), then a(4)EI(R). Hence I(R)={c(4):AEK(R)}. It fol-
lows that ¢ is one-to-one and onto I(R). That K(R) is a Boolean ring
and ¢ an isomorphism follows by standard arguments using the
identities:

o(A-B) = ¢(A N B) = ¢(4)-0(B)
and
o(4+ B) =6(A\JB— AN B) =qg(4) + o(B) — 20(4)a(B)
=o(4) ® o(B).

Let ® be any Boolean ring of subsets of I'. The set {d(4):4E®}
generates a subring of [[,er R,. Denote this subring by £(®). The
following corollary to Propositions 1 and 2 is now apparent.

COROLLARY 1. If R is a subring of [I,er R, then £(K(R))=R.
Moreover, if ® is any Boolean ring of subsets of T, then ® = K(£(®)).

With the aid of the Stone representation theorem for Boolean rings:

COROLLARY 2. If p is prime, then every Boolean ring is isomorphic to
the Boolean ring of idempotents of some p-ring.

PRroOF. Let ® be a Boolean ring. Then by Stone’s theorem, ® is
isomorphic to a ring of subsets of some set I'. Thus, £(®) C [[,er R,
is a p-ring which, by Proposition 2 and Corollary 1, contains the
desired isomorphic copy of ®.

THEOREM 1. Let R, S be p-rings and I(R), 1(S) the corresponding
Boolean rings. (i) Every homomorphism R—S restricts to a Boolean
homomorphism I(R)—I(S). (ii) Every Boolean homomorphism I(R)
—I(S) is the restriction of a unique ring homomorphism R—S.

ProOF. It may be assumed that R and S are subrings of [ er R,
for someT'.
(i) If h: R—Sis any ring homomorphism, then for ¢;, esEI(R),

h(ei-es) = h(ex)h(esz)
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and
h(el (¢7) 82) = h(el + e — 26182) = h(el) + h(ez) - 2h(el)h(e2)
= h(e1) @ h(es).

(ii) Clearly, by Proposition 1 there can exist at most one homo-
morphism R—S which restricts to a given Boolean homomorphism
I(R)—I(S). Let g:I(R)—I(S) be a Boolean homomorphism. For
r= %28 i0(A4:(r)) ER, define h(r) = D_%21 ig(6(A:(r))). The map k is
well defined since the representation r= Y %=s ic(A4:(r)) is unique.
Moreover, k agrees with g on I(R). To complete the proof of (ii), it is
only necessary to show that & is a ring homomorphism. To do this
three items are first noted:

(1) Ifr,sERand if 0<3y<p, then Ao(r)N4,(s)EK(R) and hence
a(Ao(r)MNA(s)) ER. This is immediate from Proposition 1 and the
fact that Boolean rings are closed with respect to relative comple-
mentation. For if 7, sER and 1,70, then 4,(s) EK(R), Ai(r) EK(R)
for all 170, A:(r)NA;(r) =& for i£j and U2y Ai(r) =T. It follows
that Uixo 4:(r) EK(R) and A(s)MNAo(r) = A(s) —Uixe 4:(r) EK(R).

(2) Suppose 4;, 4., - - -, A,&EK(R) are disjoint, a; is an integer
for i=1, 2, -+, n and r= 2", awc(4;). Then D2.r, a:h(c(4))
= Zi';i kh(o(Ax(r))) =h(r). To prove this, first note that ¢—'ha(4,),
o~ ha(A4s), -+ -+, 0 ho(4,)EK(S) are disjoint since, if ¢%j and
o~ ha(A:)Noho(4;) =, then 0=ho(4.)-ho(4;)=h(c(4:)a(4;))
=h(o(4:MN4;)) =k(0), a contradiction. Since, in addition to 4,4, - - -,
A, forming a disjoint collection

A(r) = U{ditai =k (mod p)} fork=1,---,p—1,

it follows that
ho(4x()) = 2 ha(4).
as=k (mod p)
Therefore, for k0,
Eh(a(Ax(n)) = X2 ah(o(4)
a;=k (mod p)
and

M) = DB = & X ehle(4)) = Z ai(o(47).

k=1 k=1 a;=k (mod p)

(3) If A and B are disjoint members of K(R), then ho(A4)® ho(B)
=ho(4)+ho(B). This follows since k=g on I(R) and
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go(4) @ go(B) = go(A4) + go(B) — 2(go(4))(ga(B))
= go(4) + go(B) — 2¢(o(4)-0(B))
= go(4) + go(B) — 2ge(4A M B)
= go(4) + go(B).

Now suppose r= 2 _2-¢ ig(4:(r)) and s= Y 7= i5(A(s)) are elements
in R. Then, for eachyET,

wo(r 5) = 1y 3 ir(Air) + 3 io(A:(s))

— _’i) G + Do A N 4,(5)).
Hence
rhs= X G oA O 45

and by (1) the sets 4;(r)MN\A;(s) are disjoint members of K(R) pro-
vided 7 and j are not both zero. Thus, by (2),

Wt o) = 5 G+ Dhe(Adr) N 4,5)).
3,75 ¢477£0

Now, U?Zg A(s) =T and the sets 4;(r)/NA;(s) are disjoint. Moreover,
A:(r)NA;(s)EK(R) if one, 1 or j is not zero. Thus for 50,

—1 -1
pa(ai) = ho (U (i) A1) = w(E a0 449
=0 =0
where the latter sum is that in K(R), (see Proposition 2). Continuing,
ha(Ai(r)) = h(a(A4i(r) N Ao(s))
® o(4i(r) N A1(9)) ® - - - @ a(4i(r) N Apa(s)))

since ¢ is an isomorphism of K(R) onto I(R). Moreover, using the fact
that & restricted to I(R) is a Boolean homomorphism and applying (3),

ho(A(r)) = ha(Ai(r) N Ay(s))
® ha(Ai(r) N Ax(s)) @ - - - ® ha(4i(r) N Apa(s))

r—1
= E ha'(A.'(f) N Aj(s))'

=0
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Thus,
h(r) = gih(a(A;(r))) = g g tha(Ai(r) N\ A;(s)).
Similarly,
M) = gjh(a(A;(s))) - ggﬂa(mm A 446)

it follows that k(r+s) =h(r) +h(s).
To show that k(r) - k(s) = h(rs), note that

o= ( 'g in(4:0)) - ( ’ilj«(Axs»)

1
= ’il pi ijo(Ai(r) N Ai(s))
and
h(fs) = pi pi 1jhU(A0(r) n AJ(S)) by (2)'
=1 j=1
On the other hand,
h(r)h(s) = ( pil iha(A.(f))) < pijha(Ai(s)))
-5 ’g ijh(e (A1) h(o(4(s))
= ’il zijh(o(A;(f))a(Ai(s)))
- ,},: ,z.: ijh(a(A:(r) N 44(s))).
=1 j=1

Hence, h(r) - h(s) =h(rs).

The proof of the following corollary follows from the observation
that the correspondence R—I(R) together with the restriction map
g—g | I(R) is a full, representative, faithful functor from the category
of all p-rings to the category of all Boolean rings [3].

CoROLLARY 3. If p and q are prime members, then the categories R,
and R, are equivalent.
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