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SOME EXTENSIONS OF THE MEHLER FORMULA1

H. M. SRIVASTAVA AND J. P. SINGHAL

Abstract. By using certain operational techniques, the authors

prove an elegant unification of several extensions of the well-known

Mehler formula for Hermite polynomials, given recently by

L. Carlitz ([1], [2]). It is also shown how rapidly a number of Carlitz's

formulas would follow from these considerations. The last section

discusses a generalization involving the product of several Hermite

polynomials of different arguments.

1. Introduction.   In the theory of Hermite polynomials {Hn(z)} defined

by
00 f7l

(1.1) ZHn(z)- = exp(2zt- t2),
«=o n!

the bilinear generating function

n ■* vBMH// « At2\-i/2   f4x>"-+ y2*2(1.2)   2 # »(*)# »00 — = (1 - 4t)     exp f
«=o nl [        1 - 4P I

is well known as Mehler's formula [3, p. 198]. Recently, Carlitz ([1], [2])

has proved a number of extensions of (1.2). In particular, we recall here

his elegant formula

00 um vn w"

2    Hn+j,(X)Hp+m(y)Hm+n(z) — — —
m.n,u=0 m! n \ p\

(1.3) = A-1/2 exp {2 x2 - i (2 x2 - 4 2 «V

— 4 2 wxy 4-8 2 uvxyyj,

where

(1.4) A = 1 - 4u2 - 4v2 - 4w2 + I6uvw,
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and 2 *2> 2 u2*2, 2 wx)>> 2 uvxy are symmetric functions in the indicated

variables.

The two proofs of (1.3), given by Carlitz [2], seem to be long and

involved. In the present note we first give a simple and direct proof of

(1.3) by using certain operational techniques. We then proceed to derive

the following result which generalizes (1.3) and a number of other exten-

sions of (1.2) proved by Carlitz ([1, p. 45, equation (8)]; [2, pp. 117-118,

equations (1.2), (1.4), (1.6), (1.7)]).

m,n,p=0 mini pi

= A"1/2(l - 4u2)r/2(l - 4t>2)s/2

• exp j2 x2 - ^ (2 x2 - 4 2 "2*2 - 4 2 wxy 4- 8 2 uvxy)^

V((i - 4«2)(i - 4i>or
/(» - 2i>z)(l - 4u2) - 2(y - 2uz)(w - 2uv)\

r~k\ (A(l - 4u2))1/2 j

Hy - 2mz)(1 - 4t;2) - 2(x - 2vz)(w - 2uv)\

°-k\ (A(l - 4i;2))1/2 )'

where A is given by (1.4).

In our analysis we shall make use of a number of known results which

we mention here for ready reference.

(1.6) DlHn(x) = 2rr\ (^Hn_r(X),

where, as usual, Dz = djdz.

(1.7) cxp(tDx)f(x)=f(x + t).

(1.8) Hn(ax) = (-l/a)n exp (a2x2)Dnx exp (-a2x2),

which follows at once from Rodrigues' formula for the Hermite poly-

nomial.

(1.9) exp 0£2){exp (-x2)} = (1 + 40"1/2 exp l~X
U 4- 4fJ

which is Glaisher's operational formula.

exp(tDxDy){exp(-a2x2 - b2y2)}

<U°> =(1_4aV,2)-exp(-A2-^^L
I 1 - 4a Vi2 J

which was derived earlier by Singhal [4].
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2. Proof of (1.3). Denoting the left-hand side of (1.3) by £2, if we make

use of (1.8) and (1.1), we get

00 iim r>n 00 vu"

Q« 2 Hm+n(z) — —7, H^xjH^Jy)
m.n=o m! n!p=o pi

co um vn

=   2   Hm+n(z) — —
m.n=0 ml nl

• 2 exp (x2 + /)(- Dxy+V(-DvY+m exp (-x2 - y2)

= exp (x2 + y2)

"  „     . . (-u£»s/)m(-t)£)a:r Ä ^ . . „
■ 2 Hm+n(zp-~- -^-exp (wDxDy) exp (-x2 - y2)

m,n=0 ml nl

= exp (x2 + y2)

. f Hk(z) (-"D. -vDj' exp ^^^^ exp (_x2 _ y2)
k=0 kl

= exp (x2 + y2)

■ exp {-2uzDy - 2vzDx + (w - 2uv)DxDy - u2T>2v - v2D2J

■ {exp (-x2 - y2)}

= (1 - 4u2r1/2(l - 4i;2)-1/2 exp (x2 + y2)

• exp {—2uzDy - 2vzDx + (w - 2uv)DxDy}

•exp{-r^-i^b}'

by virtue of Glaisher's formula (1.9).

Now we apply formulas (1.10) and (1.7), and we observe that

Q = A~1/2 exp (x2 4- y2) exp {—2uzDy - 2vzDx}

-x2(l - 4m2) - y\\ - Av2) + 4xy(w - 2uv)

A

= A~1/2 exp (x2 4- y2)

4- 4(x — 2vz)(y — 2uz)(w — 2uu))J

= A",/2 exp (2 x2 - i (2 x2 - 4 2 «V - 4 2 wxy + 8 2 uvxy)\,

which completes the proof of Carlitz's formula (1.3).

exp
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3. Proof of (1.5). Following an analysis similar to the one used in the

preceding section, it is readily seen that

2    Hn+p+r(X)Hp+m+s(y)Hm+n(z)     , " ,
m,n,v=0 ml nl pi

= A~1/2 exp (x2 + y2) exp (-2uzDu - 2vzDx)

x2       (XI - 4v2) - 2x(w - uv)f\
.(-DXY(-DVY exp -

I    1 - 4v2 A(l - 4v2)

= A-(s+1)/2(l - 4V)S/2 exp (x2 + y2) exp {—2uzDv - 2vzDx}

■ (-DJexpL    X2        W ~ 4y2> " 2X(W " 2UV)f]
1 - 4v2 A(l - 4v2)

y(l - 4v2) - 2x(w - 2uv)\

(A(l - 4i;2))1/2 7

= A"(s+1)/2(1 - 4t>2)s/2 exp (x2 + y2) exp {-2uzDy - 2vzDx]

■2(-\j(r\D^
ifc=o \kj

(x(l - 4m2) - 2y(w - 2«t;))2 y2
exp

A(l - 4u2) 1 - 4u-

y(l - 4v2) - 2x(w - 2uv)\

(A(l - 4t>2))1/2 /

= A-<r+s+1)/2(l - 4u2)r/2(l - 4v2Y12 exp (x2 + y2)

■ exp (2uzDy — 2vzDx)

l-x2(l - 4u2) - y2(l - 4v2) + 4xy(w - 2uv)
■ exp |-

A

• mif -s)22*k< (r) h I_w~2uv_T
fttb       ' W \k) \((1 - 4u2)(l - 4v2))1,2J

/x(l - 4m2) - 2y(w - 2uv)\

r~k\       (A(l - 4m2))1/2 /

_       /y(l - 4v2) - 2x(w - 2utQ\

*"*\       (A(l - 4t.2))1/2 /'

which, in view of (1.7), leads us to the desired result (1.5).

4. Particular cases of (1.5). Evidently, (1.5) provides a generalization

of Carlitz's formula (1.3) to which it would reduce when r = s = 0.
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For u = v = 0, our formula (1.5) leads us to

tn

2 Hn+r(x)Hn+s(y) '■
71=0

(4.1)      = (1 - 4^rr+s+1,/2 exp2y-(r+s+i)/2 „v„ \4xyt - 4(x2 + y2)t2\

min (r,s)
-,2k

\ l-4t2

l2*k\ (r)(s)t*HrJ^—^)HsJ y-2xtY
*=o \k) \kl 1(1 - 4t2fl2l       \(1 - 4t2)1'2J

which was proved by Carlitz [1] in a different way (see also [4]).

Yet another special case of (1.5) would seem to occur when a or u

equals zero. Indeed we thus get the formula

2 Hm+n+r(x)Hm(y)Hn+lz) — -
m.n=0 mi ni

= (1 - 4u2 - 4v2)-(r+s+1)/2(l - 4u2)s/2.

-4x\u2 + v2) 4- 4x(uy + vz) — 4{uy + vz)'

(4-2) CXPI 1 - 4u2 - 4v2

• min4r,sW. lr\(s\(   v    \n l*-2uy-2vz \
W \k) 1(1 - 4u2f'2)   r~k 1(1 - 4u2 - 4v2f2)

I   z — 4u2z — 2vx + 4uvy \

s^\((l -4u2)(l -4u2-4t>2))1/2)'

which is believed to be new. For s = 0, formula (4.2) would further

reduce to the elegant result

2 Hm+n+r(x)Hm(y)Hn(z) — —
m.n=o mini

= (1 - 4u2 - 4t>2)-(r+1)/2

(4.3) £xp \-4x\u2 4- v2) + 4x(uy + vz) — 4(uy + vz)''

1 _ 4«2 - 4v2

I x — 2uy — 2vz \

r\(l -4tta-4ir,)1/V'

)

\(1 - 4u2 - 4v2f

which provides a generalization of Carlitz's formula (see [2, p. 117,

equation (1.2)])
oo m n

2 Hm+n(x)HJy)Hn(z) ^ V- = (1 - 4u2 - 4y2)"1/2
m.n=0 ml nl

\-4x\u2 + v2) + 4x(uy + vz) - 4(uy + vz)2\
exp

1 _ 4u2 - 4d2
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which follows at once from (4.3) when r = 0. Lastly, on setting w = 0,

(1.5) would give us

2 Hm+n(x)Hm+s(y)Hn+r(z)

2       /f„2Y-<r+s+l>/2/l  _ A,fi\TlV\  _ 4„2v/2

(4.5)

m,n=0 m \ n

= (l _ 4u2 - 4y2)-(r+s+1,/2(l - 4u2)r/2(l - 4i>2>

-4x\u2 + v2) + 4x(uy + vz) - 4(uy + vzf

1 - 4u2 - 4v2

min(r,s) / _\ /_\ / _%,„ \*

exp

2**« ft ft (_—_\k
S        ' W W l((l - 4u2)(l - 4v2)f'2)

H    I z(l - 4m2) - 2p(x - 2uy) \

r~\l - 4u2)(l - 4m2 - 4v2))m)

/ XI - 4»2) ~ 2m(x - 2vz) \

s-J;\((l-4t;2)(l-4M2-4[;2))1/2/'

Note that formula (4.5), with a different right-hand side, was also proved

by Carlitz ([2, p. 118, equation (1.7)]).

It may be of interest to conclude with the remark that formulas (4.2) and

(4.3) admit themselves of an elegant generalization in the form

umv?1 vl
2 Hm+nl+-+nk+r(X)Hm+s(y)Hni(zl) ' ' ' H nk(Zk)     " .

m.m,-,nk=0 ttl! Mj! Ylk\

= (1 - 4«2 - 4 2 r,2)-(r+s+1)/2(l - 4 2 v2)s/2

• exp (x2 —

(4.6)

2 _ (x - 2uy - 2 2 VjZif

1 _ 4u2 - 4 2 v2

B> 2"fc!t)(l)((i-4 2^)1/2)

/ x - 2t<y - 2 2 \

^1(1 _ 4„2 _ 4 £ t,2)172/

. H _ / XI ~ 4 2 ^ - M* - 2 2 VjZd \
s H{(i -4u2-42t>2)(i -42^2)}1/2/'

where the range of each i summation on the right-hand side is from i = 1

to i = k, k = 1, 2, 3 • ■ • .
The proof of (4.6) would make use of the known formulas (1.6), (1.8),

and (1.9) in a manner already illustrated in §§2 and 3.

Incidentally, (4.6) corresponds to Carlitz's formula (2.3) in [2, p. 120]

when r = s = u = 0.
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