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THE EQUIVALENCE OF THE LEAST UPPER BOUND
PROPERTY AND THE HAHN-BANACH EXTENSION
PROPERTY IN ORDERED LINEAR SPACES!

TING-ON TO

ABSTRACT. Let V be a partially ordered (real) linear space with
the positive wedge C. It is known that V has the least upper bound
property if and only if ¥ has the Hahn-Banach extension property
and C is lineally closed. In recent papers, W. E. Bonnice and R. J.
Silverman proved that the Hahn-Banach extension and the least
upper bound properties are equivalent. We found that their proof is
valid only for a restricted class of partially ordered linear spaces.
In the present paper, we supply a proof for the general case. We
prove that if ¥ contains a partially ordered linear subspace W of
dimension 22, whose induced wedge K = WNC satisfies K\J(—K)
=W and KN(—K)= {zero vector}, then V fails to have the
Hahn-Banach extension property. From this the desired result
follows.

1. Introduction. In [1] W. E. Bonnice and R. J. Silverman proved
a theorem which states that in a (partially) ordered (real) linear space
the least upper bound property and the Hahn-Banach extension prop-
erty are equivalent. We indicated in [3, p. 165] that their proof is
only valid for a restricted class of ordered linear spaces. The purpose
of this paper is to supply a proof for the general case.

2. Definitions and preliminary lemmas. In this paper, we consider
linear spaces over the field R of real numbers. A nonempty subset C of
a linear space Vis said to be a wedge if %, v&€C and tER, 20, imply
that #+vand tu are in C. If V is ordered by a vector ordering =, then
the set C= {v:920, the zero element of V} is a wedge and is called the
positive wedge of V determined by =. Conversely, a wedge C in V
determines a vector ordering = by takinge=bif and onlyifa—b&C.
Therefore a wedge C uniquely determines and is determined by a
vector ordering =.

A wedge C is said to be sharp if ¥€C and —«&C imply that
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u=0. It follows that the vector ordering 2 determined by the wedge
C is antisymmetric (i.e., 2b=a implies a=5) if and only if C is
sharp.

Following [1], [2] we use the notation (V; C) to denote a (par-
tially) ordered linear space (OLS) V with the positive wedge C. An
OLS (V; () is said to have the least upper bound property (LUBP) if
every set of elements of V' with an upper bound has a least upper
bound (not necessarily unique). An OLS (V; C) is said to have the
Hahn-Banach extension property (HBEP) if given (1) a linear space
X, (2) a linear subspace Y of X, (3) a function p:X—V which is sub-
linear (i.e., subadditive and positively homogeneous), and (4) a linear
function f: Y—V such that p(y) —f(y) EC for all y& ¥, then there is a
linear extension F:X—V of f such that p(x) — F(x) EC for all xEX.

A wedge C in a linear space V is said to be lineally closed if the
intersection of C with every line in V is a closed set in the natural
topology of the line. A wedge C in a linear space V is said to be a
semispace-wedge if C\U(—C)=V and CN(—-C) = {0} An OLS (V;
C) is said to be a lexicographically ordered linear space (LOLS) if the
linear space V is of dimension =2 and if the positive wedge C is a
semispace-wedge. It is clear that any ordered linear subspace of
dimension =2 of a LOLS is still a LOLS.

Some preliminary lemmas concerning the above concepts are stated
as follows:

LemMa A [4, p. 9]. Let (V; C) be an OLS, X a linear space, ¥ a
linear subspace of X such that the codimension of ¥ in X is 1, p a sub-
linear function from X into V, and let f be a linear function from Y into
V such that p(y) —f(y) EC for all yE Y. Then f has a linear extension F
from X into V such that p(x) — F(x) EC for all xEX if and only if for
each xoEX~Y there exists vo& V such that —p(—y—=x0) —f(y) Svo
=P +x0) —f (') for every y,y' € Y.

Lemma B ([4, p. 105, [5]). A4n OLS (V; C) has the LUBP if and
only if (V; C) has the HBEP and C is lineally closed.

Therefore by Lemma B, the equivalence of the LUBP and the
HBEP in an OLS (V; C) will be established if we can show that the
HBEP implies that the wedge C is lineally closed (we will do this in
§3, Lemma 4). To this end, the following lemma will be used.

Lemma C [1, pp. 844-845]. If an OLS (V; C) has the HBEP and if
the positive wedge C is not lineally closed, then there exists a 2-dimen-
sional lexicographically ordered linear subspace of (V; C).
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3. Main theorem. We begin with the following lemmas.

LemMa 1. Let (V; C) be an OLS. If there is a family { (V; Ce) }ecr of
ordered linear subspaces of (V; C), where E is a nonempty set of indices
ordered by a linear order <, satisfying the following conditions:

(1) the induced wedges Cy= Vi\C, ECE, are semispace-wedges;

(ii) for every &, nEE, C:< (C,,N{@})2 if and only if £<n;

(iii) V=D ek Vi, the direct sum of Vi, §EE;
then C is a semispace-wedgein V.

ProoF. It is clear that for each nonzero element &V, v has a
unique representation v = Sk e vy for some Ag;=1 or —1, v;,ECy,
~{0},6:EE,i=1,2, - - - , k, with <5< - - - <&

Since (Ce,~1{0})>Cyyi=1,2, - - -, k—1,

k—1
v=15 — 2, (—Aev, >0, ifr=1;

i=1

and
k—1
V= 2 Ao, — v <0,  ifAg=—1
=1

This shows that V=CU(—C) and CN(=C) = {0}, and hence Cis a
semispace-wedge in V.
The following two corollaries follow immediately from the lemma.

CoRrROLLARY 1.1. Let (V; C) be an OLS such that C is sharp. If there
is a Hamel basis B = {b; Vecr of V, where E is a nonempty set of indices
ordered by a linear order >, such that B>0 and such that ob,> Bb; for
all real numbers >0, 3> 0, and for every n, EEE with n>-£, then Cis a
semispace-wedge in V.

COROLLARY 1.2. Let (V; C) be an n-dimensional OLS such that C is
sharp. If there is a basts {b,-};’,_l of V such that ouby>ashe> - + + >atnba
>0 for all 0;>0,1=1,2, - - -, n, then C is a semispace-wedge. More-
over, C can be expressed as the set

i=1

{ E NbNER,1=1,2, - - - | mn,and the first \;not to vanish is positive} .

The above corollary and its converse are well-known results
6], [7].

* Throughout 4 < B signifies that a £b for all aE4 and bEB; and ¢ £ 4 signifies
that c<a for all aEA.
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LemMA 2. If (V; C)isa LOLS, {v:}7., is a basis of an n-dimensional
(n=1) linear subspace V, of V such that 0 <oy <awe< - - - <otn¥n
for all 0;>0, i=1, 2, - - -, n, and Vaym is an (n+m)-dimensional
(m=1) linear subspace of V containing V,, then there exists a basis
{of, o5, -+ -, v£,+,,,} of Vaym containing {vi}?., such that 0<aw,
<aw;< v ¢ LOnpmVyym for all @;>0,1=1,2, - - -, ntm.

The proof of Lemma 2, which is easily established by induction, is
omitted.

Let (V; C) be a LOLS. The wedge C is said to be a type (I) semi-
space-wedge if there exist #;, € C~ {8} such that u; <au for every
a>0, and satisfying the following condition (I):

(I) There is no ¥ & V such that oqu; <v <au for every a>0, ay > 0.

Cis said to be a type (II) semispace-wedge if it is not of type (I).

It is worth remarking that for the finite dimensional case, the
positive wedge of any LOLS is a type (I) semispace-wedge but that
for the infinite dimensional case, there exist many LOLS’s each
having its positive wedge which is a type (II) semispace-wedge.

The following lemma is the main result of this paper:

LemMA 3. Let (V; C) be an OLS. If (V; C) contains a lexicograph-
ically ordered linear subspace}( W; K), where K =WMNC, then (V; C)
fails to have the HBEP. * '8l v VRHM oy

PRroOF. We first assume that the positive wedge C is sharp.

A Zorn’s Lemma argument guarantees the existence of a maximal
lexicographically ordered linear subspace (W*; K*) of (V; C) con-
taining (W; K) where K*=W*NC. We shall show that if (V; C)
has the HBEP, then (W*; K*) fails to be maximal. This contradiction
will establish the lemma in case C is sharp. To this end, we assume
that (V; C) has the HBEP and consider the following two cases:

Casel. K*isa type (I) semispace-wedge.

Let u;, uEK*~ {0 } , such that u; <au for every >0, and satisfy-
ing the condition (I), i.e., there is no w& W* such that ayu; <w <awu
for every a;>0, a>0.

Let
X={(t,t): ERi=1,2} =R, ¥V ={(0,t): ER}.
Define P: X—V by
p((h, 1) = — (ttt;.)llzul + (f ta| + tf)u, if ty = ts;

+ 4 1/2

p((t, 1)) = — (616w + { | ] + 8 = [(300)/(t2 — 1))},
for all ¢; # ts,
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where t+=sup {#,0} and t~=sup {—t,0}.

Define f: Y—V by f((0, t:)) = t.u for every 2ER.

Then f is a linear function and p(y) —f(y) €K* for every y& ¥
Moreover, referring to [2, p. 221, Case (2v) and p. 217, Example 2], p
is a sublinear function from X into W*. Note that

—-P((_l’ —t2)) _f((()) t2)) - 2t2u’ if t2 g— 0)
(—t2/ (1 — to))u, if 1, <O;

and

p((1, 8)) — f((0, 88)) = — (t) P+ u, it 205

(—2tf + D, if 1 <0.

Let
S = {wE W+iw = (—ts/(1 — tz))u, t2 < 0},
T ={wEW+iw=— (t{)"2u1+u, t; 2 0}.

Then S<T. Since (V; C) has the HBEP, by Lemma A there exists
9,E V such that S<v,<T. We claim that this element v, W*. In-
deed, if there is v,& W* such that S<v,=T, then u—v,&EW* and
) 2uy Su—vo= (1/(1—t5))u for all £,>0 and £ <0, a contradiction.

Let v,=u—v,, then oyu;<vj<au for every a;>0, a>0, and
voE W*. Let V'’ be the subspace of V spanned by W* and v,.

We shall prove that the ordered linear subspace (V’; C’), where
C'=V'NC, is a LOLS. Let Wy=lin {u;, u};? Vi=lin {u, v, u}.
Then, by Corollary 1.2, (W;; K*N\W:) and (V3; CN\V3) are LOLS’s.

Consider each nonzero element w*+AEV’, where w*&W¥,
AER. If w*EW,, then w*+\)& V} and hence w*-+Ay; belongs to
one and only one of the wedges C'\V}; and —C'\V;. Thus, w*
+\v} belongs to one and only one of the wedges C’ and —C'. If

w*E W, let W3—lm{u1, u, w*} and let Vi=lin(W;\U{v}}). Since
(Ws; WM K*) is an ordered linear subspace of a LOLS (W*; K*), by
Lemma 2, there is wy € Wj such that {us, u, w; } forms a basis for Wa
and is such that either 8 <awy <u, <Bu, or oy <u <Bwg, or auy <wg
<Bu, for every a>0, >0. By our hypothesis, the last case is ex-
cluded. In the first case, we have 8 <oy <u; <Bv)<u for every a>0,
B>0; in the second case, we have awu; <v;<pu <wy for every a>0,
B>0. Thus, by Corollary 1.2, in both cases the ordered linear sub-
space (Vi; ViNC’) is a LOLS and hence w* 4y, belongs to one and
only one of the wedges V;NC’ and — (VyNC’). Thus w*+Ay; belongs

3 Throughout lin 4 signifies the linear hull of the set 4.
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to one and only one of the wedges C’ and —C’. This shows that V'
=C"U(—=C") and C'N\(—=C") = {8}. Thus, (V’; C') is a LOLS with a
semispace-wedge C’ and hence (W*; K*) is not a maximal lexico-
graphically ordered linear subspace in (V; C).

Case 2. K*isa type (1I) semispace-wedge.

Let u;, u€K*~{0} be such that u;<au for every a>0 and let U
= {wE W*:Bu; <w<au, for every a>0, B>0}. Since K* is of type
(I1), U is nonempty and has no maximal element relative to the
order of (W*; K*). Moreover, by the maximal principle U contains a
maximal linearly independent subset B. Let ¥ be the linear space
spanned by B and u;, and let X be the linear space spanned by ¥ and
u. Then {u:}\UB and {u;}\UB\U{u} are Hamel bases of ¥ and X,
respectively. Thus, for each xE€X, there exists a finite subset {ug )71
of B (where k is some integer and wug, <u;, < - - - <ug relative to the
ordering of (V; C)), so that x has the unique representation, x =#u,
+>%, te u;+tu, where ty, ¢ are real numbers and f,, i=1,2, - - -, &,
are nonzero real numbers if xGElin{ Uy, u}; they are all zero if x
Elin{uy, u}.

Letf: Y—V be a linear function defined by

k k
JO) = tu+ X tu,,  forally =ty 4+ 3t € Y,

i=1 =1

and let p: X—V be a function defined by
k
p(x) = pa(x) + pa(x) + pa(x)u, forevery x = tyuy + ) tyur, + tu € X,
=1
where

k—1
+ +
p1(®) = tiu + D tue;

P
po(a) = (o — o /(—t+ te)ug  if 15 1,5
pa(n) = loue,  if 1=ty
pa(¥) = pu((ty, ) = &b+ — Qi J—1), it
and
p3(a) = pa((t, ) = 1 +1° ift=1;

where t+*=sup{t,0} and t—=sup{ —¢, 0}.
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It follows that p(y) —f(y) EC for all yE Y. We claim that p is sub-
linear from X into V. It is clear that pi(x), p2(x) and ps(x) are posi-
tively homogeneous and that p;(x) is also subadditive. Since ug, <au
for every a>0, u, ©B, it remains to show that p; is subadditive and
that pa(x) +p2(x’) Z po(x+x’) whenever ps(x)+ps(x’) =ps(x+x’) for
every x, x' €X. It requires detailed computations to show analytically
that p; is subadditive. However, the graph of p; makes this obvious.
Hence the computations will be omitted.

Also, from the graph of p}, it is clear that ps(x+x") = ps(x) +ps(x’),
where

k k
=ty + 2 b, + tu, x =ty + > t:,,u,,,. +t'u,
=1 t=1
if and only if
(@) h=rtiandt=rt',r>0,0r
(b) £=0,¢20,4=0,£2=0,0r
() 4=0,¢<0,4=0,# <0, 0r
d) £=<0,t<0,4{=0,¢/=<0.
Simple direct computations show that in these cases pa(x+x’)
< pa(x) +p2(x"). Thus, p is sublinear from X into V. Furthermore,

—p(rug, — u) — f(—rug) = (r/(1 + r))uy, for every uy, € B,r > 0;

and

p(—sur + u) — f(—su) = 1/ + 5))u + su, forall s = 0.

Let M={(r/(A+))ug uy, EB, r>0} and let N={(1/(1+5))u
+su1:s20} . Then M < N. By Lemma A, since (V; C) has the HBEP,
there is & V such that M SS9y N.

We claim that this element v, W*. For suppose on the contrary
thatv,& W*, then from (r/(1+7))us, Svo = (1/(14-5))u+suy, for every
r>0, s>0and u;, ©B, we have (i) «, 2, EK*~ {0} with vo<au for all
a>0, and (ii) for every #’'E U there exists &’ >0 such that o'u’ <v,.
Clearly, (i) and (ii) are contradictory since K* is a type (II) semi-
space-wedge.

In order to show that (W*; K*) is not maximal, let V'=
lin(W*U {vo}). We claim that (V’; C’), where C'=V'MC, is a LOLS.
Let W' =l1in(BU{u}), W’ =lin(BU {m, u}), V"'=lin(W"\U {u}).
Then (W'; W/NK*) and (W"; W’'NK¥*) are lexicographically
ordered linear subspaces of (W*; K*). Furthermore, the ordered
linear subspace (V"; V"NC) of (V; C) is a LOLS. For, if u:&€B we
can choose #'E U such that Auz<au’<Bu for all A\>0, a>0, >0.
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Since #’&E U and %u;<wv, for all u;EB, there exists a’>0 such that
a'u’<v,. Also, M <v,<N implies that v,<Bu for all $>0. Thus,
Ay <vo<Pu for all A\>0, 8>0. It follows that WNK* <ave<pBu for
all >0, 8>0. Therefore, by Lemma 1, (V"; V”NC) is a LOLS as
was asserted.

To see that C’ is a semispace-wedge in V', we consider each nonzero
element v=w*+\oE V', where w*EW*, NER. If w*EW", then
v& V" and hence v belongs to one and only one of the wedges V"’ (C’
and —(V"”MNC(’). Thus, v belongs to one and only one of the wedges
C" and —=C. If w*EW”, let W"=lin(W"'U{w*}), V"=
lin(W""U {,}) and let W5 =lin{u,, u, w*}.

Note that (W5; WyNK*) is a lexicographically ordered linear
subspace of (W*; K*); hence by Lemma 2 there is wy € W; such that
{ul, U, Wy } forms a basis for Wi and is such that either 8 <awy <u,
<pu, or au1<u</3'wo, or au1<'w0 <Bu, for every a>0, 8>0. Smce

w*E W, wg & W' and hence w; s &lin B. Thus, the last case auy <wy
<pu, for every a>0, 8>0, is excluded. From the first case or the
second case, we have 0§ <awy <u; < Cp<Bro<u or au;<Cs <Pvo<u
<ywq, for every a>0, >0 and v>0, respectively, where Czr=2AB,
A>0. Therefore, by Lemma 1, in both cases the induced wedge
C'""=V""MC(C" is a semispace-wedge in V’"" and hence v=w*-+\v,
belongs to one and only one of the wedges C’”” and —C"”’. Thus, v
belongs to one and only one of the wedges C’ and — C’. This shows
that (V’; C’) is a LOLS, and hence that (W*; K*) is not maximal.
This completes the proof of the lemma in case C is sharp.

In case C is not sharp, let Vo= {vEV:e€CN~C} and let C,
= VoM C. Since any lexicographical order is antisymmetric, WV,
= {6}. Therefore, there exists a subspace V; of V containing W which
is complementary to Vyin V. Let C;= ViyN\C. Then C; is sharp. Thus,
by the result that we have just proved, (Vi, C)) fails to have the
HBEP. Also, it is easy to verify that (V; C) has the HBEP if and
only if (V3, C1) has the HBEP. Therefore, (V; C) fails to have the
HBEP.

LemMA 4. Ifan OLS (V; C) has the HBEP, then the positive wedge C
s lineally closed.

ProOF. Assume that (V; C) has the HBEP and that the positive
wedge C is not lineally closed. Then, by Lemma C, there exists a 2-
dimensional lexicographically ordered linear subspace of (V; C), and
hence, by Lemma 3, (V; C) fails to have the HBEP, a contradiction.

From Lemma B and Lemma 4, the following theorem is im-
mediate:
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THEOREM. Let (V; C) be an OLS. Then (V; C) has the LUBP if and
only if (V; C) has the HBEP.
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