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BOUNDED PROJECTIONS ON FOURIER-STIELTJES
TRANSFORMS

CHARLES F. DUNKL AND DONALD E. RAMIREZ!

ABSTRACT. We study certain algebraic projections on the meas-
ure algebra (of a locally compact abelian group) which extend to
bounded projections on the uniform closure of the Fourier-Stieltjes
transforms. These projections arise by studying a Raikov system of
subsets induced by locally compact subgroups. These results gener-
alize the inequality ||dllc < lldll (Where u is in the measure
algebra, u, is the discrete part of u, and ||i2]|, is the sup-norm of
the Fourier-Stieltjes transform).

Here H will be a locally compact abelian (LCA) group. The group H
with the discrete topology is denoted H,. This is the same as giving H
the topology induced from declaring the subgroup G = {0} < H to be
open. The space of finite regular Borel measures on H is denoted M(H).
For u € M(H), let u; denote the discrete part of u. The ring homomor-
phism u — u, maps M(H) onto M(H,), and this map is norm-nonincreas-
ing in the measure norm; that is, ||u]| = |ul, 4 € M(H). For u € M(H),
we let /i denote the Fourier-Stieltjes transform of u; that is

i) = fH(y(x))- du(),

y € H (the dual of H). In two previous papers [2], [3], we showed (in a
more general setting) |dslle < ldllw, © € M(H) (where ||, denotes
the sup-norm). This further implies that M(H) = Mo, (H) & Moy(H),
where M(H), M, (H), and M,(H) are the sup-norm closures on H of the
Fourier-Stieltjes transforms of measures from M(H), M (H) (the space of
continuous measures), and M(H,) respectively. Let A denote the maximal
ideal space of M(H), and let «H denote the A-closure of A in A. (Recall
H < A under the identification map from H to A by (1) = A,
y € H, ue M(H).) We call the set «H\H the fringe of A. The result
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il = llfille (u € M(H)) implies that the fringe of H contains a homeo-
morphic copy of the Bohr group SH of A (under the map y > m, from
BH to A given by m,(u) = [, ¥ dpa» 1 € M(G), x € BH).

The setting in this paper is as follows. We let H be an LCA group with
topology Gy, and G a subgroup of H which has an LCA group topology
G such that the injection (G, Gg) — (H, Ty) is continuous. For example,
suppose G is the image under a continuous monomorphism of an LCA
group. We let H; denote H with the topology induced by declaring the
subgroup G with the Gg-topology to be open. We will assume that G is a
nonopen subgroup of H so that H # H topologically.

We now will define the natural projection P:M(H)— M(Hg) by
utilizing a Raikov system of subsets of H. (For the basic facts concerning
Raikov systems see [5].) Let 5 denote a family of s-compact subsets of
H such that: (1) if A€J, B is o-compact, and B < A4, then BeF,
Q) if {4}y = F, then Up-y A, €F, 3)if A, BeF, then 4 + Be F,
and (4)if A €5 and x € H, then x + 4 € &. Such a family of subsets of
H is called a Raikov system. We choose  to be the Raikov system
generated by the family of compact subsets of G.

Let R be the set of measures u € M(H) such that |u| is concentrated on
some elements of 5, and let I be the set of measures 4 € M(H) such that
|u] (A) = 0 for all A € F. Then I is a closed ideal in M(H) and R is a
closed subalgebra of M(H). Furthermore, M(H) = R® I (see, for
example, [5, p. 151]). Now R can be identified with M(H), and thus the
natural projection P: M(H) — M(Hy) is induced by the given direct sum.
For pe M(H), we write u = pug + p; where uge M(Hg) and uj;el
Thus Pu = ug, u € M(H). Observe that P is a norm-bounded projection;
that is, [|[Pul < ||ul, u € M(H). Our goal now is to show

1P Nl < il 1 € M(H).

Let ¢:H; — H be the identity map and $: A — Hg the adjoint map
(an injection). In an earlier paper [4], we showed for any continuous
homomorphlsm 7:G; — G, (Gy, G, LCA groups) that =« is open if and
only if #:G, — G, (the adjoint map) is proper (the inverse image of a
compact set is compact). Thus since ¢ is not open, ¢ is not proper. The
map ¢ induces a continuous homomorphlsm é*:M(Hg) — M(H). Since
d) is one-to-one, $H is dense in Hg. Indeed for any compact K < H,
¢(H\K) is dense in Hg. For ue M(HG) gl is the supremum of ||
over either $H or Hy. (We will identify A and H as subsets of Hg when
convenient.)

For an LCA group L, we let P(L) denote the space of continuous
positive definite functions on L; we let P, (L) be those fe P(L) with
compact support.
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We will denote the Haar measure on Hg by A. (The measure A restricted
to G is the Haar measure on G.)

PROPOSITION 1. Let fe P (Hg) and let du = fdA. If g € P,(H), then
g * u (convolution in M(H)) is in P,(H).

PrOOF. Since fe€P,(Hg), fe€ [*(Hg) by the inversion theorem [7,
p- 22], and f = 0 by Bochner’s theorem [7, p. 19]. Thus for y € A < Hg,
A) = fy7du =, 7fdi=f) z0.

Since g and u have compact supports, g * u is a continuous function on
H with compact support. Finally, g * u is positive definite since (g * )" =
gi=0o0n A O

An LCA group L is amenable, and thus satisfies the condition of
Godement: the constant function 1 can be approximated uniformly on
compact subsets of L by functions of the form k * k, where k is a contin-
uous function with compact support and k(x) = (k(—x))~, x € L. (See
[6, p. 168, 172].) Thus we have:

PROPOSITION 2. Let L be an LCA group and K < L a compact subset
of L. Given ¢ > 0, there is p € P (L) such that p(0) =1 and |p — 1| < ¢
on K.

ProprosITION 3. Let K be a compact subset of Hg, and let U be a
relatively compact neighborhood of 0 in Hg. Then there is a neighborhood
V of 0 in H such that (x + V) N K < x + U for all x e K.

ProoF. Since K is compact in Hg, K — K is also compact in Hg;
and the induced topology on K — K from H agrees with the Hg-topology
on K — K (since compact topologies are minimal Hausdorff). Thus
there is an H-open neighborhood of 0, ¥, such that ¥V N (K — K) <
UNK—-K). ThusforxeK,(x+V)NKcx+ (VN(K-—{x})c
x+(VNK—-—K)csx+(UNK—-K)<x+U. O

PROPOSITION 4. Let & € Hg, K a compact subset of Hg, and ¢ > 0 be
given. Then there exists y € H such that |y — §| < € on K.

PrOOF. Recall that $A can be identified with A, and it is dense in A .
Finally, the topology in H is the compact-open topology. [

THEOREM 5. Let P:M(H) — M(Hg). Then |(Pw) |lo = lfille»
ue M(H).

PrOOF. Let p 7 0 be in M(H), and let & € Hg. Write u = ug + p;
where ug e M(Hg) and u; el using the previously described Raikov
system. We will show |dg(8)| = |4l o-
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We may assume spt ug (spt denotes the support) is compact in Hg.
By Proposition 2, there is p € P,(Hg) such that p(0) =1 and |p — 1| <
&/|pll on spt ug.

Since |uj| (spt p) = 0, we may assume spt u; N sptp = &. Since p
is uniformly continuous in the Hg-topology, there is a Hg-open neigh-
borhood of 0, U, such that for x € Hg and y e U, | p(x + ») — p(x)| <
g/|lull. Let K = —K be a compact subset of Hg containing spt p and
spt ug. By Proposition 3, choose V to be an H-open neighborhood of 0
such that ¥ = —V and (x + V) N K < x + U for all x € K; we further
assume that (sptp + V) N (sptu; + V) = 2.

Now choose y € A by Proposition 4 such that |y — &| < ¢/||u| on K;
and choose geP,(H) with sptg< ¥V, g=0, and fygdi=1. For
any x€K, |(g*pdl)(x)— pX)| = |fyrgp(x — y)di(y) — p(x)| =
|f o g0)(p(x — ») — p(x)) dA)| < ellull (since V N (x — K) < U, xe
spt p). Thus letting f=g#*pdA, sptf< V + sptp and fe P, (H) (by
Proposition 1). Also f(0) < p(0) + ¢f[lull =1 + ¢/|lull, and sptf N
spt u; = &. For x € spt ug,

) — U = 1fx) — p(x)| + 1p(x) — 1] < 2¢/[ull.
And

U fdﬂa—fyfdu‘éu Edﬂo—f v dug
Hg H H, Hg

f ydﬂa—f v dug +U vfdur
H, H H

< (e/llplD) lual + e/lul) luel + 0
= 3e.

Now |fz yfdul = f(0) ldlo < (I + &/lul) 4l (since yf is positive
definite).

Summarizing, given & € Hy,
o(e) = | [, aud = | [ 7]+ 3¢
H, H
= (1 + el ldle + 38 S Nl + 42

And so |ldglle = il O

COROLLARY 6. Let M(H), M(H ;) and I denote the uniform closures of
the Fourier-Stieltjes transforms of M(H), M(Hg), and I respectively. Then
M(H) = M(Hg) D 3.

COROLLARY 7. If u € M(H) and i € M(Hy), then u € M(Hy).

+
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COROLLARY 8. Let H be embedded in xH (the maximal ideal space
of M(H); equivalently, the closure of H in A), by y — m, from Hg to xH
where 7, (1) = fig(y) (u € M(H)). Since w,(u) = 0 for u € L\(H) (recall
G is nonopen in H), m, € «kH\H (the fringe of H). In particular, for
e M(H), gl = limsup ldglo = Il

These corollaries follow from the inequality [|Zgll, = II4l (v € M(H)).
The proofs are discussed in a more general setting in [3]. For G = {0}
(and thus H; = H,), Corollary 7 is due to E. Hewitt for H with a restricted
hypothesis and to W. Eberlein in general. A reference for these facts, plus
a different (although closely related) direct sum decomposition, is [1].

Some interesting examples of LCA groups H with a nonopen subgroup
G are: (1) H nondiscrete and G = {0}, (2) G noncompact and H = G
the Bohr compactification of G, (3) G = R (the real numbers) and H a
compact solenoidal group, and (4) certain local direct product groups
embedded in the appropriate complete direct product groups.
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